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THE METHOD OF LAPLACE AND WATSON'S LEMMA 



RICHARD A. ZALIK 



Abstract, in this paper we present a diferent proof of a well known asymp- 
totic estimate for Laplace integrals. The novelty of our approach is that it em- 
phasizes, and rigorously justifies, the appealing heuristic method of Laplace. 
As a bonus, we also obtain a simple and short proof of Watson's Lemma. 

Let o be an element of the extended real number set [— oo, oo]. If 

lim f(x)/g(x) = 1 

x >a 

we write 

f(x) ~ g(x), x — > a 

and say that / is asymptotic to g, or that g is an asymptotic approximation to /. 
If there is no risk of ambiguity, we may also write / ~ g for the sake of brevity. 

Note that / ~ g if and only if lim(/(a;) — g(x))/g(x) = 0. In other words, if 
and only if the relative error made in approximating f by g tends to zero. In some 
cases, in particular when the values involved arc cither very small or very large, it 
may be more appropriate to estimate the relative rather than the absolute error. 

In this article we discuss the problem of obtaining asymptotic estimates for 
integrals of the form 

(1) I{x) := f e~ xp{t) q{t)dt, 

where J is a bounded or unbounded interval, p(x) and q(x) are functions satisfying 
certain properties, and x — > oo. Most authors, such as Bender and Orszag [1] 
use an appealing heuristic method attributed to Laplace to obtain an asymptotic 
estimate for I{x). A rigorous proof may be found in, for example, Erdclyi [2, §2.4] 
(see also Olver [3, pp. 80-82]). We give another rigorous proof of this estimate in 
Theorem 1. The novelty of our approach consists in breaking down the proof by 
means of two preliminary lemmas that highlight and rigorously justify the method 
of Laplace. 

Under suitable conditions I(x) has an infinite asymptotic expansion (see for 
example [3, pp. 85-88]). In Theorem 2 we use Lemma 2 to give a simple proof 
of Watson's lemma, which gives an infinite asymptotic expansion for I{x) when 
p(t) = t. We define asymptotic series in the paragraph preceding the statement of 
Theorem 2. 

We begin with 

Lemma 1. Let J be an interval of the form [a, oo) or [a, b], a < b, and assume 
that the following conditions are satisfied: 



Key words and phrases. Asymptotic methods; Laplace integrals; Watson's Lemma. 
2010 Mathematics Classification: 34E05. 
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RICHARD A. ZALIK 



(a) The function p(t) is real-valued and measurable on J and for every point 
c > a in J, 

(2) M{p(t):t £ Jn[c,oo)} > p(a). 

(b) There is a number a > such that p(t) is continuous and strictly increasing 
on [a, a + a]. 

(c) The function q(t) is Lebesgue integrable on J . 

(d) There are numbers a > — 1 and Q ^ such that 

q{t) ~ Q(t - a) a , t^a+. 
Let I(x) be given by (1) and, for 5 > such that a + S £ J, 

r-a+S 



(3) 



I(x,S):= 



,-xp(t) 



q(t) dt. 



Then e~ xp ^'q(t) is Lebesgue integrable on J for every positive x and there is a 
number r\ > such that p(t) is strictly increasing on [a, a + rf\, and < 5 < r\ 
implies that 



(4) 



I(x) ~ I(x, 5), x — > oo. 



Remark 1: Equation (2) is needed when J = [a, oo) to ensure that pit) remains 
bounded away from p(a) as t grows. If J = [a, b], (2) is equivalent to p(t) having a 
unique absolute minimum at a. 

Proof The intcgrability follows from 

\e' xp ^q{t)\ = e -*P( a ) e -*b(*)-P(<%(i)| < e - xp{a) \q{t)\. 

From (b) and (d) there is a number n > such that p(t) is continuous and strictly 
increasing on [a, a + rj\, and if t £ (a, a + rj\ then 

|Q _1 (t-o)- a g(t)-l| <l/2. 

Thus Q _1 (t — a)~ a q(t) > 1/2, and we conclude that q(t) has constant sign on 
(a, a + rj\ and that 

|(Z(i)|>(l/2)M(i-a) Q on {a,a + n\. 

Let <5 £ (0, rj\ be arbitrary but fixed, and let J$ := J \ [a, a + S) and 

M s :=mi{p{t);teJ S }. 

Assume x > 0. Since the hypotheses imply that p(a) < Ms we have 



e- xp{t) q{t) dt 



Js 



< I e- xp{t) \q(t)\dt<K ie - M * x . 

Js 



Let C £ (p(a),Ms). By continuity, there is a 5\ £ (0,<5] such that p(a + #i) < C. 
Since p(t) is strictly increasing on [a, a + Si], we deduce that pit) < C for t £ 
[a, a + Si]. Since g(£) has constant sign on (a, a + 6], we have 



|JM)| = 



a+S 



-xp(t) 



q(t) dt 



a+S 



z- xp{t) \q{t)\dt> 



a-\-Si pa-\-8\ 

e- xp ^\q(t)\dt> (1/2)|Q| / e- xp W(* - a) a | dt > K 2 e~ Cx . 
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Thus 



Since 



J j e- x P^q(t) dt 



I(x,8) 



< K^ C ~ M ^ X — » 0, x 



do. 



I(x)=I(x,S)+ / e- xp(t) q(t)dt, 
the assertion follows. □ 

As a consequence of Lemma 1 we obtain the following basic proposition, which 
will be used to prove both theorems in this paper. 

Lemma 2. Let J be an interval of the form [a, oo) or [a, b] with a < b, and assume 
that the function q(t) satisfies conditions (c) and (d) of Lemma 1. Then 

e- xt q(t) dt~Q [ e~ x \t - a) a dt, x -)• oo. 
J J J 

Proof. If J = [a, oo), Lemma 1 implies that there exists a number b > a such that 

•- xt q(t)dt~ ( e- xt q(t)dt, x -)• oo. 



e 

'J J a 

Thus we may assume without loss of generality that J = [a, b]. 
Let 

A(x) . £*-*&)* A , xg) . £ *-*&)* 

Qj b a e- xt {t-a) a dt ' J" +S e~ xt q(t) dt' 

f a+S e~ xt a(t)dt f a+S e- xt (t-a) a dt 

A 2 (x, S) := j " q[) , A 3 (x, S) := \ l j \ 

Q/ a a+5 e -*(t- a )«dt j b a e- x Ht-ardt 

Applying Lemma 1 we see that there is a 5\ > such that if < 5 < S\ , then 

(5) lim Ai(x,S) = lim A 3 (x,5) = 1. 

a;— >oo a:— ?-oo 

Let e > be given. Then there is a ^ > such that if < t — a < 62, then 

(6) IQ-^t-oJ-^W-l^e. 

Let (5 := min(<5i, <52). Since the Generalized Mean Value Theorem implies there is a 
£ £ (a, a + 5) such that A 2 (x, <5) = Q _1 (£ — a)~ a q(£), we conclude from (6) that 

-e < A 2 (x,S) -1 <£. 

Since 

A(x) = Ai(x, <5)A 2 (x, <5)A 3 (x, (5), 

we deduce from (5) that 

1 — e < lim inf A(x) < lim sup A(x) < 1 + e. 

x— >oo 2;— >oo 

Since £ is arbitrary, the assertion follows. □ 

Theorem 1. Let J be an interval of the form [a, 00) or [a,b], a <b, and assume 
that the following conditions are satisfied: 

(a) The function p(t) is real-valued and measurable on J and for every point 
c > a in J , inequality (2) holds. 

(b) There is a number a > such that p(t) is continuous and strictly increasing 

on [a, a + a] , and p £ C 1 (a, a + a] . 
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(c) There are numbers P, \x > such that 

(7) p(t)-p(a)~P(t-ar, i->a+, 
and 

(8) p'(t)~ nPit-a)'*- 1 , t^a+. 

(d) The function q(t) is Lebesgue integrable on J. 
(c) There are numbers A > and Q ^ such that 

(9) q(t) ~Q(t-a) x -\ t^a+. 

Then e~ xp ^'q(t) is Lebesgue integrable on J for every positive x, and if I(x) is 
given by (1) then 

O /A\ p- x P( a ) 

Remark 2: Conditions (b), (c) and (d) are satisfied if, for instance, there is a 
positive integer \i and a positive number ct such that p 6 C M [a, a + a], 

pW(a) = 0,1 <£<n-l, and p ( ^(a) < 0. 

Proof. From Lemma 1 we deduce that there is a <5o > such that p(t) is continuous 
and strictly increasing on [a, a + So], p G C l {a, a + do], and (4) is satisfied for any 

5 G (0,(5o]. Let 5 be an arbitrary but fixed number in (0,<5o], and let I(x,S) be 
given by (3). Making the change of variable s — pit) we see that 

I(x,5)= e-»"4 

Jp(a) P[P 1 ( s )\ 

Setting c = p(a) and applying (7) we have 

Bm Q,-(.)-.)' _ Hm i, -ay- _ 1/R 

s->c+ S — C t-+a+ p(t) — p(a) 

Therefore 

(ii) p -i (s) _ a ^£_^ ", s ^ c +. 

Moreover, (9) implies that 

q[p- 1 (s)]^Q[p- 1 (s)-a] X - 1 , s^c+. 
Thus, from (11), 

(a-i)/m 

(12) ?b- 1 W]~Q^V ' 

On the other hand, (8) and (11) yield 

(13) p'b- 1 (*)]~^(P" 1 (a)-o) M " 1 ~M(i s ) 1/ ''(*-c) 1 - 1 /'' ) * 
Combining (12) and (13) we conclude that 

4^4 - (Q/M)(P)- (A/ ^( 5 " C)VM-1, s _> c+j 

P \P (s)] 
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and Lemma 2 implies that 
/(»,*) ~ r° e- x '(Q/n)(P)- Wli \8 - c)^" 1 ds = 

Jp(a) 

(Q/M)(/T (A/Ai) / e- xs (s-c) x/ ^- 1 ds = 

Jp(a) 

rp(a+S)-p(a) 

(Q/li)(P)- x/ ^e p{a)x / e -*t t \/p-i dt 

Jo 
But Lemma 1 implies that there is a 6 £ (0, So] such that 

/•p(o+<5)-p(a) /-oo /\\ 

/ e- 1 **^"- 1 dt ~ / e^t^^d^rf-Jar*/", a; ^ oo, 

and the assertion follows. □ 

In the preceding theorem we have assumed that the minimum of p(t) is unique 
and occurs at a. In other cases the interval of integration may be subdivided at 
the maxima and minima of p(t) . We may then apply Theorem 1 to intervals where 
the minimum is at a left end-point, and Corollary 1 below to intervals where the 
minimum is at a right end-point. 

Making the change of variable t — > —t we obtain 

Corollary 1. Let J be an interval of the form (— oo, b] or [a, b], a < b, and assume 
that the following conditions are satisfied: 

(a) The function p(t) is real-valued and measurable on J and for every point 
c < b in J, 

inf{p(t); t £ J n (-00, c]} > p(b). 

(b) There is a number a > such that p(t) is continuous and strictly decreasing 
on [b — a,b], and p £ C l [b — <r,b). 

(c) There are numbers P, /i > such that 

P (t)- P (b)~p(b-tr, *—►&-. 

and 

p'(t)~ -nPib-ty- 1 , t->b~. 

(d) The function q(t) is Lebesgue integrable on J. 

(e) There are numbers A > and Q^O such that 

q(t)~Q(b-t) x ~\ t^b-. 

Then e~ xp ^'q(t) is Lebesgue integrable on J for every positive x, and if I(x) is 
given by (1) then 

Q_, /A\ e~ xp ( b) 



I(x) ~ — r ( — ) r-n—, X — > oo. 

Before proceeding further, let us recall the definition of asymptotic expansion in 
the particular format that we require here. Let (fk)kLo ^ e a sequence of functions, 
let (a(k))^_ be a sequence of scalars such that the set of integers k for which 
a(k) ^ is infinite, and let m(k) := inf{r > k : a(r) ^ 0}. We say that 

oo 

f(x) ~ ^2 a(k)f k , x — > a, 

k=0 
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if for every n > 

n-l 

f( x ) - ^2 a ( k )fk ~ a(m(n))/ m( „)), x — > a, 

fe=0 

Fron Lemma 2 we obtain a simple proof of Watson's Lemma ([2, §2.4], [3, p. 71]): 

Theorem 2. (Watson's Lemma) Let J be an interval of the form [0,oo) or [0,6], 
b > 0, and assume that q{t) is Lebesgue integrable on J and that there are a > — 1 
and [3 > such that 

oo 

q(t)~^a k t a+f>k , t ^ 0+ - 

fe=0 

If 

I{x) := f e- xt q(t)dt, 

then 



L{x)~^a k [jk+1 



x a+{3k+l ' X ~^ °°- 

k=0 

Proof. Defining if necessary q(t) to equal on [b, oo) we may assume, without 
essential loss of generality, that J = [0, oo). 

Let n > be an arbitrary integer, and let N denote the smallest integer k > n 
such that afc+i ^ 0. By definition, 

n 

q(t) - ]T a k t a +? k ~ a N+1 t a+ ( j(N+1 \ t -> 0+ 
fe=0 

Applying Lemma 2 we conclude that 



k=0 



q(t)-J2a k t a 

I 

n 



xt dt~ / t a+ ^ N+ %- xt dt, x 



i.e., 

T{a + (3k + l) r(o + [3{N + 1) + 1) 

<"^ T — V OO 

^a+jSfc+l iT a+/3(7V+l) + l ' ' 

fe=0 

and the assertion follows. □ 

The interested reader will have no difficulty in applying Lemma 1 and Lemma 2 
to obtain a version of Watson's lemma for an arbitrary p(t), as in [3, p. 86]. 
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Abstract 

In the present paper we establish several strong differential subordinations regardind the new operator 
RDl a , given by RD£ a : A* c - A* RDlJ{z,Q = (1 - a)R n f(z,() + OcD%f(z,C), where R n f{z,Q 
denote the Ruscheweyh derivative, D 1 ^f{z,C : ) is the generalized Salagean operator and A^ = {/ G 
H(U x U), f(z, £) = z + a TL+ i (£) z" +1 + . . . , z € U, C G U} is the class of normalized analytic functions 
with A*£ = As. A certain subclass, denoted by TZT> n (8, A, a) , of analytic functions is introduced by 
means of the new operator. 

Keywords: strong differential subordination, univalent function, convex function, differential operator, best 
dominant, generalized Salagean operator, Ruscheweyh derivative. 
2000 Mathematical Subject Classification: 30C45, 30A20, 34A40. 

1 Introduction 

Denote by U the unit disc of the complex plane U = {zeC: \z\ < 1}, U — {z e C : \z\ < 1} the closed 
unit disc of the complex plane and Ti(U x U) the class of analytic functions in U X U. 

Let A* nQ = {/ G H(U x IT), f(z,Q =J + a n+1 (()z n+1 + . . . , z G U, C G U}, with .4* c = A}, 
where a^ (£) are holomorphic functions in U for k > 2, and H*[a, n, C] = {/ G H(U x £/"), /(z,C) — 
a + a n (£) z™ + a n +i (C) z™ +1 + • • • , z G ?7, £ G [/}, for a G C and n G N, afe (C) are holomorphic functions in 
J7 for k > n. 

Definition 1.1 For / G .AJ, A > and neM, i/ie operator D\ l is defined by D^ 1 : A% ^ A%, 

Dlf(zX) = /(*,C). 

I>i/(*>0 = (l-X)f(z,0 + Xzf(z,0 = D x f(z,0,... 

D n x +1 f(z,0 = (1-A)^/(z,C) + A^(^/(z,C))'-^a(^7(^0), zg?7,<g£/. 

Remark 1A If f G A* c and f(z) = z + E~ 2 «j (0 ^', tten £>£/ (z, C) = z + E°l 2 I 1 + (J - 1) A l" % (0 » i , 

zeU,(eU. 

Definition 1.2 For f e A* ( , n G N, i/ie operator R n is defined by R n : A* ( -> ^, 

fl°/(*,C) - /M, 

i?V(z,C) = z/'(z,C),... 

(n + l)i?" +1 /(z,C) - »(i2 n /(«,0) , + nii n /(«,0, ^f/,(eC/. 

Remark 1.2 // / G A\, f(z, () = z + E°l 2 a,- (C) «*, toen £"/ (z, C) = z + E°l 2 C£+i-i°i (C) « j ', « G (7, 
CGf7. 
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Generalizing the notion of differential subordinations, J. A. Antonino and S. Romaguera have introduced 
in [4] the notion of strong differential subordinations, which was developed by G.I. Oros and Gh. Oros in [6], 
[5]. 

Definition 1.3 [6] Let f(z,(), H(z,() analytic in U x U. The function f (z,Q is said to be strongly sub- 
ordinate to H(z,C) if there exists a function w analytic in U, with w (0) =0 and \w (z)\ < 1 such that 
f (z, C) = H (w (z) , () for all ( E U. In such a case we write f (z, £) -<-< H (z, C) > z G U, £ G U. 

Remark 1.3 [6] (i) Since f(z,Q is analytic in U xU, for all ( e (7, and univalent in U, for all £ G U, 
Definition 1.3 is equivalent to f (0, £) = H (0, £) , for all £ G U, and f (U x U) C H (U x U) . 

(ii) If H (z, £) = H (z) and f (z, C) = / (z) , the strong subordination becomes the usual notion of subor- 
dination. 

We have need the following lemmas to study the strong differential subordinations. 

Lemma 1.1 [3] Let h(z,Q be a convex function with h (0, £) = a for every £ G U and let 7 G C* be a 
complex number with Re7 > 0. If p E H*[a,n,(] and p(z,() + hzp' z (z,C) ^^ h(z,£), then p(z,Q ^^ 
g (z, C) -<-< h (z, Q , where g (z, £) = — ^3- f n h (t, £) t"^ 1 dt is convex and it is the best dominant. 

Lemma 1.2 [3] Let g (z,C) be a convex function in U xU , for all C, E U, and let h{z , Q) = g(z,Q+nazg' z (z,Q, 
z E U, C E U , where a > andn is a positive integer. Ifp(z, £) = 5(0, ()+p n (C) z n +p n +i (£) z n+1 +. . . , z E U, 
C EU, is holomorphic in U x U andp(z,() + cizp' z (z,Q) ^^ /i(z,£), z E U, £ E U, thenp{z,C,) ^^ g(z,() 
and this result is sharp. 

2 Main results 

Definition 2.1 Let S E [0,1) ; a, A > and m E N. A function f E At is said to be in the class 
lZT> m ((5, A, a, C) if it satisfies the inequality 

Re{RDZ a f(z,0)' z >5, zEU,(eU. (2.1) 

Theorem 2.1 The setTZT> m (6,X,a,() is convex. 

Proof. Let the functions fj (z,() = z + E^U a :/fc {Cl z3 \ k — 1,2, z E U 7 ( E U, be in the class 
VSD m (6, A, a,Q. It is sufficient to show that the function h(z,() — Vifi ( z >() + ^2/2 ( z ,() i s m the class 
TZT> m (S, A, a, C) , with rj 1 and 7y 2 nonnegative such that n 1 + rj 2 = 1. 

Since h{z,C)=z + E^ 2 {Viaji (C) + V2 a j2 (C)) z 3 , zeU,(eU, then 

OO 

RDZ a h (z, = z + E {« [1 + (J - 1) A] m + (1 - a) CZ+j^} (Viaji (C) + Wj* (0) ^', « e U,C G t/. 

J=2 

(2.2) 
Differentiating (2.2) we obtain 

(RDi] a h ( z , o)[ = i + E°l 2 {« [i + (j - 1) M m + (i-«) c^ +J --i} (»7i«ii ( z ) + %0i2 (0) jv- 1 , ^c/,(e 
U. 

Hence 

Re (ADS| a ft (z, C))' z = 1 + Re U g j {a [1 + (j - 1) A] m + (1 - a) C^.J a,i (C) z^ 1 J (2.3) 

+ Re U 2 g j {a [1 + (j - 1) A]" 1 + (1 - a) C™ +j _r} a j2 (C) ^'" 1 J ■ 
Taking into account that /1, / 2 G lZT> m (5, A, a, C) we deduce 

^ h fc E J {" [1 + (i - 1) A] m + (1 - a) CZ+i-^ajk (C) ^'" 1 J > »? fc (5 - 1) , fc = 1,2. (2.4) 
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Using (2.4) we get from (2.3) 

Re(RD% a h(z,0)' z > 1 + vAS - 1) + rj 2 (S - 1) = 6, z€U,(€U, 

which is equivalent that lZT> m (5, A, a, £) is convex. ■ 

Theorem 2.2 Let g (z, £) be a convex function such that g (0, (,) — 1 and let h be the function h (z, £) 
g(z,C) + £ s zg' x (z,C), z € U, ( e U, c> 0. //a, A > 0, me N, / G ftP m (<5, A, a, C) and F (z, () 
Ic (/) (z, C) = ^ /„* <C / (*. *. « G t/, C G (7, iftew 



{RDlJ{ Zl C))' z «h{z,Q, zeU, C e t/, (2.5) 



ami i/ws result is sharp. 

Proof. We obtain that 

z c+1 L (z, C) = (c + 2) f t c f (t, alt. (2.6) 

Jo 

Differentiating (2.6), with respect to z, we have (c + 1) F (z, Q + zF' z (z, £) = (c + 2) / (z, £) and 

(c + f ) £D£ a F (z, C) + 2 (RD% a F (z, Q)' z = (c + 2) i?i?™ Q / (z, C) , 2 e J7, C G 77. (2.7) 

Differentiating (2.7) with respect to z we have 

(RD^ a F(z,0y z + ^z(RD^ a F(z,C))" z2 = (RDT,J(z,0y z , zeU,(eU. (2.8) 

Using (2.8), the strong differential subordination (2.5) becomes 

(RDZ a F (z, C))' z + -^- 2 z (RD% a F (z, C))" 2 XX 9 (z, Q + ^zg' z (z, () . (2.9) 

Denote 

p (z, C) - (RDZ a F (z, Q)' z , z G U, C G 17. (2.10) 

Replacing (2.10) in (2.9) we obtain 

P («> + — r o *Pi ( z ' XX 3 ( z > + ~—^ z 9'z (z, C) . 2 G J7, C G 17. 

c + z c + 2 

Using Lemma 1.2 we have 

P (z, C) xx 5 (2, C) , z e U, C g 77, i.e. (££>£ a F (z, C))' z ^s(z,(),2eC/,(e 77, 

and this result is sharp. ■ 

Theorem 2.3 Lei ft (z, C) = C+( 1 2 ^~ C) " : , z <= £7, C G 77, <5 e [0, 1) and c > 0. J/ a, A > 0, m e N and J c «s 
given by Theorem 2.2, then 

I c [n-D m {5,\,a,C)}c1ZV m (5*,\,a,(), (2.11) 

w/iere <T = 26 - ( + 2 (c + 2) (C - S) [3 (c) and /3 (x) = J,, 1 ^-di. 

Proof. The function ft, is convex and using the same steps as in the proof of Theorem 2.2 we get from 
the hypothesis of Theorem 2.3 that p (z, £) + Xr^zp^ (z, £) -< h (z, £) , where p (z, () is defined in (2.10). 

Using Lemma 1.1 we deduce that p (z, £) XX g (z, Q XX ft (z, () , that is ( RD™ a F (z, £) ) XX <? ( z : C) XX 

ft (z, C) , where g (z, C) = ^1 /<,* * c+l C+( i+7 C)t ^ = (2<J - C) + 2(c+ z 2 , ) + ( 2 C ~ i) /„* gjdt. Since <? is convex and 
g (U x U) is symmetric with respect to the real axis, we deduce 

Re {RDl) a F (z, 0)' z > mmRe g (z, {) = Re g (1, C) = 5* = 2^ - C + 2 (c + 2) (( - 5) /? (c) . (2.12) 

From (2.12) we deduce inclusion (2.11). ■ 
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Theorem 2.4 Let g (z, Q) be a convex junction such that g (0, Q = 1 and let h be the function h (z, £) = 
g (z, £) + zg' z (z, Q, z G U, (, G U . If a, A > ; to G N, / G At and the strong differential subordination 

(RD%J(z, ())[ «h(z,0, * G U, C e U, (2.13) 

holds, then 



RDT n f{z,Q - 



and this result is sharp. 



Proof. By using the properties of operator RD™ a , we have 
RDlJ{z, = z + E°l 2 {a [1 + (j - 1) \} m + (1 - a) C™^} a, (() z^,zeU,(eU. 

Consider ,(*,<) = «°W> = '^{^W(l-°)q: + i-l}'i(0' , = 1 + Pl (() z + p 2 (0 z? + 

..., zeU,(eU. 

Let RD™ a f(z, — zp(z, (), z G U, ( G [/. Differentiating with respect to z we obtain f RD™ a f(z, () 

p(z,C) + zp' z {z,C), zeU,(eU. 

Then (2.13) becomes 

P (z, C) + zp'^, C) « fc(*> C) = g(z, + «<£(«, 0, zeu, (eU. 

By using Lemma 1.2, we have 

_ i?D m f(z C) 

p(z, C) ^ 5(^, 0, « e U, C G C/, i.e. WV ' Sy ^ g(z, C), « G tf, C G tf. 



Theorem 2.5 Lei /i (z, £) &e a convex function such that h (0, £) = 1. // a, A > 0, to G N, / G -4£ and i/ie 
strong differential subordination 

{RDU(z, ())[ «h(z,0, zeU, (e U, (2.14) 

holds, then 

RD m f(z C) — 

— x ' aJ z y ' s; «g(z,0«h{z,0, zeu,(eu, 

where g (z, C) = j" Jo h(i)dt is convex and it is the best dominant. 

Proof. With notation p (z, Q = fl£> "° /( * ,c) = 1+E£L 2 {" I 1 + (J - 1) A P + (!-«) C +3 -i} «j (0 -z J ' _1 
and p (0, C) = 1, we obtain for f(z, = z + E~ 2 «j (0 ^ P («, + zp' z (z, = (RD%J(z, q) [ ■ 

We have p(z,0 + z Pz ( Z ,C) ^^ h{z,Q, z e U 7 ( e U. Since p(z,0 G H* [1, 1,C] , using Lemma 1.1, for 
n = 1 and 7 = 1, we obtain p (2, -<X g{z,() ^< h(z,Q, z G £7, C G J7, i.e. — A -° ^^ 5 (2;, = 

- L h(t)dt -<-< /i (z, 0, z G ?7, £ G 17, and g (z, is convex and it is the best dominant. ■ 

Corollary 2.6 Lef /i(z, = C+( ^ C) ^ , a convex function in U xU, < (3 < I. If a, A > 0, to G N, / e ^ 

and verifies the strong differential subordination 

(RD%J(z, Q)' z ^ /»(«, 0, ^e ?7, C G 17, (2.15) 

i/ien 

— x -^i^ii^g(z,0«h{z,0, zeu,(eu, 

where g is given by g(z, () — 2(3 — ( -\ — ^ z ' In (1 + z) , z G ?7, C G U. The function q is convex and it is the 
best dominant. 



20 



A.LUPAS,...SALAGEAN OPERATOR AND RUSCHEWEYH DERIVATIVE 



Proof. Following the same steps as in the proof of Theorem 2.5 and considering p(z,Q — — ~ : — : 

the strong differential subordination (2.15) becomes 

P {zX) + z P ' z {z 1 Q«h{z,0 = C + { \ P i r C ' ) \ zeU,(eU. 

_L - (~ Z 

By using Lemma 1.1 for n — 1 and 7 = 1, we have p (z, C) ^^ 9 { z i C) ^^ h { z i C)j z *= U , C, £ £/, i.e., 

«9{z,Q = ~ I h {t, Qdt= - / — — dt = 2/3 - C H In (1 + 2) , 

2! z J z J 1 + t z 

zeU,(eU. m 

Theorem 2.7 Let g (z, £) be a convex function such that g (0, £) = 1 and let h be the function h (z, £) = 
g (z, C) + zg' z (z, Q, z € U, £ € U. If a, A > 0, m <E N, / € .4J and i/ie strong differential subordination 



holds, then 



and this result is sharp. 



' zRD^fjzXY 
^ RD™J(z,() ^ 

RD^fjzX) 

RDTJ(z,0 



«h(z,Q , z eU, C e J7, 



-^flf(*,C)> zeU, (€U, 



Proof. For / e .4* c , /(z, C) = z + Y.%2 a i (0 ^ J we have 
RD™J(z, C) - z + £°1 2 {« [1 + (J - 1) A P + (!-«) C™ +J -i} oj (C) zJ,z€U,(€U. 



Consider p(z, £) 



RD^fjzX) _ z+T,T=2J°'ll-+U-m m+1 + (l-°')CZt-yj(Oz J 



R D x,J(^0 ^+E^2(«[i+(i-i)A] m +(i-a)C- +3 ._ 1 )o :J (C)^ 

l+E J c l 2 ("[l+(3-l)A]'"+ 1 +(l-a)C^+j)a J (C)^' 1 

i+E~2("[i+0'-i)^]" , +(i-«)c™ +3 _ 1 )a J (C)^- 1 ' 

We have »' fz n - (ggS^f^X _ v(z n . ( flg "^(»-0)l 
we nave p z (z, y - _r D ™ q/(ZiC ) P<^,y- RD ^ f{zX) ■ 

zRD^fizX) 



(2.16) 



Then p (z, () + zp' z (z, () = ( RD ™j {zX) 
Relation (2.16) becomes p (z, Q + zp' z (z, Q -<-< h (z, () = g (z, y + zg' z (z, £), z € U, C € ?7, and by using 
Lemma 1.2 we obtain p (z, y ^^ 5 (z, £), z e U, ( € £7, i.e. ^ f ( z o "^ 3 (^) C)> z ^ U, ( e U. m 

Theorem 2.8 Let g (z, Q) be a convex function such that g (0, £) = 1 and let h be the function h (z, Q = 
g (z, () + zg' z (z, (,), z <EU, C, <EU . If a, A > 0, m € N , / € At and the strong differential subordination 



(m + l)(m + 2) 2 



(to + 1) (2m +1) 



RDzrf (*. - v " ' ^r" ' ~' RD xi x f (*, + —rdzj (z, - 



m 
z 



q[( m + 1)^ + 2)-^ „ , ;; 



(m + l)(2m + l) - ^2^ 

z 



holds, then 

This result is sharp. 



m p- 



D^/(^,0 + 



D? +1 f(z,()- 



[RD% a f(z,Q]'-«9(z,Q, zeU,(eU. 



(2.17) 
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p(z, = (RD?J(z, C))' = (1 - a) (R m f(z, 0)1 + a (D?f(z, ())' z 



(2.18) 



= 1 + J2 («[1 + C? - 1) A l m + (1 -a)C^ +J --i)i«i (C)^" 1 = l+Pi{C)z+P2 (C)^ 2 + •••• 
By using the properties of operators RD™ a , R m and D™, after a short calculation, we obtain 

p (z, o + z P ' z (z, o = (m+1) i ro+2) ^rf/(^ o - (m+1) l 2m+1) ^rr/ (*. o + ^ w a / («, o - 



«[(m+l)(m+2)-4 r ] +2 



Drv (z> c) + °[(m+DPm ; hi)- g ^] Dr n / (Z) c) 



2 (1-A)' 
« m ~ .,2 



0X7 (*.0- 



Using the notation in (2.18), the strong differential subordination becomes 

p(z, C) + zj/ z («, C) ■<■< h(z, C) = g{z, C) + «s£(*, 0- 

By using Lemma 1.2, we have 

p(z,C)«g(z,C), z€U,(€U, i.e. (RD% a f(z,Q)' x « g(z,(), zeu,(eu, 

and this result is sharp. ■ 

Theorem 2.9 Let h (z, £) be a convex function such that h (0, £) = 1. // a, A > 0, m G N, / G .4.J and i/ie 
strong differential subordination 



{m+inm + 2) RD??f M 



(m + l)(2m + l) +1/ (zj c) + ^ ( ^ c) _ 



TO, 
2 



tt[(m+1)(m+2) -^r/(^) + - 



(m + 1) (2m + 1) - ^^ 



£>r/(*.o- 



n 



?•«• 



2 (l-A) 2 



£>a7(*,CH-:M*,0, *e^> {eu, 



(2.19) 



holds, then 



[RD\,af(*,Q]'« 9 (z,C)^h(z,C), zeU, (€U, 



where g (z, £) = ^ / h(t)dt is convex and it is the best dominant. 

Proof. Using the properties of operator RD 7 Jf a and considering p (z) = ( RD™ a f (z, £) ) € W* [1, 1, £], 
we obtain 

p (z, c) + V* («, C) = (m+1) i m+2) ^^ 2 / ( z ' - (m+1) l 2m+1) ^"r/ (*. + ^RDT,J (z, C) - 

r 2 (i-A) 2 

am - A 2 



a[(m+l)(m+2)-^] ^+2 , / >x + a[(m+l)(2m+l)- ^g^] ^m+1 j / ^ _ 
U. 



D%f(z,Q, zeU,t^ 



Then (m+1) 2 (m+2) fl^+ 2 / (z, C) - (m+1) f" +1) ^^+ 1 / (*, + ^i^XIa/ (*, - 

<*[(m+lHm+2)-fr] Dm+2 a [(m+l)(2 m+ l)-^l] nm+lf ^ ^_ "p'^^j 



^rv^o- 



D?f(z,() << h{z,Q, 

z <G £/, C € U, becomes p (z, () + zp' z (z, Q -<~< h (z, (), z e U, ( € C/. By using Lemma 1.1, for n = 1 and 
7 = 1, we obtain 

p{zX)«g{z,C,)«h(z,C), zeU,(eU, i.e. 



(RD%J(z, 0)' z ^ 5 (*, = - f h(i)dt « h(z,(), z e U, C 



e*7, 



and g (z, £) is convex and it is the best dominant. 
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Corollary 2.10 Leth(z,() = C+( i+I C) * a convex function in U x U, < (3 < 1. If a, A > 0, m G N, / G A\ 

and verifies the strong differential subordination 

(m + lHm + 2) ^ c) _ (m + l)(2m + l) ^ ( ^ () + m» ( ^ f) _ 



a [(to + 1) (to + 2) - ^ 



T7 



(TO + 1) (2TO + 1) - ^%^ 



a 



TO 2 — ( ..j 



t/ier 



■D?f(z,Q«h(z t Q, z£U,(GU, (2.20) 

[^™a/(^ 0] 1 ^ 3 (*. « h (z, C) , ze(7,ce 17, 

where g is given by g(z, £) = 2/3 — £ H — — — — In (1 + z) , 2: G U, £ G f . TTie function q is convex and it is the 
best dominant. 



Proof. Following the same steps as in the proof of Theorem 2.9 and considering p(z, £) = f RD™ a f(z, Q J , 
the strong differential subordination (2.20) becomes 

p(z > + z P ' z (z,0^h(z,()= <: + W~ <:)z , zeU,(EU. 

By using Lemma 1.1 for n — 1 and 7 — 1, we have p (z, Q ^^ 9 ( z -> C) ^^ h (z, £), z € J7, C € t/, i.e. 

{RDlJ{z, 0)' z « 9 (z, C) = - f ft (*, dt = - f C + (2 ^T C)f dt = 2/3 - C + ^^ In (1 + *) , 

z g C/, C e 17. ■ 
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Abstract 

In the present paper we establish several strong differential subordinations regardind the new operator 
RIZ iXtl , given by RI^i = A^ - ■Ko ^m,x,i/(*.C) = (1 - a)R m f(z,C) + al (m.A.I) f(z,Q, where 
R m f(z, £) denote the Ruscheweyh derivative, / (m, A, I) is the multiplier transformation and A„( — {/ G 
Ti(U x U), f(z, Q — z + dn+i (C) z n+1 + . . . , z £ U, C G U} is the class of normalized analytic functions. 
A certain subclass, denoted by lZT m (S, A, I, a, Q , of analytic functions is introduced by means of the new 
operator. 

Keywords: strong differential subordination, univalent function, convex function, best dominant, differential 

operator, multiplier transformation, Ruscheweyh derivative. 

2000 Mathematical Subject Classification: 30C45, 30A20, 34A40. 

1 Introduction 

Denote by U the unit disc of the complex plane U — {z € C : \z\ < 1}, U — {z e C : \z\ < 1} the closed 
unit disc of the complex plane and Ti(U x U) the class of analytic functions in U x U. 

Let A* n ^ = {/ G H(UxU), f(z, () = z + a n+ i (() z n+1 + . . . , z G U, ( G U}, where a k (C) are holomorphic 
functions in U for k > 2, and H*[a,n, (} ={f GH(UxU), f(z,Q = a+a n (() z n + a n+1 (() z n+1 + . . . , z G U, 
C G U}, for a e C, n G N, a k (C) are holomorphic functions in [/ for fc > n. 

We also extend the differential operators presented above to the new class of analytic functions A^ 
introduccd in [8]. 

Definition 1.1 [1] For f G A* nC , n, m G N, the operator S m is defined by S m : A* n( - -> A* nQ , 

S°f(z,() = f(z,Q, 
S'fizX) = zf z (z,0,-, 

S m+1 f(z,() = z(S m f(zX))' z , zeU,(eU. 

Remark 1A [1] If f G A* nC , f(z, () = z + £°1„ +1 a, (C) z* , then S m f (z, () = z + £~„ +1 j m aj (C) « J ', 

zeC/,(e[/. 

Definition 1.2 /5/ For n G N, m G N U {0}, A, I > 0, / G A* n( -, f(z, () = z + £°l n+1 %' (0 z j , the operator 
I (m, A, ?) / (2, (,) is defined by the following infinite series 

~ fl + A(j-l) + f 

Remark 1.2 /$/ It follows from the above definition that 

(I + 1) I (m + l,X,l) f(z,Q = [I + 1 - X]I (m,X,l) f(z,() + Xz(I (m,X,l) f(z,C))' z , z €U,C €U. 



I(m,\,l)f(z,Q = z+ £ ( fTi — I a A0z 3 , zeU,(eU. 
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Generalizing the notion of differential subordinations, J. A. Antonino and S. Romaguera have introduced 
in [7] the notion of strong differential subordinations, which was developed by G.I. Oros and Gh. Oros in [9], 
[8]. 

Definition 1.3 [9] Let f(z,(), H(z,() analytic in U x U. The function /(z,£) is said to be strongly sub- 
ordinate to H{z,C,) if there exists a function w analytic in U, with w (0) =0 and \w (z)\ < 1 such that 
f (z, C) = H (w (z) , () for all ( G U. In such a case we write f (z, C) ■<■< H (z, C) , z G U, £ G U . 

Remark 1.3 [9] (i) Since f (z, £) is analytic in U x U , for all ( e {/, and univalent in U, for all £ G U, 
Definition 1.3 is equivalent to f (0, £) = H (0, £) , for all ( elf, and f (U x ll) C H (U x ll) . 

(ii) If H (z, £) = H (z) and f (z, Q = / (z) , the strong subordination becomes the usual notion of subor- 
dination. 

We have need the following lemmas to study the strong differential subordinations. 

Lemma 1.1 [1] Let ft (z, £) be a convex function with /i (0, £) = a for every £ G U and let 7 G C* be a 
complex number with Re7 > 0. If p € H*[a,n,C,] and p(z,Q + zp' z (z,Q ^^ h(z,(), then p(z,Q ^^ 
g (z, -«<-< h (z, C) , where g (z, £) = — V f n h (t, £) t^^ 1 dt is convex and it is the best dominant. 

Lemma 1.2 [1] Let g(z,Q) be a convex function in U x U, for all Q £ U, and let h{z, £) = g(z,£) + 
nazg' z (z, £), z G U, ( € U, where a > and n is a positive integer. If p{z,C l ) — <?(0, C) + p„ (£) z™ + 
Pn+i (£) z n+1 + . . . , z G U, C € U, is holomorphic inU xU andp(z 1 () + azp' z (z, £) -<-< h(z, (), z G U, C, G U, 
then p(z, C) « g(z, £) and this result is sharp. 

2 Main results 

Definition 2.1 Let a, A, I > 0, n,m G N. Denote by RI^ x l the operator given by RI^ x 1 '■ A* ni - —* A* n Q, 

RlZ,x,if(z, C) - (1 - a)R m f(z, C) + al (m, A, I) f(z, Q, z G U, C G V. 
Remark 2.1 If f e A* n( , f(z, ()=z + ££ n+1 «j (0 « J ', &en 

Ri° tX>l f(z, C) = z + E°l„ + i {« ( 1+ Ti 1)+ ' ) m + 1 1 - a ) ^-1} «i (0 **> ^^C^- 

Remark 2.2 .For a = 0, RI^ xl f(z, () = i? m /(z, C), w/iere z eU, ( eU, and for a = l, RI^ X J (z, C) = 
/ (m, A, /) / (z, C), where z €. U, £ € U, which was studied in [3], [4J- For I — 0, we obtain RI^ x f (z, £) = 
RD™ a f (z, C) which was studied in [5], [6] and for I = and A = 1, we obtain RI^ 1 / ( z j C) — -^« 1 / ( z i C) 
which was studied in [1], [2]. 

Form = 0,RI^ xl f(z,() = (l-a)R f(z,O+aI(Q,\ 1 l)f(zX) = f(zX)=R a f(zX)=I(0,\l)f(z,O, 
where z € U, ( G C/ . 

Definition 2.2 Let S G [0, 1), a,X,l > and n, m G N. ^4 function f (z, £) G ^4* a is sairf to 6e in the class 
TZT m (5, A, /, a, C) i/ it satisfies the inequality 

Re(i*C ;V /(z,C))>S, ^^(e^. (2.1) 

Theorem 2.1 T/ie set TZT m (S, A, /, a, C) *s convex. 

Proof. Let the functions /j (z,C) = z + Ejln+i a i fc (O^'i fc = f , 2, z G C/, C <= C^, be in the class 
7?.T m (5, A, Z, a, C)- It is sufficient to show that the function h (z, £) = ryj^/x (z, C) + 77 2 / 2 (z, C) is in the class 
lZ2 m (S, A, /, a, C) , with r/ 1 and ?7 2 nonnegative such that i] 1 + rj 2 = I. 

Since h(z,() = z + Z)jl n +i (^l^'i (0 + 7 ?2 a j2 (0) z J , z G f7, C e C/, then 

^C,a,^ («, = « + £ +i {« ( 1 + A [+~i 1) + + (1 " a) c ^- 1 } ^^ (c) + ??2 ^ 2 (c)) z '' (2 - 2) 
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Differentiating (2.2) with respect to z we obtain 

(Ri^ XJ h (z, ())[ = i + ET=n+i {« ( 1+A i J + 'i 1)+ ' ) m + (!-«) c^-i} (»7i^i (0 + %« J2 (O)jV- 1 , * e t/, 
C g 17. 

Hence 

Re (RI« Xl h(z, 0)1 = 1 + Re L ^ f^ J {« (^^T^) " + ^ " «)^+i-i}«ji (O^ -1 ] 



(2.3) 



Re L £ +i i {« ( 1 + X( f +1 1) + i y + (!"«) Qi-i}^ (0 ^'" 1 



Taking into account that /i, /2 € 7?^m (<$, A, i, a, we deduce 

Re U| +i J {a ( 1 + A f Vl 1)+ + (1 " a) C '™+^} a i k (0 ^J > ^ (^ " !) ' fc = X ' 2 - 
Using (2.1) we get from (2.3) 

Re (RIZ tXil h (z, C))l > 1 + r?! (5 - 1) + r? 2 (5 - 1) = 6, z e U, ( eU, 
which is equivalent that lZI m (6, A, I, a, is convex. ■ 

Theorem 2.2 Let g (z, C) be a convex function such that g (0, = 1 an d let h (z, C) — 9 i z i + j+2 z 5z i z > ; 
w/iere z eU, ( eU, c> 0. 

I[a, A, / > 0, n, m G N, / G TCZ m (<5, A, J, a, and F (z, - 4 (/) {z, = £w fi t c f (*, *, * G C/, 
£ G E7, f/ien 

{RI° tXtl f(z, 0)' z ^h(z,C), zeU,(eU, (2.4) 

implies 

(i?C jAi( F (0, 0)1 -X fl (*, C) , * G [/, C G 77, 
and this result is sharp. 

Proof. We obtain that 

z c+1 F (z, = (c + 2) f i c / (i, dt. (2.5) 



JO 

Differentiating (2.5), with respect to z, we have (c + 1) F (z, + zF' z ( z > — ( c + 2) / (z, C) an d 

(c + 1) RI« M F (z, + z (RIZ,x,iF (z, 0)1 = (c + 2) itf£, A> ,/ (*, , ^C/,(e 7J. (2.6) 

Differentiating (2.6) with respect to z we have 

(RI^xjF (z, 0)1 + ^z {RIZ,x,iF (z, 0)1' 2 = {RIl,x,if (z, 0)1 , z€ ^, C G 77. (2.7) 

Using (2.7), the strong differential subordination (2.4) becomes 

(RI° >x>l F (z, 0)1 + ^z (RI^F (z, 0)1' 2 <9{z) + ^zg' z (z) . (2.8) 

Denote 

p(z,Q = (RI° tXjl F{z,Q)' x , zeU,(eU. (2.9) 

Replacing (2.9) in (2.8) we obtain 

V (z, + —r^zp' z (z, C) ■<■< g (z, + — -zzgf, (z, () , z€U, C G 77. 

c + 2 c + 2 

Using Lemma 1.2 we have 

V (z, -X 5 (z, . * G U, C G 77, i.e. (RI^F (z, ())' z ^ g(z,() , z € U, ( €U, 

and this result is sharp. ■ 
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Theorem 2.3 Let ft, (z, () = C+(2 +~ C)z , z e U, ( eU, 5 e [0,1) and c> 0. J/a,A,!>0,m6N and I c is 
given by Theorem 2.2, then 

I c [JZl m (S,X,l,a,C)}(zni m (S*,X,l,a,C), (2.10) 

where S* = 25 - ( + M^il ff (£±2 _ 2 ) and p (, x ) = ft t^l dt 



Proof. The function h is convex and using the same steps as in the proof of Theorem 2.2 we get from 
the hypothesis of Theorem 2.3 that, p (z, + -^-^zp' z ( z ) C) ^^ h ( z > ; where p (z, () is defined in (2.9). 

Using Lemma 1.1 we deduce that p(z, <^, g (z,() -(-< h (z,() , that is I RI" t A L F {z,()\ -<^ 9 ( z , -<~< 
h {z, C) , where g (z, () = -^ /* t^- ^+f-^ dt = (25 - C) + 2{c+2) ^T s) ^ hSt-*- Since 9 is convex 

nz n nz n 

and g (U x U) is symmetric with respect to the real axis, we deduce 



Re (RI^ Xtl F(z,0)' z > minRc g(z,() = Re g(l,Q = 5* = 25-(+ 2 (c + 2) (C ^ /3 ( — - 2) . (2.11) 

I Z I — _L /£ \ I L I 

From (2.11) we deduce inclusion (2.10). ■ 

Theorem 2.4 Let g (z, be a convex function such that <?(0, = 1 and Zei ft, be the function h(z, = 

<?(z, + ^(^,0, ze^Ce!/. 

//a, A, I > 0, n, m € N, / € .A*^ and satisfies the strong differential subordination 

{RI^ M f{z,0)' z «h{z,0, zeU,(eU, (2.12) 

then 

' <^ 5(2, 0, ^^ C e (7, 

and i/iis result is sharp. 

Proof. By using the properties of operator RIf n A t , we have 

Ri^,x,if{^ Q = z + Ef=n + i {« ( 1+ Ti 1)+ ' ) m + ^ - a ) ^-1} °; (0 * J '. ^[/,(eF. 

Consider p(z, C )_= *W<'-« = *+^ + ^(^^p(i-«)^ +J - JMC)^ = 1+pn {Q z n +pn+i (() z „ + i_, 

..., zeU,C,eU. 

Let i?i^ A if(z, = Zj?(-?, 0, z •= U,(, <E U . Differentiating with respect to z we obtain ( RI^ A ; /(z, 

p(z,C) + zp' i (z 1 C),z€^ C^U. 
Then (2.12) becomes 

By using Lemma 1.2, we have 

- MS, a if(z, - 

p(*,C)^ff(*.0> z g fr, C e tr, i-e- '' ^g(^,C), zeu,teu. 



Theorem 2.5 Lei ft (z, & e a convex function such that ft(0, = 1- 

If a,\, I > 0, n, m G N, / € „4*<- a7i(i satisfies the strong differential subordination 

(Jtf£,A,i/(*>0)l^M*.0> ^e(7, CeI7, (2.13) 

iften 

RI™ x ,f(z,() _ 

z 



where g (z, — -t - Jo ^ (£) ^™ la ^ * s convex and it is the best dominant. 
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Proof. Let p(z, <) = RI ^f^ = '^i{°m>-^i-i}^fl' i = 
1 + ££„+i {« ( 1+A fe 1)+ ' ) m + ( X " «) C^i-i} «i (0 ^ = 1 + E^ln+iPi (0 z!-\ z€U,(€U. 

Differentiating with respect to z, we obtain iRI ( ^ lXl f(z,C,)) = p{z,C) + zp' z {z,C,), z •= U, ( € f7, and 
(2.13) becomes 

P (z, C) + «j/ z («, C) ^ h(z, C), z e [/, C e F. 

Since p (2, £) G 7i* [1, n, £], using Lemma 1.1 for 7 = 1, we have 

p {z, ■« 9 (z, «h{z,C,),z£U, ( € tf, i.e. 



-^<7(z,C) = — / h(t,()tn- L dt^h(z,0, zeU,(eU, 

z riz™ Jo 

and (7 (z, C) is convex and it is the best dominant. ■ 

Corollary 2.6 Let h(z, () = C+( ^ C) * a convex function inU xU, < /? < 1. //a > 0, m e N, / e .4* c 
and verifies the strong differential subordination 

(RI^,x,if( z , 0)1 ^ /»(«, 0, ^[/,(€ t/, (2.14) 

then 

' <^ 5 (*, C) -^ « (z, C) > 2 e L/, C e (7, 

where g is given by g(z, C) = 2/3 — £ H — ^ ~f ' J„ *" dt, z E U, t^ E U. The function q is convex and it is the 
6es< dominant. 

Proof. Following the same steps as in the proof of Theorem 2.5 and considering p(z, £) = — ^^ : — , 

the strong differential subordination (2.14) becomes 

P (zX) + z p' z ( z X)^h(z,(;) = C + i ^ 0z , zeu,(eu. 

1 + z 

By using Lemma 1.1 for 7 = 1, we have p (z, () -<-< g (z, () ^^ h (z, Q, z e U, ( € 17, i.e. 

' <^fl'(^C) = — t h{t,Qt n dt= — T U — — dt 

z nz« Jo nz™ Jo 1 + 1 

= 2/3-C+ 2( ^ ) f^di, ze^(eF. 
nz» Jo J- + J 

■ 

Theorem 2.7 Let g (z, £) oe a convex function such that g (0, £) = 1 and Zei Zi oe ifte function h (z, £) = 
g(z,() + zg' z (z,0, z ^U,CeU. 

If a,\,l >§, n,m£N, / € ^4*^ and i/ie strong differential subordination 

' ' -<-</i(z,(,), zee/, QGU, (2-15) 



holds, then 



and this result is sharp. 



RiZ+i.x.if(*,0 

Ril.x.J(z,0 



«g{z,(), z€U, CeU, 
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Proof. For / e A* nC , f(z, () = z + £°1„ +1 a j (0 z 3 we have 

RI%mH z > = z + E,~n+i {« ( 1+ Ti 1)+ ' ) m + ^ - a ) c ™+,-i} «i (0 * J '> *£U,(€U. 



Consider 



p(*,0 



+ E^+i {a ( 1+A fc 1)+ ' ) ro+1 + ( X " a ) «*} a ' (0 7J 



^Sl+l,A,j/(*.0 



We have p' 2 (z, C) = Ri^'lf(zX) _ p ( z ' ' R™Zx\f(z,C) and we obtain 

p (z, c) + * • i/. (*, o = ( ^t^Sr ) 1 • 

Relation (2.15) becomes 

p(z, + zp' z (z, C) -<-« h(z, = g(z, + zg' z (z, C), « G U, C G 17. 
By using Lemma 1.2, we have 

_ i?J" ffz C) — 

p(z,C) ^ <?M, zeu,ceu, i.e. " +1,A '', ' r ^ <K*,C), zeU,CeU. 

nl m,\,lJ V z jU 



Theorem 2.8 Lei g (z, Q) be a convex junction such that g (0, Q = 1 and Zei /i 6e ifte function h (z, £) 

g(z,() + zg' z (z,(), zeU,(eU. 

If a, A, Z > 0, n, to € N, / G .4*^ and i/ie strong differential subordination 

( " +1K ''' + V wfeO- ( '" + 1) ! 2 '" + V wfcO + 






a+ir 



- (to + 1) (m + 2) 



I(m + 2,X,l)f(z,0- 



2(Z + 1-A)(Z7+1) 



(m+ 1) (2to + 1) 



7(to + 1,A,Z)/(z,C) + 



( ; + 1 2 - A ) - m > 
A 2 



I (to, A, Z) / (z, C) -X fc(*> C). z G 17, C G Z7, 



holds, then 



[RI™,X,lf(z, 01 ^ g(z, C), « G Z7, c G Z7. 
77ms result is sharp. 

Proof. Let 

p(*, C) = (i?C,A, ; / (*, 0)1 = (1 - a) (#"/(*, 0)1 + « (' K A, Z) f(z, 0)1 
'1 + A(i- 1) + T " 



= 1+ ^ < n 

j=n+l 



Z + l 



(2.16) 



(2.17) 



+ (1 - a) C™ _! j 0j (C) ^'" 1 = 1 + Pn (0 «" + Pn+l (0 ^" +1 + 



By using the properties of operators RI^ x ji -R m an d I ( m ) A, Z), after a short calculation, wc obtain 

p (z, + z V ' z (z, - (m+1) i m+2) i^° +2 , A ,',/ (z, - (m+1) l 2m+1) ^ +M ,/ (*, + i-Ri° xl f (z, + 



fi+Ji!-( m + l)(m + 2)lj(m + 2,A,0/(«,O- f 



2(;+i-a)(;+i) 



(to + 1) (2m + 1) 



7(to + 1,A,Z)/(z,C) + 



(i+l-A) 



A 



r^ rn 



I(m,X,l)f(z,C)- 



29 



A.LUPAS,... MULTIPLIER TRANSFORMATION AND RUSCHEWEYH DERIVATIVE 

Using the notation in (2.17), the differential subordination becomes 

p{z, C) + zp' z (z, ■<-< h(z, C) = g(z, C) + zg' z (z, C,). 
By using Lemma 1.2, we have 

p(z,() « g(z,Q, zeU, (eU, i.e. (RI^ M f(z,Q)' z ■« s(*,C)> « e t/, C e 17, 

and this result is sharp. ■ 

Theorem 2.9 Lei /i (z, £) be a convex function such that h (0, £) = 1. 

If a, A, / > 0, n, m G N, / € .4*^ and satisfies the strong differential subordination 

(m + l)(m + 2) _ (m + l)(2 m+ l) + 



^i?/« iA ,/(z,C) + ^ 



(* + !)' 



- (m + 1) (to + 2) 



J(m + 2,A,0/(«,O- 



2(Z + l-A)(J"+l) 



(m+ 1) (2m + 1) 



I(ro + l,A,0/(*>O + 



(Z + l-A)' 
A 2 



7 (m, A, I) / (z, C) ^ h(z, C), ^C/,(e (7, 



(2.18) 



then 



(R^,x,if(z, 0)1 ^ 3 (*, ^ /i (*, , zeU, (€ U, 

where g (z, Q — —^ L h (t, C) t^^ 1 dt is convex and it is the best dominant. 



Proof. Using the properties of operator RI^ A ; and considering p (z, £) — I RI^ A t f (z, ()] , we obtain 

p(z, + «*/*(*, C) = {m+ T +2) Ri? n+ 2,xJ (z, C) - {m+1) i 2m+1) Ri^ +1 , x J (z, C) + *£Ri°xJ (z, + 



fl+Ji!-( m + l)( m + 2)lj(m + 2,A,0/(«,C)-f 



2(l+l-X)(l+l) 



(TO + 1) (2m + 1) 



(H-l-A) 



A 



r^ rn 



I(m,\J)f(z,0,z€U,(<=U. 



I(ro + l,A,0/(*>C)+f 
Then (2.18) becomes 

P (z, C) + atpU*, C) -«-« &(«> C). zeu, (eTJ. 

By using Lemma 1.1, for 7 = 1, we obtain p (z, £) -<-< g (z, Q -<-< Zl (z, £), z e [/, ( £ [/, i.e. 
RI^,xJ(z,C))' ■« g(z,0 = ^{MU)*"" 1 ^ ^ M*>0> ^ e C/, C e !7, and 5 (z,C) is convex 



and it is the best dominant. 



Corollary 2.10 Let h(z,() = C+(2 + z C) * a convex function inUxU,0<[3<l. If a > 0, m € N, / € A* n( 
and verifies the strong differential subordination 

(m+1 » m+2) ^w (*, o - (m+1) ! 2m+1) ^ 1 , A ,,/ <,, o + 



T ^-RI^ xl f{zX) + - z 



(i+iy 



(m + 1) (m + 2) 



7(m + 2,A,/)/(z,C)- 



2(Z + l-A)(Z"+l) 



(m+ 1) (2m + 1) 



J(m + l,A,0/(«,O- 



(i + l-Af 2 

s m^ 



J(m,A,0/(«,C)^M«.O, ze^Ce^ 



(2.19) 
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then 

(RI^,x,if(z, 0)1 << 9 (z, «h{z,Q, z e U, C G If, 



where g is given by g(z, () — 2(3 — ( -\ — ^ ,f ' J„ *" (it, z E U, ( E U. The function q is convex and it is the 
feest dominant. 



Proof. Following the same steps as in the proof of Theorem 2.9 and considering p(z, £) = I RI^ A j/(z, C) ) > 
the strong differential subordination (2.19) becomes 

P (z,C) + ^(z,C)^^M^C) = C + ( 1 2 f~ C)z , ze(7, Ceff- 

By using Lemma 1.1 for 7 = 1, we have p(z, C) ^^ 5 (2, C) ^^ ^ ( z : C), z G !7, C G ?7, i.e. 

(M° Xil f(z, 0)' ^ 3 («, = a a (*. *» _i d* = 



nz» Jo 



1 r^- 1 c + ^-o^ = 2/3 _ c + 2(c^) r^ ; ^ _ 



nz n Jo 1 + i nz " Jo 1 + '- 
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Global behavior of the max-type difference 
equation x n+i = max{-^— , zcJ— } 



Xn-m x n -k' 

Taixiang Sun* 1 Hongjian Xi 2 Bin Qin 2 

College of Mathematics and Information Science, Guangxi University, Nanning 530004, P.R. China 

2 Department of Mathematics, Guangxi College of Finance and Economics, Nanning 530003, P.R. China 



Abstract In this paper, we study global behavior of the following max-type differ- 
ence equation 

r A 1 

z n+ i=max{ , — — }, n = 0, 1,..., 

An-m x n -k 

where A £ (0,+oo), a £ (0,1) and m, k £ {0, 1,2, ■■■}, and initial values 
X-i,X-i + i, ■ ■ ■ ,xo £ (0,+oo) with I = max{A;,m}. The special case when m = 
and k = 2 has been completely investigated by A.Gelisken and C.Cinar. Here we 
extend their results to the general case. 

AMS Subject Classification: 39A10; 39A11. 

Keywords: Max-type difference equation, Positive solution, Periodicity. 



1 Introduction 

In the recent years, there has been a lot of interest in studying the global behavior of, so called, 
max-type difference equations, see e.g. [1-24] (see also references therein). In [9], the second order 
max-type difference equation 

A 1 

x n+ i=max{ — , - E — }, n = 0, 1, . . . , 

rp /y»L* 

■*-n • h n—2 

has been studied. In this paper, we study the following max-type difference equation 

x„+i = max{ , — — }, 7i = 0,l,..., (1.1) 

rp nf**-*- 
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of Education Department of Guangxi (200911MS212) 
* E-mail address: stxhql@gxu.edu.cn 
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where A e R + = (0, +00), a G (0, 1) and m,k £ {0, 1, 2, • • •}, and initial values x_;, X-i + \, ■ ■ ■ ,xo £ 
R + with / = m&x{k,m}. 

2 The case A < 1 

In this section, we investigate the equation (1.1) with A < 1. It is easy to see that if {x n }^ = _i 
is a positive solution of equation (1.1), then for all n > 0, 

x n+1 x^ k > 1. (2.1) 

Lemma 2.1. Let {x n }^L_ l be a positive solution of equation (1.1) and P n = max{j„, x n -i, • • • , 
x n -2i-i, 1} for all n > / + 1. Then 

(1) x n+ \ < P n for all n > I + 1 and {Pn}^^ + 1 J 's non-increasing. 

(2) x n is bounded and moreover A/Pi + \ < x n < P1+1 for any n > m + I + 2. 

Proof. By (2.1), we obtain that for any n > / + 1, 

fLj, n _ m _ k _l ^ n _2k-l -, 

x n+i = max{ , — - 2 } 

X n -mX n ^ m _ k _ 1 X n _ k X n _ 2k _ 1 

2 

< max{Ax n _ m _ k _ 1 ,x n _2 k _i\ 

< max{x n _ m _ fe _i,x n _2fc-i,l} 

< Pn- 

Hence 

P n+1 = max{x n+ i, x n , ■ ■ ■ , x n -2i,l} < Pn, 

which implies that for all n > / + 1, 

X n < Pl+l- 

Furthermore, it follows that for all n > m + / + 1, 

t A 1 . ^ 

x n+ i = max{ , — — } > 



^+1 

The proof is complete. □ 

Remark 2.2. Note that from definition P n we have that P n > 1 for all n > / + 1. 

Lemma 2.3. Let {x n }'^ ) = _ l be a positive solution of equation (1.1) and P n be as in Lemma 

2.1. If lim n >00 P n = S, then limsup n >00 x n = S > 1. 

Proof. Since P n is a subsequence of x n , it follows 

S" < limsupx n . 
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On the other hand, by x n +i < P n for all n > I + 1, we obtain 

lim sup x n < lim sup P n = S. 

n >oo n >oo 

The proof is complete. □ 

Theorem 2.4. Suppose that {x n }^L_^ is a positive solution of equation (1-1) with A < 1, 
then lim„ — >oc x n = 1 

Proof. By Lemma 2.1 we may assume that there exist < mi < ttt-2 < ■ ■ ■ < rnt < ■ ■ ■ and 
< n\ < n 2 < • • • < n t < • • • such that 



x n t +l 


► 


liminf x n - 

71 >00 


= L>0, 


%nt—m 


— * 


Li, 




•^nt — k 


— 


L 2 , 




^rrif+l 


— 


lim sup x n 

n >oo 


= S>1, 


%mt—m 


► 


Ki, 




•Emt — k ~ 


^^2- 







By taking the limit in the following relationship 



as t — ► oo, it follows 



Xmt+i =max{ 



A 



Xmt-m ^ mt ~k 



Q S A1 X 

S = maX{ i^'i^ } 

(A if ^4_> 1 



< 



1 



1 
K 2 



if 



K-l — K. 
< 



1 



if — > 

F . __ 



if J-< "' 



< 



Z - 



which implies SL < 1. 

We claim S* = 1. Indeed, if 5 > 1, then by taking the limit in the following relationship 



x 



nt+l 



max{ 



A 



1 



Xnt-m ^nt-k 



} 



as t — ► oo, we obtain 



1 r A 1 , , 1 ,„ 1 

l>->L = max{ — ,— }>( — )"> 



5 



-£i'L§ 



L 2 



1 

> — . 
L 2 " 5 



(2.2) 
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This is a contradiction. The claim is proven. 

Furthermore by taking the limit in (2.2) as t — ► oo, we obtain 

\ = ->L = max{ — , — } > ( — ) a > — > - = 1, 

which implies lim n ,00 x n = 1. The proof is complete. □ 

3 The case A > 1 and m = 

In this section, we investigate the equation (1.1) with A > 1 and m = 0. Let x n = \jAy n (n > 
—A;), then the equation (1.1) implies the equation 

1 R 

y n+1 = max{ — , -^— }, (3.1) 

l + CK 

where -B = A ~ < 1 and initial values y~k, y—k+i, ■ • • , 2/o £ ^ + - It is easy to see that if 
{y n }^L_ fe is a positive solution of equation (3.1), then for all n > 0, 

yn+12/n > I- (3.2) 

Lemma 3.1. Let {yn}^L_ fc be a positive solution of equation (3.1) and Q n = max{y n , y n -i, • • • , 
j/n-fe-i) 1} ^ or all n> k + 1. Tien 

(1) J/n+i < Qn -for all n > k + I and {Qn}^Lk+i IS non-increasing. 

(2) y n is bounded and moreover 1/Qk+i < Vn < Qk+i f° r an Y n > k + 2. 

Proof. By (3.2), we obtain that for any n > k + 1, 

y n+ i = max{ , — } 

UnVn-l yn-kVn-k-l 

< max{s/ n _i,.B2/£_ fe _ 1 } 

< max{y n _i,y n _ fc _!,l} 

< Qn- 

Hence 

Q n+ i = max{y n+ i, y n , • • • , y n _ fe , 1} < Q n , 

which implies that for all n > k + 1, 

Vn < Qfc+l- 



Furthermore, it follows that for all n > fc + 1, 

y n+ i = max{ — , -^— } > 

2M 2/„_ fc Qfe+1 
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The proof is complete. □ 

Remark 3.2. Note that from definition Q n we have that Q n > 1 for all n > k + 1. 

Lemma 3.3. Let {yn}^L_ fc be a positive solution of equation (3.1) and Q n he as in Lemma 

3.1. If lim„ — ,00 Q n = S, then limsup„ >00 y n = S > 1. 

Proof. Since Q n is a subsequence of y n , it follows 

S < limsupy ra . 

n >oo 

On the other hand, by y n +i < Qn for all n > k + 1, we obtain 

lim sup y n < lim sup Qn = S. 

n >oo n >oo 

The proof is complete. □ 

Theorem 3.4 Let {j/nl^-j- be a positive solution of equation (3.1) and Q n be as in Lemma 

3.1. If lim„ ,00 Q n = S, then there exists Aq > such that y^+2p > Un 1 +2(p+i) > S for all 

p>0, and lim p — >00 yiVi+2p = 5* and lim p — >00 yN!+2 P +i = 1/S. 

Proof For e = jt^S, by (3.2) and Lemma 3.3 there exists N such that for any n > N, 



yZ- k -i<S + e 



and 



, Vn-l B Vn-k-l x 

y n+1 = max{ ,— } 

VriVn-X yn-kVn-k-l 

< max{y n _i,Sj/°_ fe _ 1 } 

< max{y n -i,B(S + e)} 
= max{y n -i,S - e}. 

It follows from Lemma 3.1 and Lemma 3.3 that there exist N < n\ < n 2 < ■ ■ ■ < n& < ■ ■ ■ such 
that y nk > S. By taking a subsequence we may assume that n^ = 2/& + 1 (0 < t < 2). Hence 

S < y nk = V2i k +t < max{y 2 (i fc -i)+t, S - e} 

= V2(i k -i)+t < max{y 2( i fc _ 2 )+t, S - e} 
= V2(i k -2)+t < max{y 2( i fe _ 3)+t , S - e] 



= Vm- 

Choose Aq = m, then yN,+2 P > Vn 1 +2(p+i) > S for all p > 0. 
On the other hand, for sufficiently large p > 0, 

r 1 ci ^ r * B V < N 1 +2p-k 

max{ ,S\ < y Nl+2p +2 = max{ 



yN!+2p+l ' ~y Nl+2 p+l y < N 1 +2p+l-kyN 1 +2p-k 
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< max{ ,By% +2k } 

VN 1 +2p+l 

< max{ ' ,B(S + e)} 

VN 1 +2p+l 

= max{ , S — e] 

VN 1 +2p+l 

1 



2/A r i+2p+l 

Hence yN 1 +2 P +2VN 1 +2 P +i = 1 and lim n — >00 y Nl+2p +i = 1/S. The proof is complete. □ 

From Theorem 3.4, we get 
Theorem 3.5 Suppose that {x n }^l_ ; is a positive solution of equation (1.1) with A > 1, then 
lim n — >00 x 2n and lim n — >00 x 2n +i are convergent. 

Acknowledgments The project is supported by NNSF of China(10861002) and NSF of 
Guangxi (0728002). 
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Abstract. In this paper, we prove the generalized Hyers-Ulam-Rassias stability for a general system of quadratic func- 
tional equations in non-Archimedean fuzzy Menger normed spaces. Our results notably generalize previous papers in 
this topic and by the method of our paper, one can prove many various general systems of n functional equations and n 
variables (n £ N) in fuzzy normed spaces. 

Keywords: Quadratic Functional Equations, Non-Archimedean Fuzzy Menger Normed spaces, Generalized Hyers-Ulam- 
Rassias stability. 

1. Introduction and preliminaries 

A. K. Katsaras[21] introduced an idea of a fuzzy norm on a linear space in 1984, in the same year 
Wu and Fang[ ] introduced a notion of fuzzy normed space to give a generalization of the Kolmogoroff 
normalized theorem for fuzzy topological linearspaces. In 1992, Felbin[ ] introduced an alternative 
definition of a fuzzy norm on a linear space with an associated metric of Kaleva and Seikkala type (see 
[19]). Xiao and Zhu[:!~] studied the linear topological structures of fuzzy normed linear spaces. In 1994, 
Cheng and Mordeson introduced a definition of a fuzzy norm on a linear space in such a way that the 
corresponding induced fuzzy metric is of Kramosiland Michalek type[2.'i|. In 2003, Bag and Samanta[5] 
modified the definition of Cheng and Mordeson [0] by removing a regular condition. Following D. 
Mihct[ ] and modifying the definition of a fuzzy normed space in [4], A. K. Mirmostafaee and M. 

°2000 Mathematics Subject Classification: 39B22, 39B82, 46S10, 46S40. 
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Sal Moslehian[ i] introduced non-Archimedean fuzzy normed spaces. Recently D. Mihet[2-"i] restated 
definition of them. Although many results in the classical normed space theory have a non- Archimedean 
counterpart, their proofs are different and require a rather new kind of intuition [3, 8, 27, 28, 33]. 

In 1897, Hensel[f ")] has introduced a normed space which does not have the Archimedean property. 
During the last three decades theory of non- Archimedean spaces has gained the interest of physicists for 
their research in particular in problems coming from quantum physics, p-adic strings and superstrings 
[22]. One may note that \n\ < 1 in each valuation field, every triangle is isosceles and there may be no 
unit vector in a non- Archimedean normed space; cf. [ 17]. These facts show that the non- Archimedean 
framework is of special interest. 

Definition 1.1. Let K be a field. A valuation mapping on K is a function \ ■ \ : K —>■ M. such that for 
any a, b € K we have 

(i) \a\ > and equality holds if and only if a = 0. 
(ii) \ab\ = \a\\b\, 
(iii) \a + b\ < |o| + |6|. 



A field endowed with a valuation mapping will be called a valued field. If the condition (iii) in the 
definition of a valuation mapping is replaced with 

(Hi)' \a + b\ < max{|a|,|6|} 

then the valuation | • | is said to be non- Archimedean. The condition (Hi)' is called the strict triangle 
inequality. By (ii), we have |1| = | — 1| = 1. Thus, by induction, it follows from (iii)' that \n\ < 1 for 
each integer n. We always assume in addition that | • | is non trivial, i.e., that there is an ag € K such 
that |ao| ^ {0, 1}. The most important examples of non- Archimedean spaces are p-adic numbers. 

Example 1.2. Let p be a prime number. For any non-zero rational number a = p r — such that m 

and n are coprime to the prime number p, define the p-adic absolute value \a\ p = p~ r ■ Then | • | is a 
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non-Archimedean norm on Q. The completion of Q with respect to \ ■ \ is denoted by Q p and is called 
the p-adic number field. 

Definition 1.3. A triangular norm (briefly t-norm, [30]) is a binary operation T : [0, 1] x [0, 1] — > [0, 1] 
which is commutative, associative, non-decreasing in each variable and has 1 as the unit element. 
Basic examples are the Lukasiewicz t-norm Tl, Tl(cl, b) = max(a + 6—1, 0), the product t-norm Tp, 
Tp(a,b) = ab and the strongest triangular norm Tm, T^j(a,b) = min(a, b). 

Now we recall definition of a non- Archimedean fuzzy Menger normed space which is given in [25] 
and [26]. 

Definition 1.4. Let X be a linear space over a non- Archimedean field K and T be a continuous t- 
norm. A function N : X x M. — ► [0, 1] is said to be a non-Archimedean fuzzy Menger norm on X if for 
all x, y £ X and all s, t € K, 

(Nl) N(x,c) = 0/orc<0; 

(N2) x = if and only if N(x, c) — 1 for all c > 0; 

(N3) N(cx,i)=N{x,^) ifc^O; 

(NA4) N(x + y, max{s, <}) > T(N(x, s),N(y, t)); 

(N5) lim t _ >00 iV(x,t) = l. 

If N is a non-Archimedean fuzzy Menger norm on X , then the triple (X, N, T) is called a non- 
Archimedean fuzzy Menger normed space. 

It follows from (NA4) that N(x, .) is non-decreasing for every x e X. Also one can show that the 
condition (NA4) is equivalent to the following condition: 

N(x + y,t) >T(N(x,t),N(y,t)). 
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Definition 1.5. Let (X,N,T) be a non-Archimedean fuzzy Menger normed space. Let {x n } be a 
sequence in X. Then {x n } is said to be convergent if there exists x £ X such that 
lim n _ >00 N(x n — x,t) — 1, for all t > 0. Ln that case, x is called the limit of the sequence {x n } and we 
denote it by N — lim:z;„ — x. A sequence {x n } in X is called Cauchy if for each e > and each t > 
there exists no such that for all n > hq and all p > we have N(x n + P — x n , t) > 1 — s. 

Let T be a given t-norm. Then (by associativity) a family of mappings T n : [0, 1] — » [0,1], n E N, is 
denned as follows: 

T 1 (x) = T(x,x) , T n (x)=T(T n - 1 (x),x) , ice [0,1]. 
For three important t-norms Tm, Tp and Tj, we have 



Tm{x) = X , T£(x) = x n , T£(x) = max{(n + l)x - n,0} , n e N. 

Definition 1.6. (Hadzic[l$\) A t-norm T is said to be of H-type if a family of functions {T n (t)}; 
n £ N , is equicontinuous at t — 1, that is, 



Ve e (0, 1) 38 e (0, 1) : t>l-6 =► T n (t) > 1 - e (n > 1). 

The t-norm Tm is a trivial example of t-norm of H-type, but there are t-norms of H-type with 
T ^ T M (see, e.g., Hadzic[12]). 

Lemma 1.7. FFe consider the notations of the definition (1.5). Also assume that T is a t-norm of 

H-type. Then the sequence {x n } is Cauchy if for each e > and each t > there exists uq such that 

for all n > no we have N(x n +i — x n , t) > 1 — e. 
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Proof. Due to 

N(x n+P - x n , t) > T(N(x n+p - x n+p -i,t),N(x n+p -i - x n ,t)) > 
T(N(x n+p - X n+p -l,t),T(N(x n +p-l -x n+p - 2 ,t), N(x n+p - 2 -x n ,t))) > 

> T(N(x n+p - X n +p-l,t),T(N(x n+p -i - X n +p-2,t),- ■ ■ , 

T(N(x n+2 -x n+ i,t),N(x n+ i -x n ,t)))---), 

and by the assumption, T is an H-type t-norm, the sequence {x n } is Cauchy if for each e > and each 
t > there exists no such that for all n > tiq we have N(x n +i — X n , t) > 1 — e. We will use this criterion 
in this paper. □ 

It is easy to see that every convergent sequence in a non-Archimedean fuzzy Menger normed space is 
Cauchy. If each Cauchy sequence is convergent, then the fuzzy Menger norm is said to be complete and 
the non- Archimedean fuzzy Menger normed space is called a non- Archimedean fuzzy Menger Banach 
space. 

The first stability problem concerning group homomorphisms was raised by Ulam[.''>L'] in 1940 and 
solved in the next year by Hyers[ ]. Hyers' theorem was generalized by Aoki[ ] for additive mappings 
and by Th. M. Rassias[29] for linear mappings by considering an unbounded Cauchy difference. In 
1994, a generalization of the Rassias theorem was obtained by Gavruta[l 1] by replacing the unbounded 
Cauchy difference by a general control function. 

The functional equation 

f(x + y) + f(x-y) = 2f(x) + 2f(y) (1.1) 

is related to a symmetric bi-additive function [1, 20]. It is natural that this equation is called a quadratic 

functional equation. In particular, every solution of the quadratic equation(l.l) is said to be a quadratic 

function. It is well known that a function / : X — > Y where X and Y are real vector spaces, is quadratic 

if and only if there exists a unique symmetric bi-additive function B such that f(x) = B(x,x) for all 
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x. The bi-additive function B is given by 

B(x,y)= 1 -(f(x + y)-f(x-y)). 

The Hyers-Ulam stability problem for the quadratic functional equation was solved by F. Skof[31]. S. 
Czerwik[ ] proved the Hyers-Ulam-Rassias stability of the equation(l.l). Later, S.-M. Jung[ "] has 
generalized the results obtained by Skof and Czerwik. Eshaghi Gordji and Khodaei [!)] obtained the 
general solution and the generalized Hyers-Ulam-Rassias stability of the following quadratic functional 
equation for a, b £ Z\{0} with a ^ ±1, ±6, 



f(ax + by) + f(ax - by) = 2a 2 f(x) + 2b 2 f(y) 



(1.2) 



Throughout this paper, unless otherwise explicitly stated, we assume that ugR, i,m, n £ N U {0}, 
IK is a non-Archimedean field, T is an H-type continuous t-norm, (Y, N, T) be a non- Archimedean 
fuzzy Menger Banach space over IK, (Z, M, T) be a non- Archimedean fuzzy Menger normed space over 
K and A be a vector space over K. Also assume / : X n — > Y be a mapping. We consider following 
general system of quadratic functional equations: 

f(aixi + b 1 yi,x 2l •■•, x n ) + f(x\, ..., x n -i,a„X n - b n y n ) = 
2a 2 f(x 1 ,x 2 ,...,x n ) + 2b 2 f(x 1 ,...,x n ); 



(1.3) 



J \X\^ ..., x n —±) o> n x n -\- o n y n j ~\~ J \X\ , ... , x n —i , Q, n x n o n y n ) 



2alf(xi,~-,Xn) + 2blf(x 1 ,...,x n _ 1 ,y n ); 

for all Xi, yi € X and Oj, bi £ K \ {0} with a^ ^ ±1, ±6j ,4=1, ..., n. 

In this paper, we establish the generalized Hyers-Ulam-Rassias stability of system(1.3) in non- 
Archimedean fuzzy Menger Banach space . 



2. Main Results 

In this section, we prove the fuzzy generalized Hyers-Ulam-Rassias stability of system(1.3). 
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Theorem 2.1. Let tpi : X n+1 — > Z /or i e {1, ..., n} &e a mapping such that 

r { M ( 2a^+^..a^ 1 + 2 af" 1 ...a^ ^( a " +lxi '---'<^ 1 ^- 1 '< X ^ ' a "l^+ 1 '---'< X ")'")^ 

$™ = $y»(a;i,2/i,a;2,...,ar n ,u) = ^y(a;i,3/i,ar2,...,ar n ,u); 
$™ = $™(xi,...,a; 4 ,^,...,x„,u) = 

T^™(xi,...,x l ,j/ i ,...,x„,u),$™ 1 (a;i,...,x^i,2/ J _i,...,x„,u)J; 
lim™^*™ = 1; 
and 

#i = *i(a:i,... ,a; n ,y n ,u) = $^(xi,...,x„,y„,u); 

* = $(»!,..., x n ,j/ n ,u) = lim m _ >00 * m (ari,...,ar n ,j/ n ,u) = 1. 

V 

and 



(2.1) 



(2.2) 



lim M 

m — >-oo 



(~2^ 2^^( a ™ Xl '---' a i" a;i ' a « Tl ^'---' a ™ X ™)' U ) = ^ 



(2.3) 



for all u > and a^, (/,6l and a, £ K\ {0} wztft a, ^ ±1, ±6, , i = 1, ..., n. Lei / : X" 
mapping satisfying 

N\J(a 1 xi + b 1 y 1 ,x 2 ,...,x n ) + f(a 1 x 1 - &13/1, x 2 , ..., x„)- 

2a\f(x\, ...,x n ) - 26f/(yi,ar 2 , ...,£„), it) > Aff^i(a;i,j/i,X2, ...,x„),«J; 



N[f(xi, ..., x n -i,a n x n + b n y n ) + f(xi,..., x n -i,a n x n - b n y n )- 

2alf(x 1 ,...,x n ) -2l%f(xi,...,Xn-i,yn),u) > M\ip n (xi, ...,x n ,y n ),u); 
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for all u > and Xi,%)i € X and a.i,bi € K\ {0} with ai ^ ±l,±6j , i = 1, ...,n. TTien iftere exists a 
unique mapping F : X n —* Y satisfying (1.3) and 

N(f(x u ...,x n ) - F(xi,...,Xn),xi) >* (2.4) 

for all u > and Xi € X, i = 1, ..., n. 

Proof. Fix i£ {1,2, ...,rj} and consider the following inequality. 

N\f(x 1 ,X2, ..., a^j + biVi, ...,x n ) + f(x 1 ,x 2 , ■■■,a i x i - b^i, ...,x n )- 

2aff(x 1 ,...,x n ) - 2b?f(xi,X2,...,yi,...,x n ),u) > M\ipi(xi, ...,Xi,y t , ...,x n ),u) . 

Let j/j = in (2.5). Then we get 

N(f(xi,...,x n ) ^f{xi,x 2 ,...,a i x i ,...,x n ),u\ > 

\ a i / 

T^M\^--^ip l (x 1 ,...,Xi,0,x i+1 ,...,x n ),uj,N^f(x 1 ,...,Xi- 1 ,0,Xi +1 ,...,x n ),ujj 



Hence 

N 



N 

So we have 
N 



a{...a\_ x af...af J 

l-^f H~2 — o^'C !*!'— ,Oi_ia;i_i,Xj,0, a;,- + i,... ,a; n ),u), 
L \2aJ...o| / 

(-2- J — 2 /(aiXi,. ■;(H-lXi-l,0,Xi + l,...,X n ),U ) [•. 



( 2m+2 2m+2 n 2ra ^m^" 1 II,...,^.! 1,-1, a™I„ ..., «>„) 
"l •••"i-1 a i ■■■"« 

/(a m+1 xi, .., a™ +1 x 4 , o^aJi+i, ..., On),*) > 



2m+2 2m+2 2m „2m 



1 lo 2m+2 2m+2 2 ra i™ ^'l ! Xl,...,a i _ 1 X t -i,a i Xi, 0, a i+l X l+ \ , ..., 0„ X„) , U j , 

<• V2a x ...a i T a^i-.-af^ 1 ' 

(^^+2 2m | 2 2m 2^/« +la; i' -' Ci'ii-i, 0, aft^+i, ..., <*»),«) } - <#*• 

^aj ...a, a i+1 ...a„ 



iV 
Therefore we obtain 



(2.5) 



N( 2m+2 l 2m+2 /« +1 si, .-., C +1 ^) - -5^ /(^1, .... «>»),") > *?• (2.6) 

^a 1 ...a n «2 ••■«,! ' 
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for all to 6 N U {0}. Hence by (2.1) and (2.6) the sequence 



{ 2m 2m /(<Sl,...,<CEn)} 
Ui ...u„ 



is Cauchy. By completeness of Y, we conclude that it is convergent. Therefore we can define F : X n — > Y 

by 

lim jv(f(x 1; ..,^)- 2m l ^ f(a?x 1 ,...,aZx n ),u)=l, (2.7) 

for all u > , j;, e X and a, G K \ {0} with a^ ^ ±1, ±6j , i = 1, ..., n. Using induction with (2.6) and 
(2.2), we obtain 

N(f( Xl ,...,x n )- 2m l 2m f(a?x l7 ...,a™x n ),u)>V m . (2.8) 

\ a 1 ...a n / 

By taking to to approach infinity in (2.8) and using (2.2) one obtains (2.4). 
For i e {1, 2, ...,n} and by (2.5) and (2.7), we get 

N\F(xi,X2,.~ ,diXi +hyi,...,x n ) + F(x 1 ,x 2 , ■■■,a i Xi - biyu...,x n )- 
2ofF(xi, ...,x n ) - 26^F(xi, ...,^-1,^,^+1, ...,x„),uj = 
N {^I^ — ^/(ofa;!, ..., o^Oiij + 6,-jfe), ..., o™j„)+ 

Va l •■• a n 



lim 

m — >oo 



a l — a n 



(2.9) 



a 



2m 2m-' ' a ! ' Z;i ' '"' a * ^i' " ■' a n ^n) 2m 2in^ 81 ^l'-"' ! Hi, ■ ■■ , a n x n) , U J > 

1 ■■• a n a l •■•"n ' 

(~2^ ^tp i (a?Xi,...,a?x i ,a!pyi i ...,a%Xn),vj. 



lim M 

m — >oo 



By (2.3) and (2.9), we conclude that F satisfies (1.3). 
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Suppose that there exists another mapping F' : X n — ► Y which satisfies (1.3) and (2.4). So we have 
N(F(xi, ...,x n ) - F'(xi, ...,x n ),u) = 

N ( n 2m l n 2m F «^, ■■; On) ~ 2m "" 2m f(a?X U .... <>„) + 
vu l ■■■ a n "l ■■■ a n 

2m „ h /(^i l -,fr) " „ 2m 2m F'(a?xi,...,a™x n ),u) > 

1 -% "1 — a n ' 

{*(<*!, ..., a™x n , y n , \a\ m ...a 2 ™\u) ^(a? Xl , ..., d£x n , y n , \al m ...a 2 n m \u)}, 



liin 

m— >oo 



which tends to 1 as m — > oo by (2.2). Therefore F = i 7 " . This completes the proof. 
In the manner of proof of Theorem(2.1), one can prove the following corollary. 

Corollary 2.2. Let tp+ : X n+1 — > Z for i £ {1, ..., n} be a mapping such that 

¥>? = <^r( a; i>-) a; i)2/j>-) a; n!' lt ) = 

\ 2a 2m+2 a 2m + 2 a 2 m ^^("i ^i!---i a i-i x i-i, a i Xi, 0, a i+1 x^+i, ..., a n a; n ), u J ; 
$» l = $™ (xi,yi,x 2 ,...,x n ,u) = <^f (xi,2/i, £2, ...,#„,«); 
$f l = $f i (a; 1 ,...,a;. i ,y 4 ,...,a;„,M) = 

T^< y j™(a;i,...,a; I ,y i ,...,x n ,u),$™ 1 (xi,...,a; l _i,j/i_i,...,x n ,u)J; 
Hmrn^oo^ = 1; 

and 

*i = *i(xi, ...,a;„,y„,u) = $ n (a:i, ..., x n , y n , u); 

*m = ® m {Xl,...,X n ,y n ,u) = T\$™(xi,...,Xn,y n ,u), < &7n-l{xl,---,Xn,yn,u)); 

* = *(#i,..., x n ,y n ,u) = lim m _ >00 * m (a;i,...,x n ,j/ n ,u) = 1. 



and 



lim M 



(~2^ 2^ i ( a ™ Xl '"-> a ^> a ^>'"> a » X ™)>' U ) = 1; 



a 
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for all u > and Xi,yi £ X and o, eK\ {0} with a« ^ ±l,±&j , i = 1, ...,». Let f : X n — ► Y be a 
mapping satisfying 

N(f(aixi + b 1 y 1 ,x 2 ,...,x n ) + f{a\Xx - b 1 y 1 ,x 2 ,...,x n )- 

2aff(x 1 , ...,x n ) - 2b\f{y u x 2 , ..., x n ),uj > M\^p 1 (x 1 ,y 1 ,x 2 , ...,x n ),uj ; 

N(f(xi,...,X n -i,a n X n + b n y n ) + f(x 1: ...,x n -i,a n x n -b n y n )- 

2alf(xi,...,x n ) - 2t%f(xi, ...,x n -i,y n ),u) > M(ip n (xi, ...,x n ,y n ),uj; 

for all Xi, yi G X and a^, bi € K \ {0} with ai ^ ±1, ±6 2 ; , i = 1, ..., n. Assume that f(x%, x 2 , ■■■, x n ) = 
if Xi = for some i = l,...,n. T/ien f/iere exists a unique mapping F : X™ — ► 1" satisfying (1.3) and 



N 



(f(x!,...,x n ) - F(xi,...,x n ),u) > * 



/or all u > and i ; 6X, j = 1, ..., n. 
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Abstract 

Here we present an application of Horner's method in evaluating 
the sequence of Stirling numbers of the second kind. Based on 
the method, we also give an efficient way to calculate the differ- 
ence sequence and divided difference sequence of a polynomial, 
which can be applied in the Newton interpolation. Finally, we 
survey all of the results in Proposition 1.4. 

AMS Subject Classification: 05A15, 65B10, 33C45, 39A70, 41A80. 
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1 Introduction 

The number of ways of partition a set of n elements into k nonempty 
subsets is called the Stirling number of the second kind, denoted by 
S(n, k). In other words, S(n, k) is the number of equivalence relations 
with k classes on a finite set with n elements. From [3], S(n, k) equals 
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As a division algorithm, Horner's method is a nesting technique 
requiring only n multiplications and n additions to evaluate an arbitrary 
nth-degree polynomial, which can be surveyed by Horner's theorem 
(see, for example, [1]). 

Theorem 1.1 Let 

P(x) = <idX d + cid-ix^ 1 + • • • + a±x + a . 
If bd = ad and 

b k = a k + b k+1 x , k = n- l,n-2, ...,1,0, 
then bo = P(x ), and P(x) can be written as 

P(x) = (x - x )Q(x) + b , 
where 

Q(x) = b d x d ~ l + b d -ix d ' 2 + ■ ■ ■ + b 2 x + b x . 

The theorem can be proved using a direct calculation. An additional 
advantage of Horner's method is the differentiation of P(x): 

P'(x) = Q(x) + (x - x )Q'(x). 

Hence, P ; (xo) = Q(xq), which is very convenient when applying New- 
ton's method to find roots of a polynomial. 

Example 1 As an example, we use Horner's method to evaluate P(x) = 
x 4 — 2x 2 + 3x — 4 at xq = — 1. First we construct the synthetic division 
as follows. 
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Xq 



(14 = I a 3 = a 2 = —2 a\ = 3 a = —4 
&4£o = — 1 &3^o — 1 b 2 x = 1 6irr = —4 



62 = -1 
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Hence, 



x A - 2x 2 + 3x - 4 



(x 



l)(x 3 -a; 2 -a; + 4) 



In [6], Pathan and Collyer present an excellent survey on Horner's 
method and its application in solving polynomial equations by deter- 
mining the location of roots. In this note, we shall give other appli- 
cations of Horner's method in the calculation of Stirling numbers of 
the second kind, the difference sequences, and the divided difference 
sequences (or equivalently, the coefficients of Newton interpolation) of 
polynomials. There are numerous ways to evaluate a Stirling number 
sequence or Stirling matrix. For example, in [4], El-Mikkawy gives an 
algorithm based on Newton's divided difference interpolating polyno- 
mials. In [2], Cheon and Kim present a method based on the relation- 
ship between the Stirling matrix and other combinatorial sequences 
such as the Vandermonde matrix, the Bernoulli numbers, and Eule- 
rian numbers. However, our algorithm of calculating Stirling number 
sequences based on Horner's method is different and efficient, which 
contains an idea suitable for constructing algorithms in calculation of 
many sequences. This general idea will be presented in Proposition 1.4. 

From Proposition 1.4.2 of [7], if the polynomial f(n) of degree < d 
is expanded in terms of the basis (£) , < k < d, then the coefficients 
are A fe /(0), namely, 



/M = X>'/ ( o)(f) = ;£ 

fc=0 ^ ' fc=0 



A fc /(0) 
k\ 



n) k , 



(2) 



where (n)k = n(n — l) ■ ■ ■ (n—k+1) are the falling factorial polynomials. 
In particular, for f(n) = n d , we have A°/(0) = /(0) = and 



n 



d , x d 

fc=i ^ * fe=i 



(3) 
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where the rightmost equation comes from (1). Therefore, we may give 
the following algorithm to find out the kih order difference of / at 
and Stirling numbers of the second order from (2) and (3) respectively. 

Algorithm 1.2 Write (2) as 



(lr/m ,_. ,,,'A7(0) _ ,_ o ,/A 2 /(0) 



f{n) = (n-0) (A°/(0) + (n - 1) (^— ^ + (n - 2) \^—^- + 

Use synthetic division to obtain f(n)/(n — 0), a polynomial of degree 
d — 1, with the constant term A°/(0). Then, evaluate (f(n)/(n — 0) — 
A°/(0))/(n — 1) to find the quotient polynomial of degree d — 2 including 
its constant term A 1 /(0). Continue this process until a single constant 
is left, which is A d f(0)/d\. Or equivalently, Use Horner's method to 
find 



f(n) = (n - 0)/i(n), deg h{n) < d - 1, 

where the constant term of fi(n) is A°/(0). Then, use Horner's method 
again to evaluate 

h(n) = (n- l)/ 2 (n), deg f 2 (n) < d - 2, 

which contain the constant term A 1 /(0)/l!. Continue the process and 
finally obtain 

/d-i = {n-d+ l)f d (n), f d {n) = A d f(0)/d\. 

When f{n) = n d , from (3) it can be seen that the above algo- 
rithm provides a way to evaluate the Stirling numbers of the second 
kind Sid, 1), Sid, 2), . . ., S(d,d) defined by (1). 

Example 2 Consider f(n) = n A — 2n 2 + 3n — 4. We use the following 
synthetic division to find out its difference sequence from order to 4. 
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Hence, A°/(0) = /(0) = -4, A 1 /(0) = 2, A 2 /(0) = 5(2!) = 10, and 
A 3 /(0) = 6(3!) = 36, and A 4 /(0) = 1(4!) = 24, which can be read on 
the diagonal from the top right to the bottom line. 

Example 3 From expansion (see, for examples, [3] and [7]) 



n 



5>(4,*)( 



n h, 



fc=i 



or equivalently, 



n 3 = 5(4, l) + (n- 1)(S(4,2) + (n- 2)(5(4,3) + (n - 3)5(4,4))), 
we may use the following division to evaluate 5(4, k) (k — 1,2, 3, 4). 
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Hence, we can read S(4, 1) = 1, S(4, 2) = 7, S(4, 3) = 6, and S(4, 4) = 1 
diagonally from the top right to the bottom line. In addition, the first 
calculation gives {1, 0, 0, 0, 0}, the second calculation {1,1,1,1,}, the 
third calculation {1,3,7}, and the fourth calculation {1,6}, which are 
respectively the first, second, third, and fourth row of the table of the 
Stirling numbers of the second kind. In other words, the division of x d 
by x- j generates {S(d,j),S(d- l,j),-'- ,S(j,j)}. 

From (3) we immediately know that S(d, d) = 1 because it is the 
coefficient of n d . Using our method, one may calculate the matrices 
related to Stirling numbers easily, for example, matrices T n and W n 
defined by (2) and (16) in [8]. 

Algorithm 1.2 can also be used to evaluate non-centeral Stirling 
numbers of the second kind (cf. [5]) defined by 

d 

(x - a) d = ^ S a(d, k){x) k 

fc=0 

with a parameter a. In fact, a similar argument can be used to calculate 
{S a (d, k)} by using the transformation x — a i— ► x in Algorithm 1.2. 

From Theorem 1.1 we also know that Horner's method provides 
simple algorithms to evaluate divided differences and derivatives of a 
polynomial, and the former can be used to find the coefficients of the 
Newton interpolation while the latter can be used to approximate the 
zeros of the polynomial with any required significant digits. 

Let X = {x ,xi, . . . ,Xd} be a set of d + 1 distinct points, and let 
f(x) be a polynomial of degree d. Then we can write f(x) in terms of 
its Newton interpolation form on the set X as 



f(x) = f[x ] + f[xo,Xi](x-x ) + f[xo,Xi,X2](x-x )(x-Xi) H 

+f[x , xi,..., x d ](x - x )(x -xi)---(x- X d -!), (4) 

where f[x ] = f(x ) and f[x , xi, . . . x^\ is the fcth order divided differ- 
ence of / at {x , xi, . . . , Xk} defined by 



f[x , Xi,... x k ] = (f[x 1 ,x 2 , ■ ■ ■ , x k ) - f[x , Xi,..., X fc _i]) 

x k ~ x 

for k — 1, 2, . . . , d, and can be evaluated using the following algorithm. 
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Algorithm 1.3 Write (4) as 

f(x) = f[x ] + (x-xo)(f[xo,x 1 ] + (x-x 1 )(f[xo,xi,x 2 ]-\ 

+(x - x d -i)/[xo,a;i, . . .,x d ])) , 

where f[xo] = f(xo). Use synthetic division to obtain (f(x)—f(xo))/(x— 
Xq), a polynomial of degree d—1, with the constant term J[xq, x±] . Then, 
evaluate (f(x) — f(xo))/(x — Xo) — f[xo,Xi])/(x — Xi) to find the quotient 
polynomial of degree d — 1 and its constant term f[x , x±, x 2 ] ■ Continue 
this process until a single constant is left, which is f[xo,Xi, . . . ,£<*]. Or 
equivalently, Use Horner's method to find 



f(x) - f(x ) = (x- x )fi(x), deg f\{x) < d - 1, 

where the constant term of fi(x) is f[xo,xi\. Then, use Horner's 
method again to evaluate 

/i(x) = {x-x 1 )f 2 (x), deg f 2 {x) < d - 2, 

which contains the constant term f[xo,Xi,x 2 ]. Continue the process 
and finally to obtain 

fd-i = {x- Xd_i)/ d (x), f d {n) = f[x , x 1 ,...,x d \. 

Example 4 To find the divided differences of f(x) = x A — 2x 2 + 3a; — 4 
on the set { — 1, 0, 1, 3,4}, we consider f(x) — /(— 1) = x A — 2x 2 + 3x + 4 
and use the following synthetic division to obtain its divided difference 
at the given knot points. 
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Hence, /[-l] = /(-l) = -8, f[-l, 0] = 4, /[-l, 0, 1] = -1, f[-l, 0, 1, 3] 
3, and /[— 1, 0, 1, 3, 4] = 1. It can be seen that the new method is much 
easier than the traditional method. 



Let r be a real number, and let f(x) be a polynomial of degree d. 
Then, using the Taylor expansion of f(x) yields 



f( x ) = f(r) + f\r){x-r) + f ^{x-rf + ...+ f -^{x-r) d , (5) 



which can written recursively as 

f(x)-f(r) = (x-r)/i(x), f k (x) = (x-r)f k+1 (x), k = 1, 2, . . . , d-1, 

and the constant term of fk(x) is f^ k \r)/k\ (k — 1, 2, . . . , d). Thus we 
may apply Horner's method to find all derivatives of / at r. Obviously, 
for polynomial 



HO 2, , f {d) (r) 

2! X + '" + d! 



5 ( x ) = /( r ) + /'( r ) x + ^Aix 2 + • • • + ^-^x d , (6) 



the roots of g(x) = are the roots of equation f(x) = 0, each dimin- 
ished by r. We can use the process to diminish a root of the proposed 
equation by its first digit. Then we apply it again to diminish the cor- 
responding root of the resulting equation by its first digit, which is the 
second digit of the required root of the original equation. Using this 
process continuously, we finally approximate the root of the original 
equation f(x) = to the required significant digits. More details can 
be found in [9]. Here is an example. 

Example 5 Consider equation f(x) = x A — 2x 2 + 3a: — 4 = 0, which 
has a root in the interval (1,2). We may use (6) to find g(x), where 
r — 1. The process can be shown in the following synthetic division. 
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Hence, we obtain 



/(I) = -2 ,/'(!) = 3, ^ = 4, nil = 4, ^11 = 1, 



and the corresponding 



£f(x) = -2 + 3x + 4a; 2 + 4a; 3 + a; 4 . 



Therefore the new equation is g(x) = 0. Multiply the root by 10 and 
change the equation to be 



x 4 + 40a;' 3 + 400x 2 + 3000a; - 20000 = 0. 



It is easy to see that g(x) has a root between 3 and 4. Thus we may 
use (6) again to generate a new polynomial and solve the corresponding 
equation. 
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The above table shows that an approximation of the original polynomial 
equation to its second significant digit is 1.3, and the third significant 
digit can be found using the polynomial equation 

x 4 + 52a; 3 + 814a; 2 + 6588a; - 6239 = 0. 

Multiply the root by 10 to change the equation to be 

x 4 + 520a; 3 + 81400a; 2 + 6588000a; - 62390000 = 0, 

which has a root in the interval (8,9). Thus, the original polynomial 



equation f(x) 



x 



2x + 3x — 4 = has a root of approximately 



1.38, and its better approximation with more significant digits can be 
found from the equation 

x 4 + 552a; 3 + 94264a; 2 + 7992288a; - 4206064 = 

generated by using the following table. Since x A + 552a; 3 + 94264a; 2 + 
7992288a; — 4206064 = has a root between 5 and 6, we obtain the 
root of original equation with four significant digits as 1.385. 
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From Example 5, one may find Horner's method is not an efficient 
way to evaluate the roots of polynomial equations, but it is a faster way 
to find out the coefficients of the expansions of polynomials in terms of 
nested bases formed by products of linear polynomials. 

Proposition 1.4 Let 4>k{x) = a^x — bk,k = l,2,..., and let f(x) be a 
polynomial of degree d. Then 



f(x) = c + ^c fc nj =1 i (a;), 



(7) 



fe=i 



where Ck (k = 0,1, ... ,d) can be found using the synthetic division 
based on Horner's method. 

One may see the examples of Proposition 1.4 from the algorithms 
applied to the expansions (2)-(5). Interested readers may also construct 
examples for any polynomial expansion defined by (7). For instance, 
we may calculate the binomial sequence (™) (k — 0, 1, . . . , n) for n G N 
by applying Horner's method to the expansion 



x 



n 

E 

fc=0 



// 



{x-l) k . 
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Abstract The notion of metric convexity introduced by Takahashi [24] is em- 
ployed to obtain sufficient conditions for the existence of a common fixed point 
for a Banach operator pair of mappings satisfying generalized contractive con- 
ditions. As an application, related results on best approximation are derived. 
Our results generalize various known results in contemporary literature. 
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1. INTRODUCTION and PRELIMINARIES 

Metric fixed point theory is a branch of fixed point theory which finds 
its primary applications in functional analysis. The interplay between the 
geometry of Banach spaces and fixed point theory has been very strong and 
fruitful. In particular, geometric conditions on mappings and/or underlying 
spaces play a crucial role in metric fixed point problems. Although it has a 
purely metric flavor, it is also a major branch of nonlinear functional analysis 
with close ties to Banach space geometry, see for example [10] and references 
mentioned therein. Several results concerning the existence and approxima- 
tion of a fixed point of a mapping rely on convexity hypotheses and geometric 
properties of the Banach spaces. Takahashi [24] introduced the notion of a 
convexity on metric spaces. Afterwards, Ciric [6], Ding [7], Goebel and Kirk 
[9], Guay et al [11], Shimizu and Takahashi [20, 21] and other authors have 
studied fixed point theorems in convex metric spaces (see also [4]). On the 
other hand, Shahzad[19] introduced a class of noncommuting mappings called 
R-subweakly commuting mappings, and thus obtained common fixed points 
of S-nonexpansive mappings in normed spaces. Recently, Chen and Li [5] in- 

1 
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troduced the class of Banach operator pairs as a new class of noncommuting 
maps. In this paper, common fixed points for Banach operator pair of map- 
pings which are more general than C^-commuting mappings, are obtained in 
the setting of a convex metric space. As an application, invariant approxima- 
tion results for these mappings are also derived. 

For the sake of convenience, we gather some basic definitions and set out 
the terminology needed in the sequel. 

Definition 1.1. Let (X, d) be a metric space. A mapping W : X x X x 
[0, 1] — > X is said to be a convex structure on X, if, for each (x, y, A) G 
X x X x [0, 1] and w G X, 

d(u, W(x, y, A)) < Xd(u, x) + (1 - \)d(u, y). 

A metric space X together with a convex structure W is called a convex metric 
space. Obviously, W(x, x, A) — x. 

Let X be a convex metric space. A nonempty subset E of X is said to be convex 
if W(x, y,X) G E whenever (x, y, A) G E x E x [0, 1]. A subset E of a convex 
metric space is said to be q-starshaped or starshaped with respect to q if there 
exists q in E such that W(x, q,X) G E whenever (x, A) G E x [0, 1]. Obviously, 
g- starshaped subsets of X contain all convex subsets of X as a proper subclass. 
Takahashi [24] has shown that open spheres B(x,r) = {y G X : d(y,x) < r} 
and closed spheres B[x, r] = {y G X : d(y,x) < r} are convex in a convex 
metric space X. A convex metric space X is said to have property (A) if: 
d(W(y, x, A), W(z, x, A)) < Xd(y, z), for all x,y,z G X and A G (0, 1). Property 
(A) is a convex metric space analogue of condition (J) for the starshaped metric 
spaces of Guay et al, see Definition 3.2 [11]. Throughout this paper, a convex 
metric space X is assumed to have property (A). 

Note that every normed space is a convex metric space. Takahashi [24] has 
also shown that there are convex metric spaces which cannot be embedded in 
any normed space . 
Example 1.2. Let X = {(xi,x 2 ,x 3 ) G R 3 : Xi,x 2 ,x 3 > 0}. For x = 



2 

66 



S.H. KHAN, M.ABBAS: COMMON FIXED POINT... 

(x 1 ,x 2 ,x 3 ),y = (yi, 1/2,1/3) and 2 = (z 1 ,z 2 ,z 3 ) in X, and a,/?, 7 G [0,1] with 
a + (3 + 7 = 1, define a mapping VF : X 3 x [0, l] 3 — *■ X by, 

W(x, y, z, a, (3, 7) = (axi + /3x 2 + 7^3, ayi + /3y 2 + 72/3, <^i + ^2 + 7^3), 

and a metric d : X x X — > [0, 00) by, d(x, y) = |xi2/i + x 2 y 2 + ^32/3] • Here X 
is a convex metric space but it is not a normed space. 

Example 1.3. Let X = {(xi,x 2 ) G R 2 : x±,x 2 > 0}. For x = (xi,x 2 ), 
V — (2/1, IJ2) in X, and a G [0, 1]. Define a mapping W^ : X x X x [0, 1] — >• X by 

„,, v / . ( , s. ax 1 x 2 + (l-a)y 1 y 2 . 

W{x, y, a) = (ax 1 + (1 - a)j/i, — r ), 

axi + (1 — ajyi 

and a metric d : X x X — * [0, 00) by d(x, y) = \xi — y±\ + \xix 2 — yiy 2 \ ■ It can 

be verified that X is a convex metric space but not a normed space. 

Definition 1.4. Let T, S : X — > X. A point x G X is called: 

(1) a fixed point ofT if Tx = x; 

(2) a coincidence point of the pair {T, S} if Tx = Sx; 

(3) a common fixed point of the pair {T, S} if x = Tx = Sx. 

F(T), C(T, S) and F(T, S) denote the set of all fixed points of T, the set of all 
coincidence points of the pair {T, S}, and the set of all common fixed points 
of the pair {T, S}, respectively. 

Definition 1.5. Let E be a g-starshaped subset of a convex metric space 
X. Let T, S : X — > X , g G i ? (>S') and i£ be both T and «S invariant. Put 

Y q Tx = {yx : 2/a = W(Tx, q, A) and A G [0, 1]}, 

and for each x in X, d(Sx,Y^ x ) = mi{d(Sx,y\) : A G [0, 1]}. The map T is 
said to be: 

(1) an S-contraction if there exists k G (0, 1) such that 

d(Tx,Ty) < kd(Sx, Sy); 

(2) asymptotically S-nonexpansive if there exists a sequence {k n }, k n > 1, 
with lim k n — 1 such that d(T n x, T n y) < k n d(Sx, Sy) for each x,y in E 
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and n G N. If k n — 1 for all n G N, then T is called an S 1 - nonexpansive 
mapping. If S 1 = / (the identity map), then T is an asymptotically 
nonexpansive mapping; 

(3) R-weakly commuting if there exists a real number R > such that 

d(STx, TSx) < Rd(Tx, Sx) 
for all sin E; 

(4) R-subweakly commuting if there exists a real number i? > such that 

d(TSx, STx) < Rd{Sx, Y q Tx ) 
for all x G E; 

(5) Cq-commuting if STx = TSx for all x G C q (S,T), where C q (S,T) = 
U{C(S, T k ):0<k<l} and T fc x = W(Tx, q, k). 

Clearly C g -commuting maps are weakly compatible but the converse is not 

true in general ( see for example [2] ). 

A self mapping T on a convex metric space X is said to be 

(6) affine on E if 

T(W(x,y,\)) = W(Tx,Ty,\) 

for all x,y G E and A G (0, 1); 

(7) uniformly asymptotically regular on E if for each e > 0, there exists a 
positive integer N such that d(T n x, T n+1 x) < e for all n > N and for all x in 
E. 

The ordered pair (T, J) of two self maps of a metric space (X, d) is called 
a Banach operator pair if the set F(I) is T-invariant, namely T(F(I)) C 
F(I). Obviously, any commuting pair (T, J) is a Banach operator pair but not 
conversely in general, see [5]. If (T,I) is a Banach operator pair then (I,T) 
need not be a Banach operator pair (cf. Example 1 [5]). If the self- maps T 
and J of X satisfy 

d(ITx, Tx) < kd(Ix, x) 
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for all x G X and k > 0, then (T, J) is a Banach operator pair. 

Example 1.6. Let X — R with usual metric and M — [1, oo). Let T(x) = x 2 

and I(x) — 2x — 1, for all x G M. Let g = 1. Then M is convex with q G F(I), 

F(I) = {1} and C q (I,T) = [l,oo). Note that the pair (T, J) is Banach 

operator but T and J are not Cg-commuting maps and hence not i?-subweakly 

commuting maps. 

2. COMMON FIXED POINT RESULTS 

In this section, the existence of common fixed points of Banach operator 
pair of mappings is established in a convex metric space. The following result 
is a consequence of ([14], Theorem 2.1). 

Theorem 2.1. Let M be a subset of a metric space (X, d), and / and T 
be weakly compatible self-maps of M. Assume that clT(M) C I(M), clT(M) 
is complete, and T and / satisfy for all x,y G M and < h < 1, 

d(Tx, Ty) < h max {d(/a;, iy) , d(ia;, Tx) , d(iy , Ty) , d(Ix, Ty) , d(/y , Tx) } . 

Then M n F(J) n F(T) is a singleton. 

The following result extends and improves Lemma 3.1 of [5] and Theorem 1 

in [16]. 

Lemma 2.2. Let M be a nonempty subset of a metric space (X, d), and (T, i") 

be a Banach operator pair on M. Assume that clT(M) is complete, and T 

and / satisfy for all x,y G M and < /i < 1, 

d(Tx, Ty) < h max {d(ix, iy) , d(Tx, Ix) , d(T"y , Iy) , d(Tx, Iy) , d(T"y , Jx) } . 

(2.1) 
If I is continuous and F(I) is nonempty, then there exists a unique common 
fixed point of T and /. 

Proof. By our assumptions, T(F(I)) C -F(i) and -F(i) is nonempty and closed. 
Moreover, cl(T(F(I))) being subset of cl(T(M)) is complete. Further, for all 
re, y G •F(i'), we have by inequality (2.1), 

d(Tx,Ty) < hmax{d(Ix,Iy),d(Ix,Tx),d(Iy,Ty),d(Iy,Tx),d(Ix,Ty)} 
= hmax{d(x,y), d(x,Tx), d(y,Ty), d(y,Tx), d(x,Ty)}. 
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Hence T is a generalized contraction on F(I) and cl(T(F(I))) C cl(F(I)) = 

F(I). By Theorem 2.1, T has a unique fixed point z in -F(J) and consequently 

F(I) n F(T) is singleton. 

The following result presents an analogue of Lemma 3.3 [3] for Banach operator 

pair without linearity of I. 

Lemma 2.3. Let I and T be self-maps on a nonempty g-starshaped subset 

M of a convex metric space X. Assume that / is continuous and F(I) is q- 

starshaped with q G F(I), (T, I) is a Banach operator pair on M and satisfy 

for each n > 1 

f d(Ix,Iy),dist(Ix,Yr x ),dist(Iy,Y Tny ), } 
d(T n x,T n y) < k n max { v ' y; ' v « ; ' ^' ? ^' I (22) 

J dist(Ix,Y q Tn y,dist(Iy,Y q Tnx ) j 

for all i,|/6 M, where {A; n } is a sequence of real numbers with k n > 1 and 
lim k n = 1. For each n > 1, define a mapping T„ on M by 

where \i n = t^ and {A n } is a sequence of numbers in (0, 1) such that lim A n = 
1. Then for each n > 1, T n and / have exactly one common fixed point x n in 
M such that 

Ix n = x n = W(T n x, q, fi n ), 

provided cl(T n (M)) is complete for each n. 
Proof. By definition, 

T n x = W{T n x,q,fi n ). 

As (T,I) is a Banach operator pair, for each n > 1, T n (F(I)) C -F(J) and 
F(J) is nonempty and closed. Since -F(I) is g-starshaped and T n x G F(I), for 
each a; G F(/), T n .x = H^(T n x, g, /i n ) G -F(I). Thus (T n ,I) is Banach operator 
pair for each n. Also by (2.2), 

d(T n x,T n y) = d(W(T n x,q,fi n ),W(T n y,q,fi n )) 
< fi n d(T n x,T n y) 
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< \ n max{d(Ix, Iy), dist(Ix, Y^" x ), dist(Iy, Y^" y ), 
dist(Ix, Y^ n \ dist(Iy, Y^ x )} 

< \ n max{d(Ix, Iy) ,d(Ix, T n x) , d(Iy, T n y) , 
d(Ix,T n y),d(Iy,T n x)} 

for each x, y G M. By Lemma 2.2, for each n > 1, there exists a unique x n G M 
such that x n = Ix n = T n x n . Thus for each n > 1, M n F(T n ) fl -F(/) 7^ 0. 
The following result extends the recent results due to Chen and Li ([5], The- 
orems 3.2-3.3) to asymptotically i-nonexpansive maps. 
Theorem 2.4. Let I and T be self-maps on a g-starshaped subset M of a 
convex metric space X. Assume that (T, /) is Banach operator pair on M, F(I) 
is g-starshaped with q G F(I), I is continuous, T is uniformly asymptotically 
regular and asymptotically J-nonexpansive. Then F(T) fl F(I) 7^ 0, provided 
cl(T(M)) is compact and T is continuous. 

Proof. Notice that compactness of cl(T(M)) implies that clT n (M) is compact 
and thus complete. From Lemma 2.3, for each n > 1, there exists x n G M 
such that x n = Ix n = W(T n x,q, /x n ). As T(M) is bounded, so d(x n ,T n x n ) = 
d(W(T n x, q, fi n ),T n x n )) < (1 — fi n )d(T n x n ,q) — ► as n — ► 00. Since (T, J) is 
Banach operator pair and 7a; n = x n , so IT n x n = T n Ix n = T n x n and thus we 
get 

< d(rc n , T m x„) + d(T n x n , T n+l x n ) + hd(IT n x n , Ix n ) 
= d[x n) 1 x n ) + d[l x n , 1 x n ) + k\dyl x n ,x n ). 

Further, T is uniformly asymptotically regular, therefore we have 

d(x n ,Tx n ) < d(x n ,T n x n ) + d(T n x n) T n+l x n ) + hd(T n x n ,x n ) -► 0, 

as n — > 00. Since cl(T(M)) is compact, there exists a subsequence {Tx m } of 
{Tx n } such that Tx m — > y as m — »■ 00. By the continuity of I and T and the 
fact d(x m ,Tx m ) -»• 0, we have y G F(T) n F(J). Thus F(T) n F(J) 7^ <p. 
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Corollary 2.5([5], Theorems 3.2-3.3). Let / and T be self-maps on a q- 
starshaped subset M of a normed space X. Assume that (T, /) is Banach 
operator pair on M, F(I) is g-starshaped with g G F(I), I is continuous and 
T is J-nonexpansive. Then F(T) D F(I) ^ <p, provided cl(T(M)) is compact. 

Corollary 2.6 ([1], Theorem 2.2 and [13], Theorem 6). Let I and T be self- 
maps on a g-starshaped subset M of a normed space X. Assume that (T, J) is 
commuting pair on M, F(I) is g-starshaped with g G F(I), I is continuous and 
T is J-nonexpansive. Then F(T) fl -F(/) 7^ 0, provided cl(T(M)) is compact. 
Meinardus [17] was the first to employ a fixed point theorem to prove the ex- 
istence of an invariant approximation in Banach spaces. Subsequently, several 
interesting and valuable results have appeared in the literature of approxima- 
tion theory ( [1], [19] and [22] ). 

Definition 2.7. Let X be a metric space and M be a closed subset of X. 
If there exists a y G M such that d(x, 7/0) = d(x, M) = inf{d(x, y) : y G M}, 
then 2/0 is called a 6est approximation to x out of M. We denote by Pm(x), the 
set of all best approximations to x out of M. 

Remark 2.8. Let M be a closed convex subset of a convex metric space. 
As W(u,v,X) G M for (w, v,X) e M x M x [0,1], the definition of convex 
structure on X implies that W(u,v,X) G Pm(x). Hence Pm{x) is a convex 
subset of X. Also, Pm{%) is a closed subset of X. Moreover, it can be shown 
that Pm{%) C <9M, where <9M stands for the boundary of M. 
Now we obtain results on best approximation as a fixed point of Banach op- 
erator pair of mappings in a convex metric space. 

Theorem 2.9. Let M be a subset of a convex metric space X and /, T : X — > 
X be mappings such that w G •F(i') H F(T) for some 116I and T(dM fl M) C 
M. Suppose that Pm{u) is nonempty and g-starshaped, I is continuous on 
Pm{u), d(Tx,Tu) < d(Ix,Iu) for each x G Pm(u) and I(P M (u)) C P M {u). If 
(T, /) is a Banach operator pair on Pm(u), F(I) is nonempty and g-starshaped 
for g G F(I), T is uniformly asymptotically regular and asymptotically i- 
nonexpansive then Pm(u) fl i^(/) fl F(T) 7^ 0, provided T is continuous and 
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cI(T(Pm(u))) is compact. 

Proof. Let x G Pm{u). Then for any h G (0,1), d(W(u,x,h),u) < (1 - 
h)d(x,u) < dist(u,C). It follows that {W^(w, rr, /i) : < h < 1} and the set 
M are disjoint. Thus x is not in the interior of M and so x G <9M fl M. Since 
T(«9M n M) C M, Tx must be in M. Also Ix G P M (u), u G F(J) n F(T) and 
/ and T satisfy d(Tx, Tu) < d(Ix, Iu), thus we have 

d(Tx, u) = d(Tx, Tu) < d(Ix, Iu) 
= d(Ix,u) = dist(u,M). 

It further implies that Tx G Pm{u). Therefore T is a self map of Pm(u). The 
result now follows from Theorem 2.4. 

The above result extends Theorem 3.2 of [1], Theorems 4.1-4.2 of [5], Theorem 
7 of [13], Theorem 3 of [18], the corresponding results of [15], [16], [22], and[23]. 
Remarks 2.10. 

(1) Theorem 2.4 extends and improves Theorems 1 and 2 of Dotson [8], 
Theorem 2.2 of Al-Thagafi [1], Theorem 4 of Habiniak [12] and Theorem 
1 of Khan and Khan [16]. 

(2) As an application of Theorem 2.4, we can prove an analogue of recent 
invariant approximation results in [2], namely, Theorem 3.1-Theorem 4.4 
for asymptotically J-nonexpansive map T for which (T, /) is a Banach 
operator pair. 

(3) Theorem 2.7 extends and improves Theorem 3.4 of Beg et al [3] to convex 
metric spaces. 
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Abstract. The derivative operator method is systematically employed in examining four 
typical basic hypergeometric series theorems, named as the g-Chu-Vandcrmonde identity 
the g-Pfaff-Saalschiitz theorem, the g-Dougall-Dixon formula and Watson's q- Whipple trans- 
formation, which establish numerous identities on g-harmonic numbers, including several 
surprising summation formulae. 



1. Introduction and notations 



Let No be the set of nonnegative integers. With the g-shifted factorial of order n6io given 
by 

n-1 



(x; q) = 1 and (x; q) n := ]J(1 



xq 



fc=0 



we define the g-binomial coefficients 

(q 1+x ~ k ;q)k 

(q;q)k 

as well as the basic hypergeometric series 



and 



for n = 1, 2, • • • 



(?5?)n 



(q;q)k(q;q)n-k 



l+r^r 



Co, Oi, 

6i, 



, b r 



q;z 



v^ (ooj q)n{ai; q)n--- (a r ; q)r 



n=0 



(q; q)n (bi; q) n ■ ■ ■ (K; q)r 



where for convenience, < \q\ < 1 will be assumed throughout the paper. See Gasper and 
Rahman [6] for a comprehensive study of the theory of basic hypergeometric series. 
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For a differentiable function f(x), denote the two derivative operators by 

VJ(x) = ^-f(x) and V f(x) = ^-f(x) . 
ax ax x=o 

Then it is easy to check the following derivatives of g-binomial coefficients at x = 

x + m 

n 



'1.D 



Vo 



(lng) 



1.2) 



V n 



x + m 
n 



-i -i 



(lng) 



{H m - n (q) -TC m (q)}, 



-i 



{H m {q) -H m -n(q)}; 



where the g-analogue of harmonic number [1] reads as 



1.3) 



H (q) = and H n (q) = V] r for n=l,2, ••• 

z — < l — q K 



k=\ 



which will frequently be written as 7i n instead of 7i n {q) for brevity. 

Richard Askey has pointed out that Isaac Newton was the first to notice that the partial 
sums of the harmonic series arise from the differentiation of a product [10]. In the sequel, 
many harmonic number identities were discovered by using this differentiation method (see 
[1, 3, 5, 11] for example). 

In this paper, we will apply further the derivative operator method to four typical ba- 
sic hypergeometric series formulae. Numerous identities on g-harmonic numbers will be 
established. Especially, we will examine, in detail, the g-Chu-Vandermonde identity, the q- 
Pfaff-Saalschiitz summation theorem, the g-Dougall-Dixon formula and Watson's q- Whipple 
transformation. They will present a complete coverage on the g-harmonic numbers identities 
related to these four fundamental g-series summation formulae. 

The method can briefly be described as the following three steps: 

• For a given g-series theorem, reformulating it in terms of g-binomial sum equation. 

• Applying the derivative operator V across the resulting g-binomial equation. 

• Writing down the g-harmonic number identities by specifying parameters. 

In most cases, this procedure can be carried out through quite routine computations. How- 
ever there are several situations in which a limiting relation on finite g-harmonic number 
sums will be required, that will be proved in the sixth section. As a documentary source for 
further references on g-harmonic number identities, ninty examples will carefully be selected 
as consequences. 

The rest of the paper will be organized as follows. From Section 2 to Section 5, we shall 
systematically investigate the g-harmonic number identities by utilizing the aforementioned 
four well-known basic hypergeometric series formulae. Then the sixth section will present a 
quite useful limiting relation concerning a class of finite g-sums. Finally, the paper will end 
up with Section 7 by comparing the classical harmonic number identities appeared in [5] and 
their g-analogues obtained in this paper. 
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2. THE g-CHU-VANDERMONDE IDENTITY 



Recall the g-Chu-Vandermonde convolution identity [6, Appendix II-6] 

V™, 



2^1 



q;q 



{c/a;q)n a n 

(c; q)n 



Performing the parameter replacements 

— n— fin 



a — ► q 



A+\n+x 



where A, \x G Nc 



c — ► q 
we can equivalently restate it as the following g-binomial identity 



(2-1) 



\ ()i-fc)(n-fc+/xn 



fc=0 



n + /Jin 

k 



x + n + Xn 
n — k 



x + 2n + Xn + fin 

n 



Applying the derivative operator V across this equation and then appealing to (1.1), we 
find the expression 



\ ^ n (n—k)(n—k+fm) 



ST 



n+fin 
k 



n+Xn 
n — k 



\i(-\n+n~ ri\n+k) 



2n+Xn+/j,n 



n 



{n 



Xn+fin+2n ''-Xn+fin+n 



.}■ 



fc=0 

According to the factor inside the braces {•••}, splitting the left-hand side into two sums 
with respect to k and then evaluating the first one by (2.1), we get immediately the following 
g-harmonic number identity. 

Theorem 1 (A,/i G N ). 

n + Xn 



k=0 



(n—k) (n— k+fin) 



n + fin 

k 



n — k 



n 



Xn+k 



2n+Xn+fin 

n 



\TL\ n+n + 7~t 



\n+fjm+n i^Xn+fin+2n 



}■ 



One special case corresponding to \x — reads as 



(2.2) 



k=0 



(n-fc) 



n + Xn 
n — k 



n 



Xn+k 



In + An 

n 



{m 



Xn+n rtXn+2n 



which can further be specialized by letting A = to the following identity 

1 2 



(2.3) 



V^ ^(n-fc) 2 



Q 



fc=0 



Hi 



2n 

n 



\2Jin — 7Y 2n }. 



3. THE g-PFAFF-SAALSCHUTZ THEOREM 



Making the parameter replacements 



a 
b 
c 



—n—fin—fix 



1+Xn+X'x 
1+vn+v 1 x 



where A, n, v G N c 
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in the g-Pfaff-Saalschiitz theorem [6, Appendix 11-12] 



3V2 



q n , a, b 

c, q 1 ~ n ab/c 



q;q 



(n—k)(n—k+fj,n+fj,'x) 



(c/a; q)n(c/b; q) n 
c;q) n (c/(ab);q) n 

Y(\-v)n+(\' -v')xl Y{^+u+2)n+(^' +v')xl 



we can reformulate it as the g-binomial equation 

n Ynl rfc+An+A'x] Yn+fm+fj,' x~\ 

E y L k J L k J 
Yk+vn+u' xl rfc+(A— /u— i/— 2)ra+(A'— /u'— i/')x] " Yn+vn+u' xl r(A— /u— i/— l)n+(A'— /u'— i/')s"| ' 

fc=0 L fc J L fc J LnJL n J 

In view of (1.1) and (1.2), we establish the following three theorems on g-harmonic sums by 
applying the derivative operator V respectively to the cases // = v' — 0, A' = v' — and 
A' = // = of the last identity. 



Theorem 2 (A, /i, z/ G N : A > 1 + /i + v) 



E 

fc=0 



(n— fc) (n— k+fm) 



Ynl rAn+fcl ["/m+nl 

LfcJ L k J L fc J 

fra+fcl r(A-/j-j/-2)n+fc"| 



\7~6m+fc — T~L(\-n-v-2)n+k\ 



UX-v)n\ U^+u+2)nl 

LnJL n J ( nj nj , nj nj 1 

ra +nl r(A-/ i -i/-l)m i.tt(A-„)n- «(A-v-l)n + «An ~ «(A-M-«/-l)n|- 



ri'n+nl l"(A— ^t— f— l)n] 

Theorem 3 (A, /J, v G N : A > 1 + /i + z/). 

Ynl YXn+kl [~/m+n] 
LfcJ L fc J L fc J 



(n— fc) (n—k+un) 



E* 

fc=0 

r(A-j/)n"| r(u+i/+2)nl 



fra+fcl r(A — A* — ^— 2W, I '] i fc W M"+n-fc+ W (A- M -^-2)n+fe/ 



1 



2 -n J r{> 

p-l ml I 



Yun+nl r(A-M-v-l)n] <-" W ^+n-W (1+M+l/)n +W (2+M+l/)n +W (A _ M 

Theorem 4 (A, /i, z/ G N : A > 1 + /i + z/). 



-i/-l)ra J ■ 



S> 



(n— fc)(n— fc+/m) 

Ti/n+fcl r 
fc=0 L fc J L 



[~nl TAn+fcl T/in+nl 

LfcJ L fc J L fc J r-XV _ -IV \ 

i/n+fc] r(A- M -i/-2)n+fcl I ri ^+k /T(\-p- v -2)n+k / 



1 



r(A-i/)n] r(^+i/+2)nl ( n, nj , nj 

I n J L n J I 'T-(l+u+i/)n ~~ / '-(/i+^+2)n "T ri V n+n 



[ m n n ] [ (A_ ^- 1)n ] 1 -W(A- v -l)n + W(A-i/)f 



n "(A— ju— u—l)n 



These identities contain the following interesting special cases. 
Example 1 (Theorem 2: A = 2 and \x — v — 0). 



E' ( - 



-fc) 2 



fc=0 



2n + fc 
k 



yi-2n+k — 'Hk) — 2 {7~^2n — W re |. 



2n 



Example 2 (Theorem 2: A = 3, /i = 1 and v = 0). 



E 

fc=0 



(n-fc)(2n-fc) 



" n " 
.A;. 


"2n" 
. fc . 


" 3n + fc " 
. fc . 



77 



371 



|W3„+fc— 1i.kj= {iHsn—Hn—Hlnf 



n 
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Example 3 (Theorem 2: A = 3, \x = and v — 1). 



fc=0 



(n-fc) 2 



3n + k 
In 



{Tisn+k — Ti-k} — yizn + Win — 27i n y 



Example 4 (Theorem 3: A = 2 and fx — v — 0). 



V^ g (n-fc) a 



// 



2n + k 



k 



2n 



n 



{n + H 2n -7-Ln}- 



k=0 



[k + Hk — H n ^k} 
Example 5 (Theorem 3: A = 3, n — 1 and v — 0). 

n 



fc=0 

Example 6 (Theorem 3: A = 3, // = and 1/ = 1). 

2 [3n + fc" 

2n 



fc=0 



(n-fc) 2 



{/c + 7i fc — 7i n _fe} 



3n 

n , 



{n + Hsn — 7~l2n}- 



Example 7 (Theorem 4: A = 3, \x = and 1/ = 1). 



fc=0 



(n-fc) 2 



n 



3n + fc' 

2n 



3n 



{w n+fc -w fc | — {37^2™ — 27i n — Ti,3nj. 



4. The terminating g-DouGALL-DrxoN theorem 



In this section, we shall derive three summation theorems on g-harmonic numbers by exam- 
ining the following terminating version of the g-Dougall-Dixon formula [6, Appendix 11-21] 

(aq;q) n (aq/(bd);q) n 



6^5 



a, qaz , —qa,2, b, d, q n 
02, — aa, aq/b,aq/d, q 1+n a 



q 1+n a 
bd 



{aq/b; q) n (aq/d; q) n ' 



4.1. Firstly, making the parameter replacements 



a — ► g 



where 6, d G Nc 



d -> g 1+cfa 
we can rewrite the terminating g-Dougall-Dixon formula as the g-binomial equation 

LfcJ L fc J L k \l k \ (-1 „x+n-2k\ _ /i „x\ L n J L n J 



71 

^g fc 



J_Cl _ *+n-2fc\ 
/ / ^ |"fc— irl pr+ftn+n] Yx+dn+nl \ " ) 

L fc J L fc J L fc J 



r^+ni r 



pr+on+nl pr+dn+n] 
fc=0 LfcJLfcJLfcJ I n \l n \ 

which yields, under the derivative operator V , the following summation theorem. 
Theorem 5 (g-harmonic number identity: b, d G No). 

[1+ftn+dn+n] 



n 2 \k+bnl [~fc+dnl 

Y.Al] \n+bn\ n+dn { X + (^^X^-^W.-TW.) } 

fc=o L fc J L fc J 



ri+6n+dn+n"| 
fn+ftnl [~n+dnl 
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As applications, we display the following g-harmonic number identities. 
Example 8 (Theorem 5: b = and d — ► oo). 



£4r 

fc=0 

Example 9 (Theorem 5: b, d — > oo). 

n 



{l + (l-q n ~ 2k )H k } = l. 



Y.nl {l+2(l-q n - 2k )H k } = (q;q) n . 



fc=0 



Example 10 (Theorem 5: b = 1 and d — »■ oo). 

■2n-ib 



fc=0 



,9 



A- 



n + k 
k 



n 



{1 + (l- g "- 2fc )(2W fc -W n+fc )} = 1. 



Example 11 (Theorem 5: 6 = and d = 1). 

m 2n-k 



E«*[ 



n + k 
k 



n 



{l + {l-q™-^)(H k -H n+k )} 



fc=0 



Example 12 (Theorem 5: 6 = d = 1). 

2 r2n-k^ 2 



E4T 



n 



{1 +2(l-4"- 2fc )(W fc -W n+fc )} 



1 +2n 
n 



l + 3n 
n 



fc=0 



4.2. Secondly, under the parameter replacements 

a — > q- n ~ x 

U > „l+6n 

d -»■ g-"-*» 
the terminating g-Dixon formula becomes the following g-binomial equation 



where 6, d G Nr 



£u-« 



n+dnl 



x+n— 2fc\ 



fc=0 



[~n] [x+n] |"fc+6n] p 

[fc] L fc J L fc J L 
rfe— x~\ [x+bn+n~\ Yk+dn— xl 
L fc J L fc J L fc J 



k i k+(n—k)(x—k) 



Px+ro] Yx+bn— dn~\ 

l) n {\ a x ) L_ilJ-L n -I q dra2+ ( 1 ^>") 

L n J L n J 



Applying the derivative operator V to it gives rise to the summation theorem. 
Theorem 6 (g-harmonic number identity: b, d G No). 



n 
V~^ fc(l+fc-n) 

fc=0 



fc + bn] \n-\-dn 
fc J I fc 



n+bn] [fc + dn 
fc J I fc 



{l + (l-^- 2fc )(fc+2W fc -W bn+fc +W dn+fc )} = (-1)' 



Ybn—dn~\ 



,dn 2 - 



'1+rA 



pn+ftn] fn+dral 



As applications, we display the following g-harmonic number identities. 
Example 13 (Theorem 6: b = and d — »■ oo). 



E« (1 

fc=0 



+fc)(fc-n) 



{l + (l- g "- 2fc )(fc+W fc )} = 1. 



82 



W. CHU, N. GU: q-HARMONIC NUMBER IDENTITIES 

Basic Hypergeometric Series and g-Harmonic Number Identities 

Example 14 (Theorem 6: b — d — 0). 

t^-»'[^] 2 {i + a-,-.(^,} = {;; n H ;l 

Example 15 (Theorem 6: b — * oo and d — 0). 

n „ 

E^ 1 ^""^] {l + (i^- 2fc )(^ fc )} = (-l)«g(^). 

fc=0 

Example 16 (Theorem 6: b = and d = 1). 

E^ 1+fe - n) raL 2 ;j{n-a-^)(^^ +fc )} = m? b - 

fc=0 

Example 17 (Theorem 6: 6 = 1 and d — »■ oo). 

n 

£ ^ (1+ ^ n) E] [ n+ k k ] [V] I 1 + (l-^X^-T^)} = q n2+n . 
fc=0 

Example 18 (Theorem 6: b — > oo and d = 1). 

£ <z fc < 1+fc -> [J] [ 2 fc n ] [ n + fe ] {l + (i-r- 2fc )(^ fc+ ?w)} = (-1) V (1+3n) - 

fc=0 

Example 19 (Theorem 6: b = 1 and <i = 0). 

n 

Y,q k(i+k - n) [i\ 2 n k ] mi 1 + (i-^K^H k -H n+k) } = (-i)« g (^). 

fc=0 

4.3. Finally, carrying out the parameter replacements 

a — > q~ n ~ x \ 

b — ► g~ n - 6n v. w here 6, d G N 

d^q- n ~ dn J 
in the terminating g-Dougall-Dixon formula, we can express it as the g-binomial equation 



n 



[~n] pr+n] l"n+fen] ["n+cfnl |"x+n] Y2n+bn+dn— x~\ 

_ x+n-2k\ Lfc] L k J L fc ] L fc J ( n ~ 2k )+x(n-2k) _ /_i\n/i _ a\ L n \ L ra J 

/ y ^ X " / rfc-irl rfc+fcn-xl rfc+cfa-ir] " V / I V / r n +6n-iE] fn+rfn-a;] 



fc=0 

which results, under the derivative operator T>q, in the following summation theorem. 
Theorem 7 (g-harmonic number identity: b, d G No). 

n |"n+6n] [n+dn] r2n+ftn+cfn] 

E^ 2fe) SI ffc+JLl i 1 + (l^- 2fc )(2fe + 2 Wfc+Wbn+fc+Wdn+fc )} = (-1)" i +bni n r„ + i 1 
fc=0 L fc J L fc J LnJLnJ 

As applications, we display the following (/-harmonic number identities. 
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Example 20 (Theorem 7: b, d — > oo). 



fc=0 



{1 + 2(i- q "-^)(k+H k )} = (-l) n (g; q)„. 



Example 21 (Theorem 7: b = and d — *■ oo) 



^— \ /n-2fe^ 



fP 



'{l + (l-g n - 2fe )(2A; + 3H fc )} = (-!)". 



fc=0 



Example 22 (Theorem 7: 6 = d = 0). 



fc=0 



(l+2(l-g"- 2fc )(A; + 2H fc )} = (-l)' 



2n 



Example 23 (Theorem 7: b = 1 and d — ► oo) 



fc=0 



2n 



In 



{1 + (i- g "- 2fc )(2fe+2W fc +w n+fc )} = (~l) n - 



fc J L w + k 
Example 24 (Theorem 7: b = and d = I). 

n 
fc=0 

Example 25 (Theorem 7: 6 = d = 1). 

n 

E^Ra'an* +2(i-,— )( fc+Wfc+ ^ fc) } = (-i) 



fc=0 



4n 
n 



5. Watson's q- Whipple transformation 



Watson's q- Whipple transformation [6, Appendix 111-18] is fundamental in the g-series theory 



i i 



a, qai , —qaz , b, c, d, e, q n 
02, — 02, aq/b,aq/c, aq/d,aq/e,q 1+n a 



q 2+n a 2 

bcde 



(aq;q) n (aq/(bd);q) t 



X 403 



q n ,b,d,aq/(ce) 
aq/c, aq/e, q~ n bd/a 



q; q 



(aq/b; q) n (aq/d; q), 

It will systematically be explored in five different manners to prove five transformation 
theorems concerning g-binomial coefficients and g-harmonic numbers. 



5.1. Making the parameter replacements 



L k n l+bn 



r l+cn 



a — > q 

q l 

c — ► g 1 

d -»■ g 1+dn 
e -»■ g 1+en 



> where b, c,d,e G N c 
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we can reformulate Watson's q- Whipple transformation as 



n 

£' 

fc=0 



;i-9 



x+n— 2k\ 



[~n] [~x+nl rfc+fenl [~fc+en] [~fc+cfnl Tfc+enl 
LfcJ L fc J L fc \Y k \Y k \Y k \ 



-Q 



k(l+x+n-k) 



' [~fc— xl Yn+bn+xl Tn+cn+xl Tn+dn+xl Yn+en+xl 
Y k ]Y k \Y k \Y k \Y k \ 
\x+n\ n+x+bn+dn+nl n |~n] [~£+6n] [~£+dn] H+x+cn+en+n 

/i x\ Y n J L n J \^ Q xi Ll] L £ J L i J L 

^ " ' [z+fen+nl rs+dra+nl / j " [z+cn+ral [x+en+nl 



rx+bn+nl pr+dn+nl / -< ^ pr+en+n] Tx+en+nl [~l+:r+on+dn+£l 
L n J Y n \ £=0 Y i J L i J L £ J 

Under the derivative operator V , this gives the following transformation theorem. 
Theorem 8 (Transformation formula: b,c,d,e G No). 

o [fc+fcn] ffc+cnl [fc+dn] [fc+en] 

L fc J L k J L fc J Y k J 



■n—k) 



fc=0 



/ ^ " y^ Tn+fenl |"n+cn] rn+dn"| |"n+enl 

X {l - {l-q n - 2k ){k+H bn+k +H cn+k +H dn+k +H en+k -2H k )} 
[l+bn+dn+nl n [£+bn~\ [£+dn~\ rl+cn+en+ral 

'- n \ \^\n] Y e \Y e \Y t \_ 

r 



[~n+6nl l"n+dn] / j £ [~n+cnl |"n+en] r 
Y n \Y n \ i=0 Y £ \Y £ \Y 



l+bn+dn+t 

a. 



We collect the following g-harmonic number identities as consequences. 
Example 26 (Theorem 8: b = c = d = and e — > oo). 



5>* (1 



+n— fc) 



"'{i-a-g^^Kfe + Wfc)} = (i-q l+n ){i + n + n n+1 }. 



fc=0 



Example 27 (Theorem 8: b — c — d — e — 0). 



E^' 



+n— fc) 



-2 



{1 - (l-«»- 2h )(fc+2W fc )} = W" { l + n + 2 ^n+l}- 



k=0 



Example 28 (Theorem 8: b = c = d = and e = 1). 



fc(l+n-fc) 



fc=0 L fc J Ln+fcJ 



1 _ (yl+2n 



q 



1+n 



2n 



/? 



7 l+ri 



i+^+r^r+TWi • 



Example 29 (Theorem 8: b — d — 0, c — 1 and e — ► oo). 

n rn+fcl 

J2 q h{1+n - k) Wl 1 - (1 - ?" _2 ")(^ + ^n+fe)} = (1 - <? 1+2n ){l + « + ?Wi - K n }. 
fc=o Y k J 

Example 30 (Theorem 8: b = d = and c = e = 1). 

n rn+fcl 2 

^g fc(1+ "- fe) ^{l - (l- 4 -»)(*+2W B+fc )} = i ^£5 ! {l +^ + 2^2n + l " 2H n }. 
[fcj 



fc=0 



Example 31 (Theorem 8: 6, c, d — > oo and e = 0). 



E?" 1 



+n— fc) 



{i-(i-q n - 2k )(k-n k )} = J2 



fc=o 



£=0 



(g; q)n 

(q;q)e' 
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Example 32 (Theorem 8: b, c, d, e — »■ oo). 

n n 

Y^q k ^ +n -^[l\ {1 - (1 - q ^ k )(k - 2H k )} = (q;q) n J2[ 



n 



fc=0 



£=0 



Example 33 (Theorem 8: b = d = 1, c = and e — > oo). 



n rn+fcl 2 [~l+3n] n Yn+£l 2 

X^ Hi+ n -k) [ W 1 L fc J n _ a 1 _ L g Jv ^ L £ J 

2^ q [k\ r2n]2 i 1 ( 1_ « )(fe+2W n+fc -W fc )| - r2nl 2Z^rl 

fc=o L fc J 



Example 34 (Theorem 8: b = c = d = 1 and e = 0). 

i+fc] 3 
V^ fc(l+n-fc) 



fc=0 



Tn+fel 3 

■J-Mi-n-a- 



T2nl 2 ^ [l+2n+q ' 
LnJ H i * J 

r„ 3 i^ (i-? i+2n )m 2 



, {l-(l-g n " 2fc )(A;+37i: n+fe -H fc )} = ^^J V ..,,.. , 



Example 35 (Theorem 8: b = c = d = 1 and e — ► oo) 



V^ fc(l+n-fc) 



II 



\n+k~\ 3 



[~n+fc] d 



2ral 3 



fc=0 



ffl 



{1 - (l - q ^ k )(k + 3W„+ fc - 2W fc )} = ^tr E 



m^ ram : 



Example 36 (Theorem 8: 6 = c = rf = e = l) 



V^ „fc(l+7l-fc) 



Q 



fc=0 



l~n+fc~| 4 [l+3nl n 

l ^{i-(i- q n - 2k )(k + An n+k -2n k )} = ^J2[ 

Iki I n J 1=0 



?:T t-AW +2 r'Y 

rL+3ral n [n+£l 2 [~l+3nl 

[ n J \^\n] [ e J [ e J 



m 2 rrr 



Example 37 (Theorem 8: 6 = 0, d — 1 and c, e — »■ oo). 
-2n-An 



E^' 



+n— fc) 



fc=0 



n + k 
k 



n 



{l_(l_ g «-2fc )(A;+Hn+fc _ Hfc) | 



l + 2n 
n 



E 

£=0 



nl 



m 



Example 38 (Theorem 8: b, c, d — ► oo and e = 1) 



E« w 



+n— fc) 



fc=0 



.A;. 


"n + k~ 
k 


n 



{l - (l-y"- 2fc )(fc+W n+fc -2W fc )} = ^ 



£=0 



2n 



" (gjg)n 



(95 ?)<■ 



Example 39 (Theorem 8: b = d = 1 and c, e — ► 00). 

"n + fc] 2 f2n — k l2 



fc=0 



fc(l+n-fc) 



fc 



77 



(l-(l- g ™- 2fe )(fc+2W n+fe -2W fc )} 



1+377 
77 



E 

£=0 



\n+f\ 2 
L I J 
/ J fl+2n+£l 



(9; g)i 



5.2. With the parameter replacements 



—x—n \ 



a — ► g 

/\ ^ „l+6n 

c -»• g 1+cn 
d -> g 1+cfa 
e — ► q~ n ~ e 



> where b, c,d,e G N c 
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Watson's q- Whipple transformation can be rewritten as 

x+n— 2k\ 



11 



n 

D 

fc=0 



l-q 



[~nl pr+nl [~fc+fcnl [~fc+en] [~fc+<in] |"n+en] 

LfcJ L k J l k J I fc J!, k II. fc J fc 



[~fc— irl l"n+6n+xl |"n+cn+x] [~n+cfn+:rl [~fc+en— irl 
L fc J L k J L k J L k J L k J 



x-\-ri\ ri + x + bn+dn+n 
X\ [ n 

x-\-b 



n ( -\\l\ri\ [£-\-bn~\ [£-\-dn~\ [x+cn-en~\ 

.y^ 1 ) lell e \l e \l i \ > 



m+n ||z + dn+n| / , [n+Cn+X~\ [£+en-Xl [1 + x + bn+dn+ll 

n JL n J £=0 I £ \[ £ \[ £ J 



-q 



nei+l^' 



Applying the derivative operator T> to it, we get the following transformation theorem. 
Theorem 9 (Transformation formula: b,c,d,e G No). 



n 



fc=0 



ffc+fenl ffc+cnl ffc+dral fn+en] 
fc fn+fen] fn+cn] |"n+c(n] [~fc+en] 



X {l + {l-q n - 2k ){2H k -H bn+k -H cn+k -H dn+k +H en+k )} 



l+bn+dn+n~\ n 



n+bn+dn+nl 



[n~\ \£+bn~\ [£+dnl [cn—en~\ 

111 I £ J I £ J I £ J „net+(H 



) Tn+cn] f^+en] [1+bn+dn+il " 
£ J 



[~n+6nl [~n+c!nl / .A ' Yn+cn~\ Y£-\-en~\ [~ 

L n J L n J £=0 L £ J L £ J L 



We collect the following g-harmonic number identities as consequences. 
Example 40 (Theorem 9: 6 = c = d = and e — > oo). 

n _ 1 

E^ fc [fc] I 1 - ( x -? n " 2fc )w*} = (r 1 - q n )n n+ i. 

fc=0 

Example 41 (Theorem 9: 6 = 1, c — d — and e — > oo). 

n Tn+fel 

5> fc Wi 1 - ( x - ^ n ~ 2fc )^+4 = Or 1 " 1 - ? n ){?Wi " K n }. 
fc=o L fc J 

Example 42 (Theorem 9: 6 = d = 0, c ^ oo and e = 1 with n > 0). 

n [~2ra"| 

fc=0 I k J 

Example 43 (Theorem 9: 6 = c = rf = and e = 1 with n > 1). 

{1 - (l-q n -' 2k )(H k -H n+k )} = (1 ~ g " ) i 1 ~ g " ) {^n+l+^n-l-K2n}. 



E* 

fc=0 






Example 44 (Theorem 9: 6, c, d — > oo, e = 0). 

n „ n 



n 



(g;g)» (^) 



Example 45 (Theorem 9: 6 = rf=l,c = and e — > 00). 

n rn+fcl 2 [l+3nl n [~n+fl 

fc=o LfcJ L„J £=0 



rri 
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Example 46 (Theorem 9: b — d — 1, c — >■ oo and e = 0). 

n 3 Tn+fel 2 p+3nl 

E«* * ^{1 + d -«- 2,= )(3W t -2H„ + ,)} = ^ 

fc=0 L fc J L n J 

Example 47 (Theorem 9: b = c = d = 1 and e — ► oo). 

n 2 Tn+fel 3 ri+3nl 

E«*[ J] idr {! + U -«"- )<*«» - 3W„«)} = -L^J 

fc=0 LfcJ L n J 

Example 48 (Theorem 9: b = c = d = 1 and e = 0). 

n |"n+fc] 3 [l+3nl n [~n] 2 [~n+£] 2 

fc=0 LfcJ L„J £=0 

Example 49 (Theorem 9: b = 0, c, d — » oo and e = 1). 

9 ™ 

" n fc {i + (i - <T 2fc )(?4 + K n+ ,)} = £(-: 

£=o 



£=0 



ain 2 



d+n 



[?] rn 



n 

« I Jfe 



fc=0 



n + k 



2n 
n + > 



,»mt 



Example 50 (Theorem 9: b, c, d — > oo and e = 1). 



£ 

fc=0 



fcT^ 



2n 
k 



2n 
n + k 



{l + (l- (Z »-»)(2W fc + 7i B+ *)} = X;(-l) 



£=0 



2n 

n + j 



(gig)n nl+(i+<) 
(95 9)/ 



Example 51 (Theorem 9: b — 1, c, d — > 00 and e = 0). 



£ 

fc=0 



fcT^ 



n + k 
k 



2n-k 
n 



{1 + (1 - g-»)(3W fc - H n+fc )} = £(-!)< 



n 



n + 



'i+*\ 



£=0 



5.3. Performing the parameter replacements 

a — > g-^-™ 

k ^ „l+6n 

c — » q~ n - cr 
d -»■ g 1+cfa 
e — ► q- n ~ ei 

we can express Watson's g- Whipple transformation as 



> where 6, c,d,eE N c 



E(! - ^ +n 



-2fc\ 



[~nl pr+nl rfc+fenl [~n+cnl rfc+dnl [~n+enl 
LfcJ L fc J L fc J L fc J L fc J L fc J 



-q 



fe(l+fe— n— x) 



fc=0 



[fc— x~\ Yn+bn+xl [~fc+en— x"| l"n+dn+x] [~fc+en— irl 

LfcJL fc J L fc J L fc J L fc J 

n~\ [£+bn~\ [£+dn~\ [i+n + cn + en-x 



p+fcn+n] |"x+dn+nj / , I J r£+cn-:r~| l~£+en-:r~| n 



T 



n 1 n 



-\-x-\-bn-\-dn-\-£ 



£=0 



which results, under the derivative operator T>q, in the following transformation theorem. 
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Theorem 10 (Transformation formula: b,c,d,e G No). 

fk+bnl |~n+en"] fk+dnl [n+enl 
1 [ k J [ k J [ k J [ k J 



£ 



fc(l+fc-ra) 



fc=0 



Tn+fenl |"fc+cn] [~n+dnl Tfc+enl 
LfcJLfcJLfcJLfeJ 

X {l + {l-q n - 2k ){k+2H k -H bn+k +H cn+k -H dn+k +H en+k )} 

1+bn+dn+nl n [£+bn~\ [£+dn~\ Yn+cn+en+l. 



n+bn+dn+nl 
L n J L n J £=0 



( 



Cl+M 



-ra£ 



£+cnl [~£+en~| [~l+ftn+c!n+£ 



m [Ti [ 



13 



We collect the following g-harmonic number identities as consequences. 
Example 52 (Theorem 10: b = d = 0, c = 1 and e — *■ oo with n > 0). 

E ?* <1+fc - B) -fW-{l + d-^- 2fc )(fe+W, l+fc )} = (q n ~ q 2n ){l + n + H 2n - H n - X }. 
k=o I k J 

Example 53 (Theorem 10: b — d — and c = e = 1 with n > 0). 

n r2n"| 2 

fc=0 ffc J 

Example 54 (Theorem 10: 6 = and c, d, e — > oo). 



£y (i + *-») rnl |! + (1 _,»-» )(Jk+Wfc) } = £(-!)% q ) t 



n 



n+e\ 



-rd 



fc=0 



Example 55 (Theorem 10: b, d — > oo and c = e = 0). 



fc=0 



fc(l+fc-n) 



n 



{i+(i -,•»-»)(* +4w fc )} = x;(-i) 



£=0 



n 



n + 






-«£ 



Example 56 (Theorem 10: 6 = 0, c = e = 1 and d — ► oo) 

r2nl2 



E* fc(1 



+fc— n) 



fc=0 



^Kh + a 



L fc J 



{1 + (1 - q n ~ 2k )(k + H k + 2H n+k )} = ^(-1) 



£=0 



n 



m 
m 2 



-«£ 



Example 57 (Theorem 10: b = d = 1, c = and e — > oo) 

-fcl 2 



n 3 [~n+fc"| z [l+3nl n Tri 

E^ (1+M fll ±Js\{lHl-q n - 2k ){k+m k -2<H n+k )} = Wj>l) T 



m^, ^nrr 



-n£ 



fc=0 



ffl 



[2n] 2 

L n J fcO 



m 



Example 58 (Theorem 10: b — d — 1 and c = e = 0). 



n 4 rn+fcl z [l+3nl n Yn 

J2^ 1+k ' n) [l] it^{^(i-q n - 2k )(k+m k -2n n+k )} = LjJ £(-i)4l 



C] [Tl 



£l3 



ci+n 



-n£ 



fc=0 



ra 



[2n] 2 

L n J fcO 



^+2^ 
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Example 59 (Theorem 10: b — 0, d — 1 and c, e — > oo). 



n 



n + k 
k 



fc=0 



2n- fc 



/? 



{l + (l-«"- 2 '=)(fc + 'H i -H„ +t )} 



[ 1+ „ 2 "]E(-D'h;«). 

£=0 



n 



rn+^i 



j m 



Example 60 (Theorem 10: b, d — > oo and c = e = 1). 



E^' 



+fc— n) 



fc=0 



2n 
fc 



2n 
n + k 



'{1 + (1 - q n -"' k )(k + m b + 2W„«)} 



E(-n 



£=0 



2/; i 2 py] (g;g) n (^-n* 



n + 



Example 61 (Theorem 10: b — d — 1 and c, e — > oo). 

"n + fcl 2 f2n — fc l2 



fc=0 



fc(l+fc-n) 



fc 



/; 



{l + (l-q n - 2k )(k + 2H k -2H n+k )} 



l + 3n 



n 



n \n\ |"n+£l 2 



-nC 



n+2n+ll 

e=o L £ J 

Example 62 (Theorem 10: 6, d — > oo, c = and e = 1 

2 r2n 



E^' 



+fc— n) 



fc=0 



fc 



2n 
n + fc . 



Ef-u 



£=0 



2n + 



2n 

n + - 



(l + (l-,f- 2fc )(fc + 3?4 + ft n+fe )} 
(g;g)> 



n g(TJ-"«. 



Example 63 (Theorem 10: b — 1, c — e — and d — > oo). 



E* fe(1 



+fc— n) 



"n n 
.fc. 


3 


"n + fc" 
fc 


•2n-fc" 

n 



{l + (l-^- 2fc )(fc+4W fc -W n+fc )}= ? =0 (-l)* 



77 



n + 



;m-- 



fc=0 



5.4. Under the parameter replacements 



Y — x— n \ 



a — ► g 

U y „l+bn 

c ► q 

d -> g-"- rfn 



> where 6, c,d,e E N c 
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Watson's q- Whipple transformation becomes the equation 

E["n] [x + n] \k + bn\ fri+cnl \n+dn\ \n-\-en\ /n—9k\ 

(, nX +n-2k) Ml k \[ k \[ k \[ k \[ k \ (" 2 2k )+{n-2k)x 

V 1 ) \k — x] ["n+fen+xl [fc + cn — x] ffc+dn-xl [fc + en — x] H 

[ k \[ k \[ k \[ k \[ k J 

fc=0 



15 



n] \bn — dn-\ 

I I n 



V X / V 1 H ) Ix + bn+nl [n+dn-xl / H 

n i i=Q 



\n] \l+bn] \n+dn\ 
-e)(n-e+dn) [e\ [ £ 



\E-\-cn — x 

I 



nl-\-en — x 



£-\-n-\-cn-\-en — x\ 



\i — n-\-bn — dn+x] 



Applying the derivative operator Vq to it, we obtain the following transformation theorem. 
Theorem 11 (Transformation formula: b,c,d,e G No). 



E/n — Ik 
n{ 2 



q K 



\k+bn\ \n+cn~\ [n+dn~\ [n+en~\ 
I k J [ k J [ k J [ k J 



fc=0 



Tn+fenl |"fc+cn] rfc+cfnl Tfc+enl 
LfcJLfcJLfcJLfcJ 

x {l + {i-q n - 2k )(2k+2Hk-Hb n +k+n cn+ k+n dn +k+n en+ k)} 

[~£+fonl [~n+cfnl [~£+cn+en+nl 

L i J L e \ L e \ 



(-i) 



n \bn — dri\ 



I n I I n I 



£=0 



(n-£)(n-£+dn) 



n 



£+cnl [~£+en~| r£+bn—dn—nl 



m m t 



We collect the following g-harmonic number identities as consequences. 
Example 64 (Theorem 11: 6 = and c, d, e — » oo). 



E* 

fc=0 



'11-2*;^ 



{1 + (i- g "- 2fc )(2fc+w fc )} = ^(-l) £ (g; g)< 



£=0 



n 



n+n-e\ 



Example 65 (Theorem 11: b — ► oo and c = d = e = 0). 



E 

fc=0 



f/ v 



{1 + (l^- 2fe )(2fc+5W fc )} = (-1)™ 2^ 



n 



n + 



(n-£) 2 



£=0 



Example 66 (Theorem 11: b = 0, c = d = l and e — ► oo). 

f2nl 2 T2n-ll 



E? ( 

fc=0 



r2n"|^ |~2n-l] n Tnl r2nl 

M l{ l +(1 _^» )( 2t + H l+ 2K M4 )} = W £(-!)< J4kL,(' 

[ fc J LnJ £=0 L £ J L £ J 



Example 67 (Theorem 11: 6 = and c = d = e = 1). 

n |"2n] 3 

e? ( "" ) [ ; ] t^ 1 + f 1 - «"~^ 2k + % + 3w »«)} 



[n+fel ' 
/••-() L k \ 

f2n-n " 






E(-i; 



n 



[2nl r3n+£l 

L J L £ J . g ( i+ r0 



£=0 



["TIM 



Example 68 (Theorem 11: b — > oo and c = d = e = 1) 



E> 

fc=0 



n 



r2nl3 



r2n] ^ 
r , o il + (l-q"- 2k )(2k+2Hk+m n+k )} 






E« 

£=0 



(n-e)(2n-£) 



n 



m 2 
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Example 69 (Theorem 11: 6 — ► oo, c = e = 1 and d — 0). 



E* 

fc=0 



'71-2^ 



|"2nl 2 n 2 r 3n +^l 



m 



£=0 



Example 70 (Theorem 11: 6 — ► oo, d = 1 and c = e = 0). 



fc=0 



( „-2 fc) 



T2nl 

LfcJ (l H-d-o" 



i )(2fc+4w fe +w n+fe )} = (-l) n ^g 



(n-£)(2n-f) 



n 



£=0 



Example 71 (Theorem 11: 6=1 and c = d = e = 0). 



E* 

fc=0 



'ra-2k\ 



1)' 



Tn+fcl 

W{1 + (1 - g- 2fe )(2 fc+ 5 Wfc - Wn+fc )} = 

LfcJ LnJ 



E» ( - 

£=0 



n 



T2nl- 
Lra+^J 

n + 



Example 72 (Theorem 11: 6 = 0, c = 1 and d, e — > oo). 

2n 



^-^ /n-2fe^ 



,? V 



2n 



fc=0 



.n + k 



{1 + (1 - g"- 2fc )(2A; + H fc + H n+fc )} = ]T(-1) 



£=0 



2n 

n + j 



/l+n_£\ 
gl 2 J 



Example 73 (Theorem 11: 6=1 and c, d, e ^ oo). 

"In - fc 



E<> 



'«-2fc\ r n 
2 U k 



n + k 
k 



fc=0 



£(-!)'(«; ?)< 



£=0 



n 



n 



n + 



{l + (l-g"- 2fe )(2fc+2W fc -W, l+fc )} 
n(n-£) + ( 1+ ™^) 



Example 74 (Theorem 11: 6=1, c = and d, e — ► oo) 



E/n-2fc\ r tt, 
^ 2 } [* 

fc=0 



E(-D 



n 



n + k 
k 

n + 



2rc- fc 

n 



{l + (l-g"- 2fe )(2fc+3W fc -W n+fe )} 
n(n-£) + ( 1+ ™-*) 



£=0 



Example 75 (Theorem 11: 6 = 1, c = d = and e — ► oo) 



E 

fc=0 



(„-») 



k. 


3 


"n + k~ 
k 


"In - k' 

n 



(l + (l-^- 2fc )(2fc+4W fe -W, l+fc )} = (~l) n ^2 



II 



n + 



Jn-ef 



£=0 



5.5. Carrying out the parameter replacements 



Y — x— n \ 



a — > g 

L _— n— 6n 

C ► g 

d -> g-"- rfn 



> where 6, c, d, e G N c 
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we can display Watson's g-Whipple transformation as 



D 

fc=0 



i _ x+n—2k\ [_ 

1 H ) \k-x 



[x + n] [n+feiil [n+cn] [n+dn] [n+enl / ^ \ 

[fcj[fcj[fcj[fcj fcj k(l+3k-3n) + x(n-3k)+(%) 

k-\-bn — x] \k-\-cn — x~\ \k J \-dn — x \k-\-en — x] H 



Hk-\-cn — x] I" 
k \[ 

in — x 

m — a:] [ri+dn- x] 
n J [ n J 



fx+nl r2n+6n+dn-a:l " |~ n l \ n + bn ] \n+dnl V C+n+cn+en-xl 

.iWi n ^) i " \[ n \ V^ e(e-x-n) UJ L £ JL £ JL £ J 

_1 / I 1 "i / |'n+6n-icj |"n+dn-a;"| / _ , H U+cn-x~\ U+en-x~\ [2n+bn+dn-x~\ 



£=0 



which yields, under the derivative operator V , the following transformation theorem. 
Theorem 12 (Transformation formula: b,c,d,e G No)- 

9 \n+bn~\ fn+cnl [~n+cfn~| [~n+en"| 

1 [ k \ [ k J L k J L fe J 



fc(l+3fc-3n) 



/ ; y I jM rfc+fen] Tfc+cn] [fc+dn] Tfc+en] 

fe=o L fc J L k J L fc J L k J 

X {l + {l-q n - 2k ){Zk+2H k +H bn+k +H cn+k +H dn+k +H en+k )} 
( _ i \ n I2n+bn+dn~\ n 



fn+fenl fn+dnl 



2^ 

£=0 



t{t-n)- 



[n+bnl [n+dnl \n+cn+en+l~\ 

"i L £ J L < J L < J 

£+cnl [~£+en] [~2n+ftn+cfn~| 



r/i r;i [ 



17 



We collect the following g-harmonic number identities as consequences. 
Example 76 (Theorem 12: b, c, d, e — *■ oo). 

2 {l + (l-^ 2fe )(3A: + 2^)} = (-ir(g;g) n X:[;]^" n) ^ ) - 



5> fc( " 



-3fc— 3n) 



fc=0 



£=0 



Example 77 (Theorem 12: 6, c, d — ► oo and e = 0). 



fc=0 



fc(l+3fc-3n) 



-1 (q;g)i 



" {i+3(i - g -»Kife+wo} = (-irE[2]§|;^"' ,HL:) - 



£=0 



Example 78 (Theorem 12: b, e — > oo and c = d = 0). 



Xy* 1 - 



3fc— 3n) 



n 



fc=0 



I n 2 

{l + (l-g- 2fe )(3A; + 4^)} = (-ir^[^ g 

£=0 



<(/-n)-(;) 



Example 79 (Theorem 12: 6 = c = <i = and e — » oo) 



E^ (1 " 



3fc— 3n) 



fc=0 



77 



'{1 + (1 - <f ~ 2fe )(3A; + 5H k )} = (-l) n ^ g 



£(£-«)-(") 



n 



-\ 2 



£=0 



2n- 



n 



Example 80 (Theorem 12: b = c = d = e = 0). 



£ 

fc=0 



fc(l+3fc-3n) 



/; 



l6 



{l + 3{l-q n ~ 2k ){k+2H k )} = (-l)"J]g^-")-(5) 



£=0 



"n" 


2 


n + £ n 




■In - t 
n 



93 



18 



W. CHU, N. GU: q-HARMONIC NUMBER IDENTITIES 



Wenchang Chu and Nancy S. S. Gu 



Example 81 (Theorem 12: b — c — d — 1 and e — ► oo). 



V^ fe(l+3fe-3n) 



n 



r2nl 3 



r2n] d 

^Ua + a 



fc=0 



A 1 + 0-- g n ~ 2fc )(3^ + m k + m n+k )} 



\in\ n \n~\ \2n~] 2 



[~4n] n [~n] [~2nl z 

r_i i" l«] v^ UIUJ n^~ ra) ~(g) 

1 ' a 2 kirwn 



Example 82 (Theorem 12: b — c — d — e — 1). 



E« w " 



fc=0 



3fc— 3n) 



m 



f2nl 4 



r ^ 4 {l + (l-g' l - 2fc )(3fc+2W fc +4W n+fc )} 

L it J 






n 



£=0 






2 ' 



Example 83 (Theorem 12: 6 = d = 1, c = and e — ► oo) 



£g fc( " 



3fc— 3n) 



77 



r2nl2 



r2n] z 
^(1 + d- 



fc=0 



r , , 1 2{ 1 +( 1 -9 n ~ 2fe )( 3fe+3W fc+ 2W "+fc)} = (- 1 )' 

L k J 



E 



rani 2Z^ f r 4n l 

LnJ i=0 L/J 



2nl2 



f4nl n r2nl 

LnJ v^r^i L^J 



g 



l{l-n)- 



Example 84 (Theorem 12: 6 = and c = d = e = 1). 



Xy* 1 - 



3fc— 3n) 



77 



f2nl3 



r2n] ^ 
^U(l+3fl- 



3nl n 



ra 



fc=0 



r/(+A!l 3-{i+3a-«- ah )(*+«*+'W)} = (-i)"kTE^" n) " (s) 

L Jfc J LnJ £=o 



n 



2 m ft i 

m 2 m 



Example 85 (Theorem 12: b = d = 0, c = 1 and e — > oo) 



fc=0 



fc(l+3fc-3n) 



rani 

Lfc J (i + (1 

m 



{l + (l-g"- 2fe )(3fc+4W fe +W, ; 



F2n] 



.>}=(-i)"E[;j w« 

£=0 L £ J 



J(<-n)-(3) 



Example 86 (Theorem 12: b — d — and c = e = 1) 
rani 2 



E* 

fc=0 



fc(l+3fc-3n) 



n rn]3r3n+£] 

{l+(i^-»)(s*^ fc+ »w)} = (-l) B E^^"^- ' 



r 2n i 
-^Mi+ a _„» 



£=0 



RIB 



Example 87 (Theorem 12: b = c = d = and e = 1). 

n _ |"2n] _ n 

E^ (i+3 " 3n) [^] tWt {i+(i-*-»)(3* + 5 Wfc+WB+fc) } = (-i)-[ 2 n n ] ^-h?) 



[T] 

Example 88 (Theorem 12: 6, c, <i — ► oo and e = 1). 



n 



3j 2 TL 



V^ fc(l+3fc-3n) I" 



2n 
k 



fc=0 



2n 
n + fc 



{l + (l-q n - 2k )(3k+2H k +H n+k )} 



n 

■i)-£[ 



2n 
n + 1 



fe g)w l(l- ra )-(g) 

(g; g)^ 
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Example 89 (Theorem 12: b, e — ► oo and c = d = 1). 



£«'<'- 



3k— 3n) 



2n 
k 



fc=0 



2n 
n + /c 



i n r2 

{l + (l-^- 2fc )(3fc+2W fc +2W n+fc )} = (-l) n ^| ^ 

£=0 



Example 90 (Theorem 12: 6, e — > oo, c = and d = 1). 



V^ fc(l+3fc-3n) 



' n ' 
k 


2 


•In' 

k 


' In ' 
n + k 



{l+(i-« 



= )(3fc+3W fc +W 



-+*>} = (-i) B E 



n 



2n 

n + j 



2n 



19 



«(£-7l)- 



t(t-n)- 



k=0 



£=0 



6. Limiting Relation on finite sums of (/-harmonic numbers 



Recall the assumption < \q\ < 1 in the introduction, that will be invoked in this section 
for deriving limiting relations. Let {Pk(w), Qk(ui)} be two sequences of polynomials with 
Pk(w) and Qk(w) being of degree k in w and Pk(0) = Qk(Q) = 1 (i-e. the constant term 
being equal to one). Suppose that A, v,n,k G N with k < n. Then there holds the limiting 
relation 



(6.1) 



lim 

y^oo 



Xk+u[ 



Q 



-n 



\k+v\ 



ny+k 



(q) 



\(n-k)+v\ 



Qx(n-k)- 



-n 



ny+n- 



-k(q) 



o. 



To see this, rewrite the left-hand side of (6.1) in two terms 



P 



Xk+u{ 



-n 



ny+k 



(?) 



P\(n-k)+v(q V ) 



Qxk+ V (q y ) " Q\(n-k)+v{q y ) 

P\{n-k)+v{q V ) 
Q\(n-k)+v(q V ) 



i^ny+n—k \q) 



{ rLny+k{q) ~ riny+n-k{q) 



+ n 



ny+k 



(q) 



P. 



\k+v\ 



P 



\{n-k) + 



M y ) 



Q\k+u(q y ) Q 



\(n-k)+v\ 



\k+v\ 



qv) 

Pxk+u(0) 



Observe that both Q x( -" k)+ ", 9 V ) and 7i n y+k (q) are bounded. More precisely, we have 



lim 

s/-°° Qxk+u{q y ) Qxk+u{0) 



1 and 



lim Uny+k (q) < 



y^oo 



oo 

e=i 



They imply further the following two limiting relations 



lim \n ny+k (q) -H ny+n -k(q) \ = and lim <^ 

y— >oo L J j/— >oo I 



P: 



\k+u\ 



P\(n-k)+v(q V ) 



\q\) r 



0. 



y-^°° *• ■» 2/-* 00 \Q\k+v(q y ) Q\(n-k)+v{q y ) 

From these four relations, the limiting relation displayed in (6.1) follows consequently. 

Now we are ready to prove the limiting relation on finite sums of the g-binomial coeffi- 
cients and the g-harmonic numbers, similar to that in [5, Theorem 13] on classical harmonic 
numbers. 
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Theorem 13. Let {Pk(w), Qk{w)} be two polynomial sequences with Pk{w) andQk{w) being 
of degree k in w and Pk{0) = Qfc(0) = 1. If f n (k) is a function independent of y which 
satisfies the reflection property f n (k) = —f n (n — k), then there holds the limiting relation: 

(6-2) lim JTf n (k) ^ k+A f\ H ny+ k(q) = 0. 



Proof. Reversing the summation order and applying the reflection property, we can refor- 
mulate the finite sum stated in the theorem as 



n p ( y\ n 

/C — U H — u 

According to (6.1), the last line tends to zero as y — »■ oo, which confirms (6.2). □ 



There is a large class of functions satisfying the reflection property stated in Theorem 13. 
In particular for (3 G Z and a, 7, A, /i, v e No, the following functions 



f n (k) = {1 - q n ^} 



\ Tn+an] M [~fc+7n] v 

' X L fc J I fc ., fc+/3fc(n-fc) 

v H 



\k+an~\ f 1 [~n+7n] I 
L k J L fc J 



have frequently appeared in the transformations proved in Sections 4 and 5. According to the 
theorems numbered from 2 to 12, we have found 90 summation and transformation formulae 
on g-binomial coefficients and g-harmonic numbers, that are presented as 90 examples. Even 
though the computations to deduce them are almost routine, Theorem 13 becomes often 
indispensable for simplifying finite g-harmonic number sums, when there exist one or more 
free parameters involved tending to infinity. 

Now we take the summation formula displayed in Example 52 to illustrate how to derive 
g-harmonic number identities from the theorems established in this paper. 

First, specifying with b — d — and c = 1, we may state Theorem 10 as the following 
transformation 

n [2nl Tn+nel n \l+n] |~nl r2n+ne+£l 

.1.11 +l 



n |"2n] Tn+nel n r 1 + ra l \ n ] [~2n+ne+£] 

Efc(l+fc-n) LfcJL fc J (-, if] n n-2k\(l , , <yj ,<iy, \1 _ W \\l V n J 111 L I I jW)-,,! 

y Tn+fcl rfc+nel l 1 ^ 1 « )\^ r\ n+ k^ rik+ne) / — / , \ *-) r 1+ q r n+ q r ne+ q 

fc=o L fc J L fc J £=0 L < J L i J L i J 

Then letting e — + 00 and applying Theorem 13, we derive 



n |"2n] n \ 1+n ~\ M 

Eg *(.«-»)IiJ { 1+(1 _„.-*« )(l+ „„ +>) } = YJ(-i)' ±jJW „(» 

fc=0 L fc J £=0 L £ J L £ J 
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The right-hand side may be expressed in terms of basic hypergeometric series and then 
further simplified by means of the g-Chu-Vandermonde formula as follows 

,-n-l 



1-9" 



"302 



q, q, q 

q 2 , q n+1 



q;q 



hm <^ 2 0i 

e-»l 1 - e 



e,q 



q 



q;q 



lim 

£-►1 1 - e 



■i (g w /g; q)n+i 

{q n - q) 



n+l 



= (q n -q 2n ){l + n + H 2n -H n - 1 }. 
This confirms the g-harmonic number identity stated in Example 52. 

7. Comparison with Classical Harmonic Number Identities 



Generally, for a given classical binomial identity, there may exist more than one (/-analogue. 
This phenomenon happens also for harmonic number identities. In order to facilitate refer- 
ence for the reader, we tabulate the comparison between classical harmonic number identities 
and their g-analogues established respectively in [5] and the present paper. Here the entry 
numbers stand for that displayed in the two tables collected in [5] and the example numbers 
for the corresponding g-analogues found in this paper. We point out, by the way, that for 
the two formulae in Examples 42 and 52, their following common limiting case (the classical 
harmonic number identity) has been missed from reference [5] 

n /2n\ 



fc=0 



(T) 



Entry Examples Entry Examples Entry Examples 


1-1 1 1-17 22,55,78 II-7 56,66 


1-2 4 1-18 24,62,90 II-8 63,75 


1-3 2 1-19 25,60,89 II-9 57 


1-4 5 1-20 26,40 11-10 58 


1-5 3 1-21 27 11-11 70,85 


1-6 6 1-22 28 11-12 71 


1-7 7 1-23 29,41 11-13 69,83 


1-8 8,13,31,54,64 1-24 30 11-14 67 


1-9 9,14,20,32,76 1-25 43 11-15 68,81 


1-10 11,37,59 1-26 53 11-16 65,79 


1-11 12,39,61 II-l 34 11-17 80 


1-12 16,49,72 II-2 36 11-18 87 


1-13 18,23,50,88 II-3 33,45 11-19 86 


1-14 10,17,38,73 II-4 46 11-20 84 


1-15 19,51,74 II-5 35,47 11-21 82 


1-16 15,21,44,77 II-6 48 Missed 42,52 



97 



W. CHU, N. GU: q-HARMONIC NUMBER IDENTITIES 



22 Wenchang Chu and Nancy S. S. Gu 

Concluding Comments. In the previous paper [5], four classical hypergeometric series 
theorems are examined through the derivative operator method. Following the same scheme, 
their g-analogues are explored in the present work. Altogether both papers provide a com- 
prehensive coverage to the identities on the classical and g-harmonic numbers. The authors 
hope that the summation and tranformation formulae shown in both papers may serve as a 
documentary source for further references. 



[1 
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[3 

[4; 

[5 

[7; 

[9 

[10 
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SOME RELATIONSHIP BETWEEN THE g-GENOCCHI 
NUMBERS AND BERNSTEIN POLYNOMIALS 

N. S. Jung, H. Y. Lee, C. S. Ryoo 
Department of Mathematics, Hannam University, Daejeon 306-791, Korea 

Abstract : Recently, we introduced some interesting relations between Genocchi number and 
Bernstein polynomials (see [9]). In this paper, we give some interesting identities on the q-Genocchi 
polynomials and Bernstein polynomials. 

Key words : Genocchi numbers and polynomials, g-Genocchi numbers and polynomials, Bernstein 
polynomials 

1. Introduction 

Throughout this paper, let p be a fixed odd prime number. The symbol, Z p , Q p and C p denote 
the ring of p-adic integers, the field of p-adic rational numbers and the completion of algebraic 
closure of Q p . Let N be the set of natural numbers and Z + =NU {0}. As well known definition, the 
p-adic absolute value is given by \x\ p = p~ T where x = p r - with (£,p) = (s,p) = (t, s) = 1. When 
one talks of g-extension, q is variously considered as an indeterminate, a complex number q G C, or 
a p-adic number q G C p . In this paper we assume that q G C p with |1 — q\ p < 1. 

We assume that C/D(Z p ) is the space of the uniformly diffcrcntiablc function on Z p . For 
/ G UD(7j p ), the fermionic p-adic invariant integral on Z p is defined as follows: 

, p n -i 

I-i(f) = / f(x)dfi. 1 (x) = lim J2 /(^H- 1 ^ see [1. 2 ] • (1-1) 

In? N^OO * ' 

J£ P X = 

For n G N, let f n (x) — f(x + n) be translation. As well known equation, by (1-1), we have 

,. ,. n—l 

I-i(fn)= f(x + n)d»- 1 (x) = (-l) n /(x)dp_ 1 ( a; ) + 2^(-l)"- 1 - ( .f(0. (1.2) 

The Genocchi polynomials are defined by the generating function as follows: 

Of °° fn 

n— 

In the special case, x = 0, G„(0) = G n are called the n-th Genocchi numbers(see [1-9]). 
We introduced the g-Genocchi polynomials as follows: 

Of °° fll 

-^-Y.Gr^r-y (1-4) 



oe* , 

y n=0 



In the special case, x — 0, G„ !( j(0) = G n ^ q are called the n-th g-Gcnocchi numbers. 
From (1.4), we note that 

Gn,^)=£(f)G^-<. 
7 — n V / 



(1.5) 



;=o 
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From (1.2) and (1.4), for n = 1, we have 

f It °° fn 

h v ?e* + l ^ n! 

By (1.6), we obtain 

G . 9 (x) - 0, / g»(a; + y) n dn-i(y) = Gn+1 ^ x) , for n G N. (1.7) 

Bernstein polynomials of degree n are given by 

B k . n (x) = ( 7 f\x k (l-x) n - k , where a; G [0, l],n, fc G Z+,sec [3, 4, 5, 7, 8, 9]. (1.8) 

In [1], Kim introduced p-adic extension of Bernstein polynomials as follows: 

Bk, n (x) = \ h ) xk ( l -^r~ fe > where x G Z p and n, fc G Z+. (1.9) 

In this paper, we give some properties for the g-Gcnocchi numbers and polynomials. By using 
these properties, we investigate some interesting identities on the Bernstein polynomials and the 
g-Genocchi polynomials. 

2. Some identities on the Bernstein and g-Genocchi polynomials 

From (1.6), we can derive the following recurrence formula for the g-Genocchi numbers: 

{2 if n = 1 
n' -r 1' t 2 ' 1 ) 

0, it n > 1, 

with usual convention about replacing (G q ) n by G n , q _ w . 
By (1.4), we easily get 

EO^-i(l-x)(-l)"^ = (- 1 )^I^ = (-lJ^G^if. (2.2) 

By (2.2), we obtain the following theorem. 

Theorem 1. Let n G Z+. Then we have 

G^ q (x) = (-l) n - 1 q- 1 G n ^(l-x). 

From (1.7), we note that 

G o „ = 0, / q x x n dn-Ax) = ° n+1 ' q , for n € N. (2.3) 

Jz p ' n + 1 

By (2.1), for neN with n > 1, we have 
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G n ,,(2) = (G q + l + ir = E(?)G I ,,(1) 






HxtfW 



«ev 



1=1 



= knqG 1 , g (l)) + l'£( r j)G l , g (l) 



q^\l 

= — - f&wQ) 

-- + -G 

q q 2 
Therefore, by (2.4), we obtain the following theorem. 

Theorem 2. For n € N with n > 1, we have 

qG n , q (2)=2n+-G n , q . 

q 

By (2.3) and Theorem 2, we obtain the following corollary. 
Corollary 3. For n E N with n > 1, we have 



■ / „-x/„ , o\nj.. /„\ r, , _^n+l,g 



<Z -(x + 2)"^_ 1 ( 2 ;) = 2 + <Z - 
« Jz„ " + 1 



By (1.7), (2.3) and Corollary 3, we know that 

<f (1 - x) n dn-i{x) = (-1)" / q- r (.r - l) n dn-i(x) 



/ 1 yt ( Jrt+l^(-l) 

1 G n+1 g -i ]U ,-i(2) 
q n + 1 

- / g- a; (a; + 2)"d Ai _ 1 (a ; ) 
9 Jz p 

2 + ? G "+ 1 ^ 1 



n + 1 

2 + 9 / q~ x x n dn_ 1 (x). 

Therefore, we obtain the following theorem. 
Theorem 4. For n € N with n > 1, we have 

q x {\ - x) n dM-i(x) = 2 + q I q- x x n dn- 1 {x) 



(2.4) 



In (1.9), we take the fermionic p-adic invariant integral on Z p for one Bernstein polynomials as 
follows: 
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)g( n 7 t ) ( - 1 »""*"'^m (2 ' 5 » 



;=o 
From the reflection symmetric properties of Bernstein polynomials, we note that 

Bk,n{x) = -B n _fc in (l — x), where n, fc G Z + and x G Z p . (2-6) 

For n, fc G Z + with n > fc + 1, we have 

q x B k , n {x)dn-i(x) = / g x B„_/ Si „(l -a;)d/i-i(») 



n " 



E(*)(-i) fc_I ^ ^(i-^r-^-iW 






:)t(f) <-)"-' (»+.£.-» 



Therefore, we have the following theorem. 

Theorem 5. For n, fe € Z + with n > fc + 1, we have 



J f^ aM (.)«(M-.(.)-(;)g (J) <-!)"(» 



9 Tl-J + 1 



By (2.5) and Theorem 5, we obtain the following theorem. 
Theorem 6. Let n, k G Z + with n > k + 1. Then we have 

Let ni, n 2 , fc G Z + with ni + n 2 > 2fc + 1. Then we get 

q x B k . ni (x)B kt , l2 (x)dfj,-i(x) 

\ / \ 2fe /or 
ni \ / ri2 \ v-^ i 2fc 



fc A fc , 

2fe 
M ! V 

fc A fc 



S(T)«- 1),+2 11 



nA^Av-^fc^, .,,,_.,„, , g -* {x + 2) n 1+ n 2 -l dlx _ i{x) 



nA fnA E ( 2 *)(-D' +2fc (a + «/ z T^^VrW 



fcy Vfc 

Therefore, we obtain the following theorem 
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Theorem 7. For ni,ri2 k € Z + with m + ili > 2k + 1, we have 
q x B ktUl (x)B kjn2 (aj)d/x_i(a;) 

™l\ Al2\ V^ /2fc\ . T,l4-2k ( n G ni +n 2 -l + l -1 -1 



oosc^k 



k J \k I ^-^ \ I I \ ni + n 2 — I + 1 



By simple calculation, we easily see that 
q x B k , ni 0)-B fe ,„ 2 (x)dfi-! (x) 



«1 »2 



E (-D'( ni + 7- 2fc )/^ +2 ^- 1 (x) (2 . 7) 



n 1 \fn 2 \ ni ^ . , l (n 1 + n 2 -2k\Gi +2 k+i, q , , _„ 

fc X fc J g (-!)( j j7T^TT' whereni ' n2 ' fceZ+ - 

Therefore, by (2.7) and Theorem 7, we obtain the following theorem. 

Theorem 8. Let n\,n 2 ,k € Z + with n\ + n 2 > 2fc + 1. Then we have 

V^ ( 2k \ ( 1 ^+2fc f n , „ G"i+"2-' + i, g -i,^-i 

^IJ ( j l + " n 1+ n 2 -/+l 

ni+ri2 — Ik 



\p , -, y /ni + n 2 - 2k\ G l+2k+liq 

h v « ^+2fc+r 



;=o 



For n\,n 2 ,n 3 ,k G Z + with m + 712 + n.3 > 3fc + 1, by the symmetry of Bernstein polynomials, 
we see that 



q x B k ^ ni (x)B k ^(x)B k . n3 (x)d^ 1 (x) 

ff ( Vl) l+S / q x {l-x)^ + ^ +n ^ l d^ 1 {x) 

l=0 V I J h v 

Y ( 3k )(-l) l+3k -^ f q- hx w- x (x + 2) n i +n - +n *- l dii_ 1 (x) 
t^ V I J wq h Jz v 



™i\ fn 2 \ /n 3 \ ^ f'ik 

\ 3k 

nA fn 2 \ fn 3 \ v-^ (3k\ , _, . , , 3fc 1 



k \ k J \ k , 

:) 1 (iy^ (> + ./„ *-»-*"■*.-*)) . 

Therefore, we have the following theorem. 

Theorem 9. For ni,n 2 ,n 2 ,k G Z + with ni + n2 + n 3 > 3k + 1, we have 

9 a: -Bfc,ni(^)-Bfe,r l2 (a;)-Bfe i „3(x)(i^_i(a;) 

ni^ fn 2 \ fn 3 \ y, /3fc\ ,^+3*, ( 2 + q G ^+^+^-', q -^ w -i 



k J \k J • / —^ \ I J \ ni + n 2 + n 3 — I + 1 
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In the same manner, multiplication of three Bernstein polynomials can be given by the following 
relation: 

q x B k!ni (x)B ktn2 (x)B k . n3 (x)d[i- 1 (x) 

:) (:) (:) "if""^ ( ni + n - : m - 3k ) i ^ + ^<*> 

ni\ fn 2 \ fn 3 \ ni ™^—? 3 ' , /ni + n 2 + n 3 - 3fc\ G; +3fc+ i, g 

fc/U/U/ ^ V J yz + 3fc + i' 

where ni, ri2 ; "3> k E Z + with ni + n 2 + 713 > 3fc + 1. 

Therefore, by Theorem 9, we obtain the following theorem. 

Theorem 10. Let ni,n2,n,3,k E Z + with n\ + n 2 + n 3 > 3fc + 1. Then we have 



^IJ ( j r + 9 n 1+ n 2 + n 3 -/ + l 



ni+n 2 +n 3 -3fc ,. , x ,-, 

\p ( _-.-,i(ni+n 2 + n 3 -3k\Gi +3k+ i 



I Jl + 3k + l' 

1=0 



Using the above theorem and mathematical induction, we have the following theorem. 

Theorem 11. Let m E N. For ni,n,2, ■ ■ ■ ,n m ,k E Z + with n\ + ■ • • 4- n m > mk + 1, the 
multiplication of the sequence of Bernstein polynomials B k _ ni {x) 1 . . . , -Bfc, nm (#) with different degrees 
under fcrmionic p-adic invariant integral on Z p can be given as 



/ <f (f[B ktni (x)\ dii-i(x) 



■n i, k 



G 



n {:)) g(-') w+1 (^ ^;;:.r;f -7:r 



We also easily see that 



/ ^[nB fcini (a;)jdiu_i(a:) 

/ m / x \ riiH Vn m -mk , l \ ri 

-|TT| n Ml V^ [ n H \-n m -mK\. yCrl+mk+l.q 



,k ^ \ I l + mk+1 



(2.8) 



By Theorem 11 and (2.8), we have the following corollary. 

Corollary 12. Let ragN. For m, n2, ■ ■ • , n m , k E Z + with n\ + • • • + n m > mfc + 1, we have 



G ,, 



mk / 

V~V_ W+rofc |2 I g °" lH hn m -l+l,r 1 ,"" 1 

^ V ni + --- + n m -/ + l 

Eln\ -\ hn m - mk\ t Gi +mk +i,q 

I Z J l j Z + mfc + 1 ' 

;=o v ' 
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Abstract 

In this paper, some topological concepts and definitions are generalized to cone 
metric spaces. The distance between two sets in cone metric spaces is defined, 
where some examples are given. Moreover, it is proved that every cone metric space 
is a T2 — space and that Baire's category theorem is still valid in cone metric spaces. 
Regarding, the theory of linear operators in cone normed spaces, we defined bounded 
linear operators and scalar bounded linear operators. Examples are given to show 
that not necessarily all linear operators are bounded on finite dimensional cone 
normed spaces and to show that not every continuous linear operator between cone 
normed spaces is bounded. 

Key words: Cone metric, cone normed, cone Banach, strongly minihedral, 
absolute value function, Meager (the first category), Nonmeager ( the second 
category), Baire's category theorem, monotonic, semi-monotonic, linear operator, 
scalar bounded, continuous. 



1 Introduction and Preliminaries 



Cone metric spaces were first introduced in [4], where the authors described 
convergence in cone metric spaces and introduced completeness. Furthermore, 
in [1,5,7,13,14], they proved some common fixed point theorems in cone metric 
spaces. In [2], the authors introduced some generalized topological concepts 
and definitions in cone metric spaces and proved that every cone metric space 
is topological space as well as they proved some fixed point theorems in di- 
ametrically contractive mappings in cone metric spaces. Furthermore, cone 
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metric spaces were studied by many authors (see [6,8-12] ). However, in this 
paper, some topological concepts and definitions are generalized to cone met- 
ric spaces. We defined the distance between two sets in cone metric spaces 
supported by examples. Moreover, it is proved that every cone metric space 
is a T4 — space. Also to prove Baire's category theorem in cone metric space, 
we defined the first category (Meager) and the second category (nonmeager). 
We also defined the cone normed space and proved that each cone normed 
space is a cone metric space. Furthermore, we defined cone Banach space and 
we gave an example about that and we defined the absolute value function 
and scalar bounded linear operator in cone metric spaces as well. Finally, we 
generalized bounded linear operators between two cone normed spaces and by 
an example showed that not necessarily all linear operators are bounded on 
finite dimensional cone normed spaces and to show that not every continuous 
linear operator between cone normed spaces is bounded. 

Let E be a real Banach space and P a subset of E. Then, P is called a cone 
if and only if 

PI) P is closed, non empty and P 7^ {0} 

P2) a, b G R a,b > 0; x,y G P => ax + by G P 

P3) x G P and -x e P ^ x = 

Given a cone P C E, we define a partial ordering < with respect to P by 
x < y if and only if y — x G P. We write x < y to indicate that x < y but 
x 7^ y, while x « y will stand for y — x G IntP. (IntP = interior of P ). 

The cone P is called normal if there is a number K > 0, such that for all 
x, y G E, < x < y =>- || x ||< K || y ||, where K is called the normal constant 
of P. 

The cone P is called regular if every increasing sequence which is bounded 
from above is convergent. That is if {x n } is sequence such that x\ < x<i < 
... < x n < y for some y G E, then there is x G E such that || x n — x ||— > as 

n — > 00. 

Equivalently the cone P is called regular if every decreasing sequence which is 
bounded from below is convergent [4] . Throughout this article we assume that 
the cone P is normal with constant K. 

P is called minihedral cone if sup{x, y} exists for all x,y G E, and strongly 
minihedral if every subset of E which is bounded from above has a supremum 
and hence any subset of E which is bounded from below has an infimum . A 
norm || . || on E is called monotonic if < x < y implies || x \\<\\ y ||, and 
semi-monotonic if || x \\< K || y || for some K > and all x and y such 
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that < x < y [3]. It is know by [3] that P is normal if and only if || . || is 
semi-monotonic . 

Throughout this article we assume that P is a cone in E with IntP ^ 
and < is partial ordering with respect to P. We also appeal to the following 
relations: 

IntP + IntP C IntP and MntP C IntP, A > 



2 Cone Metric Spaces and Baire's Category Theorem 



Definition 1 [4] A cone metric space is an ordered pair (X,d), where X 
any set and d : X x X — ► E is a mapping satisfying: dl) < d(x, y) for all 
x, y G X, and d(x, y) = if and only if x = y. d2) d(x, y) = d(y, x) for all 
x, y G X. d3) d(x, y) < d(x, z) + d(z, y) for all x,y,z G X. 

Example 2 Let E = R n and P = {(x 1 ,x 2 , ■■■,x n ) G FT : Xi > 0,i = 1, 2, 3, ...,n} 
with x = (x 1 ,x 2 ,...,x n ) < y = (y!,y 2 , ...,y n ) if and only if (y» - Xi) > /or 

a// i = 1,2,3, ...,n. T/ien any subset of P has an infimum. 

Definition 3 Let 4^0 and B ^ be two subset of a cone metric space 
(X, d) . Then the distance between A and B, denoted by d (A, B) , is defined 
by d (A, B) = inf {d (x, y) : x G A, y G B} . If A = {a} , we write d(a, B) for 
d(A,B). 

Example 4 Let E = R 2 and P = {(x,y) : x > 0, y > 0} . Define d : R 2 x 
R 2 -> £ fry <i((xi,x 2 ), (s/1,2/2)) = (| £1 -yi |,| £2 -2/2 |) and let A = 
{(x, y) e R 2 : < x < 1, 0<y <1} ,B = {(x, y) e R 2 : 2 < x < 3, 0<w<l} : 
C = {(0,0)}, D = {(|, I)}- Tnen d(A,B) = (1,0), d( A, C) = (0,0), 
d(C, B) = (2, 0) . 

Example 5 Lei E = R 2 and P = {(x,y) : x > 0, w > 0} . Define d : R 2 x 
R 2 ^ E by d((x 1 ,x 2 ),(yi,y2)) = (\x 1 -y 1 \,\x 2 -y 2 \) and let A = 
{{x, y) e R 2 : < x < 1, 2<y < 3} ,B = {(x, y) G R 2 : 3 < x < 4, < w < 3} . 
Thend(A,B) = (2,1). 

Lemma 6 Lei Ci, C2 G P sfic/i that c\ < c 2 + s for all s » 0. T/ien c\ < c 2 . 

Proposition 7 (see prop. (1) in [2]) Every cone metric space (X, d) is a first 
countable topological space, whose topology r c is given by 

t c = {U CX :\/x eU, 3c » such that B(x, c)cf/}U {0} (1) 

where 
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B(x,c) = {yeX:d(x,y)«c} (2) 

Theorem 8 Let (X, d) be a cone metric space and A ^ a subset of X. 
Then x G A if and only if d (x, A) = 0. 



PROOF. Suppose x G A. Then, for fixed c >> and each n G N, B [ x, — ) fl 

V nj 
A ^ 0. Therefore, for each n G N there exists a n G A such that < d (x, A) < 

c c 
d (x, a n ) < — . Hence, d(x, A) G P, for all n G N. That P is closed implies 

n n 

that —d(x, A) G P and our conclusion then is that d (x, A) = 0. Conversely, 

d(x,A) = < — for all n G N and some Cq » implies the existence of a 
n 

sequence a n G A such that d(x, a n ) < — for all n G N. Since P is a closed 

n 
cone then we conclude that — lin^oo d(x, a n ) G P, lin^oo d(x, a n ) G P 

and hence \va\. n ^ 00 d{x 1 a n ) = 0. Now let c >> be given and choose 5 > 

such that ||6|| < 5 implies that b « c. Since lin^oo d(x, a n ) = then for 

some n E N and all n > n we have \\d(x, a n )\\ < 5 and so d(x, a n ) « c 

for all n > uq. Thus, a n — > x in (X, d). Since every cone metric space is first 

countable topological space then x G A. 



As a consequence of the above Theorem, if a subset A of a cone metric space 
(X, d) is closed and x ^ A, then d (x, A) > 0. 

Theorem 9 Every cone metric space (X,d) is a T 2 — space. 



c c 

PROOF. Let x ^ y be two points in X. Suppose B(x, -) fl B(y, -) = for 

all c >> 0, then by the triangle inequality d(x,y) < c for all c >> 0. Hence 

d(x,y) < — for all n G N and some c >> 0. Sir 

n 
d(x, y) = and so x = y which is a contradiction. 



d(x,y) < — for all n G N and some Cq » 0. Since P is a closed cone then 
n 



Definition 10 A subset M of a topological space (X, r c ) is called: (I) Rare 
(nowhere dense) in X if Int(M) = 0. (II) Meager (the first category) in X 
if M is the union of countably many sets each of which is rare in X.(III) 
Nonmeager (second category) in X if M is not meager in X. 

Lemma 11 [4] Let (X,d) be a cone metric space, P be a normal cone with 
normal constant K. Let {x n } and {y n } be two sequences in X and y n — > y, 
x n — > x as (n — ► oo), then d(x n , y n ) — > d(x, y) as n — >■ oo. 

Lemma 12 Let (X, d) be a cone metric space. If a n G E such that b < a n for 
all n and a n — > a then b < a. 
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Theorem 13 (Baire's Category Theorem in Cone Metric Space) Ev- 
ery complete nonempty cone metric space (X, d) is nonmeager in itself. Hence 
X = U k ^ =1 M k , M k closed, then at least one M k contains a nonempty open sub- 
set. 



PROOF. Suppose the complete cone metric space (X, d) were first category. 
Then X = U^L 1 Mj, with each M k rare in X, we can shall construct a Cauchy 
sequence {x k } in X whose limit x (which exists by completeness) is no M k 
and get a contradiction. By assumption, Mi is rare in X, so that by defi- 
nition, Mi does not contain a nonempty open set. But X does have. This 
implies that Mi ^ X. Hence choose x\ G Mi and an open ball about it, 
say Bi = B(xi,Ci) = Mi with c\ < - where c G IntP is some fixed point. 

By assumption, M 2 is rare in X, so M 2 does not contain a nonempty open 
set. Hence, it does not contain the open ball B(xi, — ). This implies that 

M2 n B(xi, — ) is not empty and open, so that we may choose an open ball 

in this set say, B 2 = B(x2,C2) C M 2 fl B(xi, — ), c 2 < — • By induction 

Ch C 

we thus construct a sequence of balls, B k = B(x k , — ), Ck < — r such that 

Ch ~ C 

B k n M k = and B k+1 C B(x k , —) C B k , k = 1, 2, 3, ... . Since c k < —^ the 

sequence x k of the centers is Cauchy and hence converges, say x k — *• x G X 

because X is complete by assumption. Also, for every m and n > m we have 

c c 

B n C B[x m , -z~)i so that d{x m ,x) < d{x m ,x n ) + d[x n ,x) < — + d{x n ,x). 

Since x n — > x, then we have 1 — — — d(x m ,x) G P for all n G N and some 

n 2 

cq » 0. Since P is a closed cone we conclude that — — d(x m , x) G P and so 

a; G .B m for every m. Since -B m C M m c , we now see that x ^ M m for every 
m, so that x ^ X = U^ =1 M m . This contradicts that x G X. 



3 Cone Normed Spaces 

Definition 14 fsee a/so [15], [16]) A cone normed space is an ordered pair 
(X, || . || c ) where X is a vector space over R and || . || c : X — > E is a function 
satisfying: 

CI) < || x || c , for all x G X. 
C2) || x || c = if and only if x — 0. 
C3) || ot.x \\ c —\ oc HI x ||c, /or eac/i rr G X and a £ R. 
C4) \\ x + y \\ c <\\ x || c + || y ||c, x,y e X. 
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Proposition 15 Each cone normed space is cone metric space. Namely, d 
X x X — »■ E is defined by d(x,y) =\\ x — y \\ c . 



PROOF, for all x,y,z G X 

dl) d(x, y) — if and only if || x — y \\ c — if and only if x — y = <^> x = y. 

d2) d(x, y)= \\x-y\\ c = \\ -(y - x) || c by (C3) || y - x || c = d(y, x). 

d3) d(x,y) =|| x — y \\ c —\\ x — z + z — y \\ c by (C4) || rr — 2; + z — y || c <|| 
x - z || c + || z - y \\ c = d (x, z) + d (z, y). 



Remark 16 Convergence in cone normed space is described by the cone met- 
ric induced by the norm. For example, a sequence x n G X is said to con- 
verge to an element x E X, if for all c » there exists hq such that 
d(x n ,x) =|| x n — x \\c« c for all n > n . Hence, by [4], when the cone 
is normal, a sequence x n — > x if and only if || d(x n ,x) \\ — \\\\ x n — x \\ c \\— * 
as n — > 00. 

Definition 17 A sequence x n G X is called Cauchy sequence if for allc » 
there exists n such that d(x n ,x m ) =\\ x n — x m \\ c « c for all m,n > no. 
Equivalents by [A] if lim II d(x n ,x m ) \\= lim II || x n — x m || c ||= 0. 

m,n— >oo m,n^oo 

Definition 18 A cone normed space (X, || . || c ) is called cone Banach space 
if every Cauchy sequence in X convergent in X. 

Example 19 Let (E, || . || c ), E = R 2 , P = {(x,y) :x>0,y>0}. The 
function \\ . \\ c defined by \\ (x,y) \\ c — (a \ x \,/3 \ y \), a,f3 > is a cone 
norm space and cone Banach space. Indeed, 

CI) || (x,y) || c > 0, || (x,y) \\ c = 44> (a \ x \,0 \ y |) = (0, 0) O a | x \= 
and 13 \ y |= <^> x = 0, y = <^> (x, y) — (0, 0). 

C2) || a(x,y) || c =|| (ax, ay) \\ c — (a \ ax \,j3 \ay\) =\a\ (a\x\, (3\y\) —\ a \ . || 
(x,y) || c . 

Ccfj || (x,y) + (z,w) \\c—\\ x + z,y + w \\ c = (a\x + z\,/3\y + w\)<(a\x\ 
+a I z \,(3 I y I +/3 \ w |) = (a \ x \,(3 \ y |) + (a \ z \,/3 \ w |) = || (x,y) || c + 
\\(z,w)\\ c . 

This space is complete and hence cone Banach. Let z n = (x n , y n ) G R 2 be a 
Cauchy sequence. 
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Hence by Lemma 4 in [4]> 



lim 

m.n— >oo 



Zn. Z; 



n ^m c 



11IH {{I! X n X m ,y n Vra ||c| 



m,n— »oo 



lim || (a | x n -x m \,(3 \ y n -y r , 



m,n— >oo 



m,n— >oo 



lim Ja 2 | x„ - x m | 2 +/5 2 | y n - y m | 2 = 0. 



Therefore, \ x n — x m |— > 0, | y n — y m | — ► as n, ra — ► oo and nence {x n } and 
{|/n} ore Cauchy sequence in the field R. Find x,y G R such that \ x n — x \— > 

; I Z/n -?/ H 05 71— > OO. 

PFe saa// snow that z n = (x n , y n ) -^ z — (x, y) in cone norm space and hence 
(R 2 , || . || c ) is complete, lim |||| z n — z |U|= lim j||| (x n — x, y n — y) || c || = 

\ ii / * ra^oo n— »oo "" v ' " ' 

lim || (a | i n -x \,(3 \ y n - y \\\= lim J a 2 \ x n - x \ 2 +(3 2 \ y n - y | 2 = 0. 



Proposition 20 Every cone normed space is topological space. 

The result follows by [2] since each cone normed space is cone metric space. 
Actually, the topology is given by 



t c = {U C X : Wx e U, 3c » such that B(x, c) C U} U {$} (3) 



where 



B(x, c) = {y G X : || x - y || c « c} 



(4) 



Proposition 21 Tne cone metric d induced by a cone norm on a cone normed 
space satisfies : 

d (x + a, y + a) = d (x, y) (5) 

d(ax,ay) =\ a \ d(x,y) (6) 

for all x,y,a G X and every scalar a. 



PROOF. We have d (x + a, y + a) =\\ x + a — (y + a) || c =|| x — y \\ c — d(x,y) 
and d (ax, ay) =\\ ax — ay || c =| a \\\ x — y \\ c —\ a \ d(x,y) . 



Definition 22 The absolute value function abs : E — > E is defined by: 



abs(a) 



a a > 
—a a < 

otherwise 



(7) 



Note that if a < then —a > and abs(a) G P. 
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Definition 23 A cone norm || . ||„: E — ■> P is said to satisfy the property (A) 
if : —c < a < c if and only if \\ a \\ n < c, for all a G E and c » 0. 

Example 24 Let E = R 2 and P = {(x,y) G R 2 : x > 0,y > 0} . Then the 
norm || . || n : E — »■ P defined by \\ (x,y) \\ n — (| x |, | y |) , satisfies the property 
(A). Indeed a = (x, y) , satisfies || a || n < c = (ci, C2) , c±, c 2 > 0i/ and only if 
(\x\,\y\) < (ci,c 2 ) i/arad on/y */ -c = (-Ci, -c 2 ) < 0= (x,y) < (ci,c 2 ) = 
c. yl/so i£ can &e easily seen that \\ . \\ n is monotonic on P (i.e. < a < b 
implies \\ a \\ n < \\ b \\ n ). 

Remark 25 Using (C4) and that E is normal cone with constant K, we can 
show that 



|| o&s(|| y || c - || x || c ) ||< K mi x-y \\ c \\ . Mx.yeX (8) 

Indeed, || x || c =|| x — y + y || c <|| x — y || c + || y \\ c and \\ y \\ c —\\ y — x + x \\ c <\\ 
V — x ||c + || x ||c, hence, || a; || c — || y \\ c <\\ x — y \\ c and || y \\ c — \\ 
x ||c<|| x — y \\ c ■ But then < abs(\\ y \\ c — \\ x || c ) <|| x — y || c implies that 
II abs(\\ y He — II x \\ c ) \\< K \\\\ x — y || c || . Furthermore, if || . |L zs a cone 

II \|| t/ 1 1 <— - || 11*--/ II MM C 1 1 1- 1 1 7 •/ M II'*' 

norm on P with the property (A) then |||||| x || c — || y || c ||n||< -^ |||| ^ — y \\c\\ ■ 

For more examples of cone normed spaces and the completion of cone normed 
spaces see [15] and [16], respectively. 



4 Bounded Linear Operators Between Cone Normed Spaces 



Definition 26 A linear operator T : (X, || . || Cl ) — > (Y,\\ . || C2 ) between cone 
normed spaces over the same cone P in E, is called : (a) Bounded if there 
exists M > such that for all x G X, 



|| Tx || C2 < M || x || C1 (9) 
(b) Scalar bounded if there exists L > such that for all x G X. 

Ill Tx || C2 ||< L HI) x || Cl || (10) 
When T is scalar bounded, we define its scalar norm by 

|| T |L=inf{L>0:|||| Tx |L||<L II II x LJLVxGX} (11) 

II I I 3 L I I I I I I L-J I I I I I I 1 I "-1 I I I J \ J 
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From the above definition it easy to see that every bounded linear operator 
between cone normed spaces is scalar bounded with L = MK and K is the 
normal constant of the cone P in E and 



II Tl II "^ C2 /1 0\ 

|| T || s = sup — n — - (12) 

o^nex llll x || C1 || 

Proposition 27 If the norm || . \\ on E is monotonia or the normal constant 
K = 1, then (X, \\\\ . || Cl ||) is a normed linear space. 



PROOF. If || x + y ||ci<|| x || Cl + || y || C1 , then monotonicity of || . || implies 
that || || x + y || Cl ||<|| || x || Cl + || y || Cl ||<|| || x || Cl || + || || y || Cl || and the triangle 
inequality follows. The other axioms for the norm are trivially satisfied. 

Remark 28 // || . || is monotonic on E then we call the above normed space 
(X, HI) . llcJI), the normed space associated to the cone normed space ( X, \\ 



Definition 29 A map T : (X, || . || C1 ) — > (Y, \\ . || C2 ) is called continuous at 
Xo G X, if for all q G E with q » there exists p G E, p » such that for 
all x G X, || x — xq || Cl < p implies || Ta; — Txo || C2 < 9. T «s called continuous, 
if it is continuous at each x G X. 

Theorem 30 If T : (X, || . || C1 ) — > (Y, \\ . || C2 ) is a bounded linear operator 
then it is continuous. 



PROOF. Assume T is bounded and let io6l then there exists M > such 
that || Tx || ro < M || x |L for all x E X. Now for o >> 0, choose p = — q. 

II II l-z II II l-I J 1 i- -\ /r ± 

Then, x G X, \\ x — x || Cl < p implies || Tx — Txo ||c 2 = || ^(x — x ) || C2 < M || 

^ — x C1 < M— = q. 
I|C1 M 



Linear operators on finite dimensional normed linear spaces are necessary 
bounded. However, in general, it is not the case for cone normed spaces. Also, 
the converse of the above theorem may not be true. 

Example 31 Let E = R 2 and P = {(x, y) G R 2 : x > 0, y > 0} and X = E. 

Define on E the cone norm || (x,y) \\ c — (| x |, | y |) . Then , 

(a) the linear operator T : (E,\\ . || c ) — ► (E, \\ . || c ) define by T(x,y) = 
(x — y,y — x) is not bounded. Indeed, for any m > 0, m ^ 1, let x m = 

( — ,m) , then for m > 1, we have II Tx m || c =|| ("2 , m] || c = 

\m J \ m m J 
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[m , m ) is not comparable to m. II ( — , m) |L= (l,m 2 ), and 

V m mj m 

for < m < 1, let x=(l, -1) then \\ Tx \\ c =\\ (2,-2) || c = (2,2) > m. \\ 
(1,-1) || c = (m,m). 

(b) The linear operator T in (a) is continuous. Since cone metric spaces are 
first countable [2], in order to prove continuity of T, it will be enough to show 
that it is sequentially continuous. To this end assume that z n = (x n ,y n ) is 
a sequence in E such that z n — > z = (x, y) . Then, by Lemma (1) in [4], 
lim \\ d(z n ,z) \\ = lim 1 1| z n - z || c ||= lim || (| x n - x \, \ y n - y |) ||= 0. 

n~ +oo ra^oo n— >oo 

Equivalently, if \ x n — x \— > and \ y n — y \-+ 0. But then, <|| Tz n — Tz || c =|| 
(x n -y n ,y n -x n )-(x-y,y-x) \\ c =\\ (x n - y n - x + y,y n - x n - y + x) \\ c = 
(I (x n ~ y n ~ x + y I, I y n - x n - y + x |) < 

(| x n - x | + | y - y n |, ] y n - y \ + \ x - x n ]) implies, 



<|||| Tz n -Tz || c ||< y(| x n - x | + | y„ -y |) 2 + (| y n -y \ + | x - x n |) 2 -^ 
0, hence \\\\ Tz n — Tz || c ||— >• 0, £/ia£ zs T^ ra — > Tz. 

(c) It can be easily shown that any linear operator on E represented by a diag- 
onal matrix is bounded. For example, if T is defined by T (x, y) = (ax, f3y) , 
a, (3 G R, then \\ T (x,y) \\ c < max{| a |, | (5 |} . || (x,y) \\ c . 

Theorem 32 // the norm of E is monotonic. Then any linear operator on a 
finite dimensional cone normed space is scalar bounded. 



PROOF. Let (X, || . || C1 ) be a finite dimensional cone normed space over a 
cone P in E with a monotonic norm || . ||, and (Y,\\ . || C2 ) an arbitrary 
cone normed space over the same cone. Then any linear operator T from X 
into Y is bounded if treated as a linear operator between the normed linear 
spaces (X, HI . || C1 ||), (Y,\\\\ . || C2 ||). But bounded linear operators between 
these two normed spaces are exactly scalar bounded operators from (X, || . || C1 ) 
into (Y, || . || C2 ). 
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Abstract. In this paper, we obtain the general solution and the stability result for the 
following functional equation 

f(3x + y) + f(3x -y) = f{x + y) + fix - y) + 2/(3x) - 2f(x) 

in random normed spaces (in the sense of Sherstnev) under arbitrary t-norms. 

1. Introduction 

The stability problem of functional equations originated from the question of Ulam [59] in 
1940, concerning the stability of group homomorphisms. In 1941, D. H. Hyers [38] gave the 
first affirmative answer to the question of Ulam for Banach spaces. In 1978, Th. M. Rassias 
[53] provided a generalization of Hyers' Theorem which allows the Cauchy difference to be 
unbounded, (see [8]-[33] and [49]-[52]). 

This new concept is known as generalized Hyers-Ulam stability of functional equations 
(see [l]-[4],[28, 29, 37], [39]- [46] and [48, 54, 57]). The functional equation 

/(* + v) + fix -y) = 2fix) + 2/(j/) (1.1) 

is related to symmetric bi-additive function. It is natural that this equation is called a 
quadratic functional equation. In particular, every solution of the quadratic equation (1.1) 
is said to be a quadratic function. It is well known that a function / between real vector 
spaces is quadratic if and only if there exits a unique symmetric bi-additive function B such 
that fix) = Bix, x) for all x (see [1, 43]). The bi-additive function B is given by 

B(x,y) = \{f(x + y)-f(x-y)) (1.2) 

Hyers-Ulam- Rassias stability problem for the quadratic functional equation (1.1) was proved 
by Skof for functions / : A — » B, where A is normed space and B Banach space (see [58]). 
Cholewa [5] noticed that the Theorem of Skof is still true if relevant domain A is replaced 
by an abelian group. In the paper [7], Czerwik proved the Hyers-Ulam-Rassias stability of 
the equation (1.1). Grabiec [34] has generalized the above mentioned result. 



°2000 Mathematics Subject Classification: 46S40,54E40. 

°Keywords: Additive-quadratic functional equation; Random normed space. 
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A. Najati and M. B. Moghimi in [47] introduced the following functional equation 

f(2x + y) + f(2x -y) = f(x + y) + f(x -y) + 2/(2x) - 2f{x) 

with f(0)=0. It is easy to see that the mapping f(x) — ax 2 + bx + c is a solution of the 
functional equation. They established the general solution and the generalized Hyers-Ulam- 
Rassias stability for the functional equation whenever / is a mapping between two quasi 
Banach spaces. 

The aim of this paper is to investigate the stability of the additive-quadratic functional 
equation in random normed spaces (in the sense of Sherstnev), under arbitrary continuous 
t-norms. 

In the sequel we adopt the usual terminology, notations and conventions of the theory of 
random normed spaces, as in [6, 55, 56]. Throughout this paper, A + is the space of dis- 
tribution maps; that is, the space of all mappings F: lU {— oo, oo} — > [0, 1], such that F 
is left-continuous and non-decreasing on R, F(0) = and F(+oo) = 1. D + is a subset of 
A + consisting of all functions F G A + for which l~F(+oo) = 1, where l~ f(x) denotes the 
left limit of the function / at the point x; that is, l~ f(x) = \im t ^ x - /(£). The space A + 
is partially ordered by the usual point-wise ordering of functions, i.e., F < G if and only if 
F(t) < G(t) for all t in E. The maximal element for A + in this order is the distribution 
function £o given by 

/ 0, ift<0, 
£oW = { 1, ift>0. 

Definition 1.1. ([55],). A mapping T : [0, 1] x [0, 1] — > [0, 1] is a continuous triangular norm 
(briefly, a continuous t-norm) if T satisfies the following conditions: 

(a) T is commutative and associative; 

(b) T is continuous; 

(c) T(a, 1) = a for alia G [0,1]; 

(d) T(a, b) < T(c, d) whenever a < c and b < d for all a,b,c,d G [0, 1] . 

Typical examples of continuous t-norms are Tp(a,b) = ab, TM(a,b) — min(a, b) and 
TL,{a,b) = max(a + b — 1,0) (the Lukasiewicz t-norm). Recall (see [35], [36]) that if T is a 
t-norm and {x n } is a given sequence of numbers in [0, 1], T£ =1 Xi is defined recurrently by 
Tl =1 Xi = xi and TJl 1 x l = T(T^Xi,x n ) for n > 2. T^ n x % is defined as T^x n+i . It is 
known ([36]) that for the Lukasiewicz t-norm the following implication holds: 

oc 

lim (T L )™ lXn+i = 1 <^> V (1 - x n ) < oo. (1.3) 

n— >oo z — ^ 

Definition 1.2. ( / [56] / ). A random normed space (briefly, RN-space) is a triple (X,fi,T), 

where X is a vector space, T is a continuous t-norm, and fi is a mapping from X into D + 

such that, the following conditions hold: 

(RN1) Hx(t) = £o(£) for all t > if and only if x = 0; 

{RN2) Aw(t) = M]^| ) for all x G X , a / 0; 

(RN3) fi x+y (t + s) > T(n x (t),fi y (s)) for allx,y G X and t,s>0. 

Every normed space (X, ||.||) defines a random normed space (X,/j,,Tm) where 

for all t > 0, and Tm is the minimum t-norm. This space is called induced random normed 
space. 
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Definition 1.3. Let (X,fi,T) be an RN-space. 

(1) A sequence {x n } in X is said to be convergent to x in X if, for every e > and A > 0, 
there exists positive integer N such that jJ, Xn -x(e) > 1 — A whenever n > N . 

(2) A sequence {x n } in X is called Cauchy sequence if, for every e > and A > 0, there 
exists positive integer N such that ^x n -x m {e) > 1 — A whenever n > m > N . 

(3) An RN-space (X, /i, T) is said to be complete if and only if every Cauchy sequence in X 
is convergent to a point in X. 

Theorem 1.4. ([55]/ If (X,jj,,T) is an RN-space and {x n } is a sequence such that x n — > x, 
then lmin^oo /j, Xn (t) — n x (t) almost everywhere. 

In this paper we deal with the following functional equation: 

/(3s + y) + /(3s -y) = /(* + y) + f(x - y) + 2/(3*) - 2f(x) (1.4) 

on random normed spaces. It is easy to see that the function f(x) — ax 2 + bx is a solution 
of the functional equation (1.4). In section 2 we investigate the general solution of functional 
equation (1.4) when / is a mapping between vector spaces, and in section 3 we establish the 
stability of the functional equation (1.4) in RN-spaces. 

2. General solution 

We need the following two lemmas for the general solution of (1.4). Throughout this 
section X and Y are vector space. 

Lemma 2.1. If an even function f : X — > Y with /(0) = satisfies (1.4) for all x, y £ X, 
then f is quadratic. 

Proof. Replacing y by x + y in (1.4), by evenness of /, we obtain 

/(4s + y) + /(2s -y) = f(2x + y) + f(y) + 2/(3*) - 2f(x) (2.1 

for all x, y € X. If we Replace y by — y in (2.1), we get by evenness of /, 

/(4x - y) + f(2x + y) = f(2x - y) + f(y) + 2/(3*) - 2/(ar) (2.2 

for all x, y £ X. If we add (2.1) to (2.2), we have 

f(4x + y) + f(4x -y)- 2f(y) = 4/(3*) - 4/(s) (2.3 

for all x, y £ X. Letting y = in (2.3), we get 

/(4s) = 2/(3*) - 2/(s) (2.4 

for all x £ X. Once again letting y = 2x in (2.3), we get 

/(6s) = 4/(3*) + /(2s) - 4/(s) (2.5 

for all x £ X. It follows from (2.4) and (2.5) that 

/(6s) = 2/(4*) + /(2s) (2.6 

for all x £ X. Once again letting y = 4* in (2.3), we get 

/(8s) = 2/(4*) + 4/(3*) - 4/(s) (2.7 

for all x € s. It follows from (2.4) and (2.7) that 

/(8s) = 4/ (4s). (2.8 

If we replace x by \ in (2.8), we get that 

/(2s) = 4/(s) (2.9 
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for all x G X. Replacing x by | in (2.6), we obtain 

/(3a0 = 2/(2a0 + /(a;) (2.10) 

for all a; 6 X. It follows from (2.9) and (2.10) that 

/(3(c) = 9/(1). (2.11) 

Replacing y by 3y in (1.4), we get 

/(3s + 3y) + /(3a; - 3y) = f(x + 3y) + f(x - 3y) + 2/(3*) - 2/(cc) (2.12) 

for all x,y G X. By (2.12) and using (1.4) and (2.11), we get 

9/(i + y) + 9 fix -y) = f(x + y) + f(x -y) + 2/(3y) 
- 2/(1,) + 2/(3cc) - 2/(*) 
for all x,y S X. Hence the function / : X — > V is quadratic. D 

Corollary 2.2. // an even function f : X —* Y satisfies (1.4) for all x, y G X, then mapping 
g : X — > V defined by g(x) :— f(x) — /(0) is quadratic. 

Lemma 2.3. // an odd function f : X — > y satisfies (1.4) /or aH x, j/ G X, £/ien / is additive. 
Proof. By letting y — x in (1.4), we get 

/(4s) = 2/(3*) - 2/(1) 
for all cc G X. If we let y = 3x in (1.4), we get by the oddness of /, 
/(6a;) = 2/(3cc) + f(Ax) - 2f(x) - /(2a;) 
for all x G X. It follows from (2.13) and (2.14) that 

/(6a:) = 2/(4x) - /(2cc) 
for all x G X. Once again, by letting j/ = 5a; in (1.4), we get by the oddness of /, 

/(8a;) - /(2a-) = /(6a;) - /(4a;) + 2/(3x) - 2f(x) 
for all i £ I. By (2.13) and using (2.15) and (2.16), we get 

/(8a;) = 2/(4cc) 
for all x G X. If we replace x by | in (2.17), we obtain 

/(2a;) = 2/(x) 
for all x G X. Now, in (2.15), replacing a; by | , we have 

/(3a;) = 2f(2x) - f{x) 
for all x G X. It follows from (2.18) and (2.19) that 

/(3a;) = 3/(x) 
for all x G X. By (1.4) we conclude that 

/(3a- + y) + /(3a; - ») = /(a- + y) + f(x - y) + 4/(x) 

for all x,y £ X. Replacing a; in (2.21) by | and multiplying both sides of (2.21) by 
obtain 

fix + 3y) + fix - 3y) = 3/(a- + y) + 3/(* - y) - lf{x) 
for all x,y G X. Replacing a; and j/ by 3/ and a; in (2.21), respectively, we get 
fix + 3y) - /(a- - 3y) = /(a; + y) - /(a- - y) + 4/(x) 



(2.13) 


(2.14) 


(2.15) 


(2.16) 


(2.17) 


(2.18) 


(2.19) 


(2.20) 


(2.21) 


r 2 we 


(2.22) 


(2.23) 
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for all x,y 6 X. By adding (2.22) to (2.23), we obtain 

f{x + 3y) = 2/(a + y) + f(x - y) - 2/(a) + 2f(y) (2.24) 

for all x,y £ X. Replacing y by —y in (2.24) 

f{x - 3y) = 2/(as - y) + fix + y) - 2/(a) + 2/(y) (2.25) 

for all x, y £ X. Once again, if we replace x in (2.24) by x — 2y, we get that 

fix + y) = 2/(x - y) + /(a - 3y) - 2/(a - 2y) + 2/(y) (2.26) 

for all x,y€X. It follows from (2.25) and (2.26), 

fix - 2y) = 2/(a -y)- fix) (2.27) 

for all x,y £ X. Replacing y by —y in (2.27), we lead to 

/(* + 2y) = 2/(a + y) - /(a-) (2.28) 

for all a;, y £ X. If we replace y by x + y in (2.27), we get that 

f{x + 2y) = f(x) + 2f(y) (2.29) 

for all x,y £ X. It follows from (2.28) and (2.29), 

f(x + y) = f(x) + f(y) 
for all x, y £ X. Hence mapping / : X — » Y is additive. D 

Theorem 2.4. ^4 function f : X — > Y satisfies (1.4) /or a/? x,y £ X if and only if there 
exists a symmetric bi-additive function B : X x X ^ Y and an additive function A : X — * Y, 
swcft i/iai /(#) = B(a, s) + Aix) for all x £ X. 

Proof. If there exists a symmetric bi-additive function B : X x X — » Y and an additive 
function A : X — > V, such that /(x) = -B(a, x) + Aix) for all x £ X. It is clear that function 
/ :X^ Y satisfies (1.4). 
Conversely, let / satisfies (1.4). We decompose / into the even part and odd part by setting 

/«(*) = \{m + fi-x)), uix) = \ifix) - fi-x)), 

for all x £ X. By (1.4), we have 

/ e (3a + y) + f e (3x -y)= \[fiZx + y) + /(-3a: - y) + /(3a - y) + /(-3a + y)] 
= \ [/(3K + y) + /(3a - y)] + ^[/(-3a + (-y)) + /(-3a - (-y))] 
= ^ [/(* + y) + /(* " V) + 2/(3*) - 2/(a)] 
+ ^[/(-* - y) + /(-as - (-y)) + 2/(-3a) - 2 fi-x)] 
= \ U^ + y) + fi-X-y)) + \ (/(a -y) + fix- i-y))) 

+ 2[i(/(3a) + /(-3a))] - 2[i(/(x) + /(-*))] 
= /«(* + ») + /«(* - V) + 2/ e (3a) - 2/ e (a), 

for all a,y £ X. This means that f e satisfies (1.4). Similarly we can show that f satisfies 
(1.4). By Corollary 2.2 and Lemma 2.3, we achive that the function f e — /(0) and f arc 
quadratic and additive respectively. Therefore there exists a symmetric bi-additive function 
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B : XxX ^ Y such that f e (x) = B(x,x)+f(0) for alia; £ X. So f(x) = B{x,x)+A(x)+f(0) 
for all x £ X, where A(x) = fo(x) for all x £ X. □ 



3. Stability 

Throughout this section X will be a real linear space and (Y, p, T) will be a complete 
RN-space. 

Theorem 3.1. Let f : X — » Y be an even function with /(0) = /or which there is 
p : X x X — » D + f p(x, y) is denoted by p x . y ) with the property: 

Pf(3x+y)+f(3x-y)-f(x+y)-f(x-y)-2f(3x)+2f{x){t) > Px,y{t) (3.1) 

for all x, y £ X and all t > 0. If 
lim Tg 1 (2p a n +< -i j 2 ^ 1 j2 2 ' l +* i ) + p 2! » ± ^ i;c ,.^-x (2 2 " +< t) 

+ P 2 „+,-i _3.2»+i-i (2 2n+l i)) = l (3.2) 

and 

lim p2™ : r,2™ ! ,(2 n t) = 1 (3.3) 

n — >oo 

/or all x,y £ X and all t > 0, iften t/iere exists a unique quadratic mapping Q : X —*Y such 
that 

/*>(»)-/(«)(*) > ^=i(2p 2 ^ i;c 2i - i;c (2 l t)+p 2i -i 5,-^(2'^+^,,-! -3.^-1 1 (2 2< t)), (3.4) 

4 ' 4 4 ' 4 4 x ' 4 x 

/or all x £ X and all t > 0. 

Proof. By replacing y by x + y in (3.1), we get 

P-f(4x+y)+f(2x-y)-f(2x+y)-f(y)-2f(3x)+2f(x){t) > Px,x+y(t) (3.5) 

for all x, y £ X. If we Replace y by —y in (3.5), we get 

Pf(4x-y)+f(2x+y)-f(2x-y)-f(y)-2f(3x)+2f(x)(t) > Px,x-y{t) (3.6) 

for all x, y £ X. If we add (3.5) to (3.6), we have 

Hf(4x+y)+f(4x-y)-2f(y)-4f(3x)+4f(x)(t) > Px,x+y{t) + Px,x-y(t)- (3.7) 

Letting y = in (3.7), we get the inequality 

p2f(4x)-4f(3x)+4f(x){t) > 1px,x(t) (3.8) 

for all x £ X. Once again by letting y = 4a; in (3.7), we get the inequality 

M/(8a:)-2/(4i)-4/(3a;)+4/(a;)(i) > Prc.Sz^) + px,-3x{t) (3-9) 

for all a- £ X. It follows from (3.8) and (3.9) that 

P-f(8x)-4f(4x)(t) > 2Px,x{t) + px,5x{t) + px,-3x{t) (3.10) 

for all x £ X. If we replace a; by | in (3.10), we obtain 

M/(2a0 -4/ (*)(*) > 2p|,j(i)+P| to(t)+p, ; =|*(t) (3.11) 

for all a: £ X. Letting 

tpx,x{t) =2pz,i(t)+px sx(t)+p« ^ae(*) (3.12) 

4 4 4 ' 4 4 ' 4 

for all a: £ X, then we get 

Pf(2x)-4f(x){t) > ipx,x(t) (3.13) 
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for all x G X and all t > 0. Thus we have 



/*/(*■) /(x) ffl>VV*(2 2 t) (3.14) 



for all x G X and all t > 0. Hence, 



M /(2fc+i„) /(2fc») ft) > '02'» :l: ,2^(2 2(fe+1) t) (3.15) 

2 2(k + l) 2 2k 

for all x G X and all k G N. This means that 

M /(2fc+i») /(2fc») (^xt) - ^x^xi 2 t) (3.16) 

2 2(fc + l) 2 2fc Z 

for all x G X, t > and all k G N. As 1 > \ + ^ + ••■ + ^r, by the triangle inequality it 
follows 

M/(2"x>_ , ,(t) > T^ =1 (M /(2fc+ix> /(2fcx) (t^m)) - ^£=1 i^x^xi^ *)) 

2 2 " ' l ' 2 2(fe+l) 2 2fc 

= mi(^ 3 *-i«, 2 *-i 1B (2 i t)) (3.17) 

for all x G X and £ > 0. In order to prove the convergence of the sequence { 2 2 " }' we 
replace x with 2 m a; in (3.17) to find that 

Ai /pn+m.) /(a m.) (t) > 7T=1 (^i+m- l^+m-l. (2* + 2m £)) . (3.18) 

2 2(" + m) 22m 

Since the right hand side of the inequality (3.18) tends to 1 as m and n tend to infinity, 
sequence { 2' 1 ™ > ls a Cauchy sequence. Therefore, we may define Q{x) = limn-,^ 2 2 n 
for all x G X. Now, we show that Q is a quadratic map. Replacing x, y with 2 n a; and 2 n y 
respectively in (3.1), it follows that 

At /(3.2"x+2"-„) /(3.2"x-2"«) /(2" x + 2";;) /(2"x-2"j;) ,, /(3.2"x) „ /(2"x) (t) > p2™x,2*iy(2 t). 
2^ H 2^ 2^ 22S 2^ h 2 2 ™ 

(3.19) 
Taking limit asn-» 00, we find that Q satisfies (1.4) for all x,y £ X. Therefore by Lemma 
2.1 we get that mapping Q : X — > Y is quadratic. 

To prove (3.4), take limit as n — > 00 in (3.17) and by (3.12). Finally, to prove the uniqueness 
of the quadratic function Q subject to (3.4), let us assume that there exists a quadratic 
function Q' which satisfies (3.4). Since Q(2 n x) = 2 2n Q(x) and Q'(2 n x) = 2 2n Q'(x) for all 
x G X and n G N, from (3.4) it follows that 

MQ(x)-Q'(x)(2t) = fQ(2"i)-Q'(2"i)(2 " t) 

> T(fJ,Q( 2 n x )-f( 2 n x ){2 "t),M/(2"x)-Q'(2" :c )(2 "*)) 

> r(Jg 1 (2p 3<+ „-i a<+ „-! j2 2 "+'t)+p 2 , + „- 1:r s _ ai+n - 1 (2 2n+i t) 
+ P 2 h,-i g -3. 2 i+n-i x (2 2 "+m 7^ 1 (2p 2<+ „- 1 a<+ „-! j2 2 " + 't) 

4 x f 4 ■*• 4 *) 4 «*■ 

+ p ?!± ^i i ,,„<+„-! x (2 2n+i t) + p 2i+n ^ _ 3 . 2 i + ~-i i (2 2 " +< t))) (3.20) 

for all x G X and all t > 0. By letting n — > 00 in (3.20), we find that Q = Q' . D 

Theorem 3.2. Let X be a real linear space, (Y, fi, T) be a complete RN-space and f : X —* Y 
be an odd function which there is p : X x X — » D + ( p(x, y) is denoted by p x>y ) with the 
property: 

Vf(.3x+y)+f(3x-y)-f(x+y)-f(x-y)-2f(3x)+2f(x){t) > Px,y{t) (3-21) 
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for all x, y G X and all t > 0. If 
lim T™ 1 {2p 2 ^ ±lzlx , n+t . 1 (2 n+i t)+p 2 n +i - lx ,, a n + «-i x (2 n+i t) 

+ p 2 „ +i -i ^n+i-i (2" +i t)) = 1 (3.22) 

and 

lim p 2 " a; ,2"j / (2 n t) = 1 (3.23) 

n — >oo 

/or all x,y £ X and all t > 0, i/ien i/iere exists a unique additive mapping A : X — > V suc/i 



^W-/(x)W > Z£i(2p*-i *-i (2 l i) + PM _i ^-i B (2»t) + p 3 i = i B ..,i-i J (2 , t)), (3.24) 
/or all x £ X and all t > 0. 
Proof. By letting j/ = a; in (3.21), we get 

pf(4x)-2f(3x)+2f(x)(t) > Px,x(t) (3.25) 

for all x G X. If we let y = 3a; in (3.21), we get by the oddness of /, 

Hf(6x)-2f(3x)-f(4x)+2f(x)+f(2x)(t) > Px,3x(t) (3.26) 

for all x G X. It follows from (3.25) and (3.26) that 

Pf(6x)-2f(4x) + f(2x)(t) > Px,x(t) + p x ,3x(t) (3.27) 

for all x G X. Once again, by letting y = 5a; in (3.21), we get by the oddness of /, 

Vf(8x)-f(2x)-f(6x)+f(4x)-2f(3x)+2f(x)(t) > Px,Sx{t) (3.28) 

for all x G X. By (3.25) and using (3.27) and (3.28), we get 

pf(8x)-2f(4x)(t) > 2px,x(t) + Px,3x(t) + px,5x(t) (3.29) 

for all x G X. If we replace x by | in (3.29), we get that 

A*/(2.)-2/( B )(«) > 2p S ,| (i) + p. ,a- (t) + p f m (t) (3.30) 

for all a; G X. Let 

6.,«(t) = 2pj, f (t) + p f i¥ (t) + p f ^(t) (3.31) 

4 4 4 ' 4 4 ' 4 

for all x G X and all t > 0, then we get 

pf(2x)-2f(x)(t) > 4>x,x{t) (3.32) 

for all x G X and £ > 0. Thus we have 



for all x G X. Therefore, 



/*/(2.) /(j) (*)>6.,,(2f) (3.33) 



M /(2*+lx) /(2fc») (t) > 4>2*x,2*xQ t) (3.34) 

2 t+i 2 fc 



for all a; G X and all fc G N. Hence 

/i/t^) , (£) > T^i (M /Cgfc+lg) /a*x) (*)) > 2T=1 (02*a:,2*a:( 2 *)) 

2 2 k + 1 2 k 

= T£i(^ 2 «-ix,a*-ix(2 i t)) (3.35) 

for all x G X and £ > 0. In order to prove the convergence of the sequence { 2 " }' we 
replace x with 2 m x in (3.35) to find that 

p, t(2 n+ mx) )(i%) (t) > T^ 1 (0 2 , +m -i :c . 2s+m -i ;E (2' +m t)). (3.36) 

2 ™+ m jm 
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Since the right hand side of (3.36) tends to 1 as m and n tend to infinity, sequence { 2 " } 
is a Cauchy sequence. Therefore, we may define A(x) — linin^oc 2 „ x for all x G X. Now, 
we show that A is a additive map. Replacing x,y with 2 n x and 2 n y respectively in (3.21), 
it follows that 

P f(3.2"x + 2"y) /(3.2"t-2"j/) /(2"x + 2"j,) /(2"x-2"y) f(3.2"x) /(2"x) (t) > P2™x,2™y(2 t) . 
2" I 2"" 2™ 2 71 ■* 2™ h ^ 2 71 

(3.37) 
Taking limit asm oo, we find that A satisfies (1.4) for all x,y 6 X. Therefore by Lemma 
2.3 we get that mapping A : X — » Y is additive. 

To prove (3.24), take limit as n — > oo in (3.35) and by (3.31). Finally, to prove the uniqueness 
of the additive function A subject to (3.24), let us assume that there exists an additive 
function A' which satisfies (3.24). Since A{2 n x) = 2 n A(x) and A'(2"x) = 2 n A'(x) for all 
x G X and n G N, from (3.24) it follows that 

pA(x)~A'(x){2t) — pA(2 n x)-A'(2 n x){'2 t) 

> T()J.A(2™x)-f(2 n x)(2 n t),Vf(2 n x)-A'(2™x)('2 n t)) 

> r(Ig 1 (2 P3<+ n-l j 2i+ n-, x {2 i+n t) + Psl± ^ lx 3 . 2 i + n-l i (2 < + "t) 

4 •*•) 4 •*- 4 «*-i 4 «*- 

+ /> i H.-i i ,. 2 i + ~-i I (2 <+ "t)),7Vf 1 (2p 2 i + „- li 2 , + n- lx (2 j+ "t) 
+ p 21± ^ i;c 3,H.-i j2 i+ "t) + p,^^ 5 . 2 , + „- l j; (2' + "t))) (3.38) 

for all a? G X and all i > 0. By letting n —> oo in (3.38), we find that A — A'. □ 

Theorem 3.3. Let f : X — > V 6e a function with /(0) = /or which there is p : XxX —> D + 
( p(x,y) is denoted by p x , y ) with the property: 

Hf(3x+y)+f(3x-y)-f(x+y)-f(x-y)-2f(3x)+2f(x){t) > Px,y{t) (3.39) 

for all x, y G X and all t > 0. If 
lim Ig 1 (2p 3 » +< -i ^^i^+'t) + p 2 ^ ± ^ 3.2^-1 ,(2"+^) 

+ P 2 n+»-l 5 . 2 n+i-l (2" *t) + 2p _ 2 » + a -l _ 2 „+i-l (2" 't)+p _ 2 „ + i-l _ 3 . 2 n + i-l (2" s i) 

4 '4 4- L '4 J ' 4 X -4' L 

+ P -2. + -1 - 8 .2» + i-l (2" + l i)) = l= lim 2g 1 (2p 2 n+i-l gn+i-1 (2 2 " + 'i) 

4 ^i 4 x n— »oo 4 x > 4 x 

+ P 2 n+i-l 5 . 2 n+i-l (2 " 'tj+P gn+i-l _ 3 . 2 n + i-l (2 " *t) + 2p _ 2 n+i-l _ 2 n+»-l (2 " *t) 
4 > 4 4- L f4' L 4 ^j 4 x 

+ p ^n+i-i ^ , 5 . 2 „ + ,- 1 ;c (2 2 " + ^ + p _ 2 „+,-^ ,. an+< -i i (2 2 " +i t)) (3.40) 

4 **•> 4 x 4 ■'•> 4 ■'• 

and 



lim p2» a; ,2"s/(2 n t) = 1 = lim p2« :E ,2™i/(2 n £) (3-41) 



2 2n i 

n — >oo n — >oo 

/or all x,y £ X and all t > 0, tten iftere exists a unique additive mapping A : X — > V and a 
unique quadratic mapping Q : X — > y sucft i/iai 

/*Q(it)-A(ic)-/(i)(t) > Tgi(2p 2 i-i 2i_i (2 l t) + p 2 i-i 3. 2 «-i (2't) + p 2 «-i 5 . 2 i-i (2'f) 

4 •*-> 4 <*• 4 -^i 4 ^ 4 ■*•> 4 -^ 

+ 2p^-i _ 2i -i (2*t) + p _ 2 i-i -3,.-i j2'f) + P^zi^ -5.2-1 (2't)) 
+ 2^ 1 (2p 2 *- 1 2^ij2 l i) + p^ ^ijft) + p 2i _! _ 3 . 2 i-i (2't) 

4 x > 4 -^ 4 X '4 X 4 x i 4 x 

+ 2p^- i _ 2 i-i (2 f t) + p^^ - 5 ,,-i (2'f) + p _ 2 i-i 3,^-1(2^)), 

4 J-j 4 J- 4 x i4 x 4 -*•> 4 -^ 

(3.42) 
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for all x £ X and all t > 0. 
Proof. Let 



U(x) = ^[f(x) + f(-x)] 



for all x G X. Then / e (0) = 0, f e {-x) = f e {x), and 

Vfe(3x+y)+f e (3x-y)-f e (x+y)-f e (x-y)-2fe(3x)+2f e (x)(t) > Px,y(2t) + p- x - y {2t) 

> P x,y(t) + P~x,-y(t) (3.43) 

for all x, y € X. Hence, in view of Theorem 3.1, there exists a unique quadratic function 
Q : X -* Y satisfying (3.4). Let 

f (x) = \[f{x) -f(-x)] 

for all x G X. Then / o (0) = 0, / (-x) = -/<,(«), and 

Pfo(3x+y)+f (3x-y)-f (x+y)-f (x-y)-2f (3x)+2f (x){t) > Px.yi^t) + p-x-y (2t) 

> Px,y(t) + P-x,-y(t) (3.44) 

for all x, y G X. From Theorem 3.2, it follows that there exist a unique additive mapping 
A : X — > Y satisfying (3.24). Now it is obvious that (3.42) holds true for all x G A, and the 
proof of Theorem is complete. □ 
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Abstract 

Monotonic random walk of particles on a one-dimensional lattice is considered. 
This model is treated as the limit case of the model in which the particles move 
on a ring. In this limit case the ring is great. The average velocity of the particles 
has been found. 



Key words: stochastic models, random walk, traffic, average velocity, Markov 
chains. 



1. Introduction 

Models of random walk on a lattice are used for the study of the road traffic. 

The appearance of cell automata models in the problem of traffic flows is 
associated with works of Nagel and al. [11, 12], which were published in mid- 
nineties. In [11, 12] the dependence of the average velocity and intensity of 
traffic flow on the model parameters was studied. The following factors, which 
contributed to the activation of this approach, can be noted 

1) desire to explain the discrepancy between the solutions of traffic equations 
and experimental observations, which exhibited chaotic behavior in the so-called 
regime of instability; 

2) desire to create models discrete in time and space (or only on one coor- 
dinate), which would be independent on continuum models and could take into 
account the individual behavior of "particles with motivated behavior". 

It has been noted that the scheme considered in [11, 12] is similar to monotonic 
random walks on a lattice. This theme has its own history. In particular, the 
works of Soviet mathematician Yu.K. Belyaev and his students [1, 13] are devoted 
to traffic flows in the underground and contain exact results for one-dimensional 
random walk (not only monotonic walk). 
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As the Russian mathematician M. Blank noted, in subsequent development 
of the model of cellular automata, the Western science has been satisfied by 
numerical results only, which is apparently due to the relative availability of 
computational tools. M. Blank gave well-defined statements and found exact 
results in a number of important cases, [2, 3]. 

Here we are talking about exact estimates, while simulation results such as 
the statement of the decisive influence of the presence of heavy trucks on flow 
work certainly exist. 

In [8] a model of movement of particles (vehicles) on a multi-lane road location 
was considered. In this model the velocity of movement is the sum of determi- 
nate and stochastic components. In this model the determinate component of 
movement corresponds to the background movement on lane and the stochastic 
component corresponds to individual manoeuvres of particles. Each lane is a 
sequence of cells. The dimension of the cell is determined by the dynamic di- 
mension i. e the length of the road segment occupied by a particle. The dynamic 
dimension takes into account the safety requirement and depends on velocity of 
movement, [10]. Stochastic movement is described by monotonic random walk 
on cells of lane and the regular movement is described by uniform movement of 
all the cells of lane, [7, 8]. 

In [9] a model of random walk on one-lane ring has been considered. The 
formula has been found for the average velocity of particles. This formula is a 
generalization of the formula, found in [3], for the model of random walk, where 
randomness occurs only for the initial configuration of particles. 

In [4-6] models of random walk on a discrete lattice, similar to models intro- 
duced in [7, 8], have been used to solve some traffic optimization problems. 

The present work considers a stochastic model, which describes movement of 
particles (vehicles) on a one-dimensional lattice. The model is the limit case of 
the model considered in [9], in which the number of cells is great. 

2. Formulation of problem 

Let us describe the stochastic model of movement on the ring, which was con- 
sidered in [9]. The ring contains n cells and m < n particles. The (i + l)th cell 
follows the ith cell in the direction of movement, i = 1,2, . . . ,n — 1. The 1st cell 
follows the nth cell. Transitions of particles occur at discrete times 1,2,3,.... If 
at a discrete time the cell, which follows the particle in the direction of movement, 
is empty then the particle passes to the following cell with a probability p which 
does not depend on behavior of the other particles. The initial configuration of 
particles on the lattice is fixed. 

States of the model are determined by configurations of particles on the lattice. 
The steady state probabilities and the average velocity of particles were found 
in [9] . The initial configuration of particles on the lattice is fixed. 

In [9] a Markov chain was considered, each state of which corresponds to 
a state of the model. The number of states is equal to number C™ of m- 
combinations from a set of n elements. It is proved that the probabilities of 
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states depend on the number of particle clusters only. " Cluster" is a group of 
occupied cells isolated from other clusters by empty cells. 

By u(n, m,p) denote the average individual velocity of movement of particles, 
i.e. the stable probability that some fixed particle passes at the current time to 
the next cell. 

In accordance with results of work [9] 

min(m,n— m) ^ 

m jfc^i I 1 - P) 



where 



'iain(m,n— m) . 

1T> ^.t_i ^-»i. i J- 



r-t _ I v^ _ r ik ~ 1 r ik ~ 1 



fc=l 



p )fc-l 



Let r be the density of flow defined as r = m/n. In present work the limit of 
individual velocity u(r,p) has been found for n — > oo, m->ooso that m/n — > r. 

3. The average velocity of particles 

Theorem 1. The limit of individual velocity u(r,p) for n — > oo, m — > oo, 
m/n — > r exists and is calculated as 



1 — yl — Arp(l — r) 
lim u(n,m,p) = u(r,p) 



n— >oo, m/n—>r ZT 

Proof Let A, be the event that the ith cell is occupied and B k be the event 
that there are only k clusters. Consider a pair of cells with numbers 1 and 2 as a 
Markov chain with four states E = (0,0), E x = (0, 1), E 2 = (1,0), E 3 = (1, 1), 
where or 1 in the ith position means that cell i is empty or occupied, i = 1, 2 
(Fig. 1). Then E = A~ 1 A^,E 1 = A X A 2 , E 2 = A{A 2 , E 3 = A X A 2 . 

Let po, pi, p 2 and p 3 be the stable probabilities of states £"0, E x , E 2 and E 3 . 
The stable probabilities of both the original model and the considered pair of 
cells exist and do not depend on the choice of the initial state, [9]. 

If k is the number of clusters for the current state of model, then k particles 
have empty cells ahead in the direction of movement. 

Then the ratio a = a(n, m) of average number of clusters to the number of 
particles is equal to the probability P(A 2 /A 1 ) that the cell is free in front of 
the fixed particle. Let q(n, m) be intensity of particles, that is the number of 
particles passing the section per a time unit 

q(n,m) = pra(n,m) = pma(n,m)/n. (2) 

We have 

PCM/AA = P2 = a(n, m) = a. (3) 

P2+P3 
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Figure 1: States of the pair of neighboring cells 



It follows from (3) that 



1 



P3 



-P2- 



(4) 



We shall use the fact that for the considered model all states with the same 
number of clusters have the same probability. This fact is a consequence of for- 
mula found in [9]. In accordance with this formula 



P(k) 



C 



(l-p)fc-i' 



(5) 



where P(k) is the probability of a state with k clusters; C is the normalizing 
constant. 

Let us use the notion of a dual model. A similar notion was introduced in 
[3] . In the dual model there are n — m particles, which correspond to the empty 
places of the original model. Direction of movement in the dual model is opposite 
to direction of movement in the original model. 



Lemma 1. The following equality is true 



aln.n — m 



-a(n,m), r 
1 — r n 



(6) 



Proof of Lemma 1. Flow intensities in the original and dual models are equal 

q(n, m) = q(n, n — m). 
From this equality and (2) it follows that 

pma(n, m)/n = pin — m)a(n, n — m)/n 
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and hence (6) is true. 



Let us derive the formula for a. 

Let P13 be probability of transition from state E\ to state E% (Fig. lb, Id) 
and P32 probability of transition from state E$ to state E2 (Fig. lc, Id). From 
state £"3 the chain can come only to state E 2 . The chain can come to state E 3 
only from E\. For a stable state the number of entrances to a state per time unit 
is equal to the number of exits from this state 

P3P32 = PlPl3- (7) 

Next we derive formulas for transition probabilities 

P32 = a P + °(1) 5 n — > 00, m/n — > r, (8) 

r 

P13 = a- p(\ — ap) + o(l), n — )■ 00, m/n — »■ r. (9) 

1 — r 

Equations (7)-(9) allow to write the balance equation so that value of a could 
be found. 

Lemma 2. Equality (8) is true for the probabilities of transition from state 
E3 to state E 2 . 

Proof of Lemma 2. Transition of chain from state £"3 to state E 2 occurs if a 
particle passes from cell 2 to cell 3, Fig. lc, Id, and so 

p 32 = P(A 3 /A 1 A 2 )p. (10) 

The equality 

P(A 3 /A X A 2 ) = a(n - 1, m - 1) 

is true. This equality follows from the one-to-one correspondence between two 
sets, one of which is the set of states of the original models, for which cells 1 and 
2 are occupied, and the other set is the set of states of the model with n — 1 cells 
and m — 1 particles, for which cell 1 is occupied. 

Indeed, a model state is described by vector (81, ... , 9 n ) where the value of 

9i, % = 1, . . . , n, is 1 for Ai and for Aj. State (1, 1, 6 3 n , . . . , 6^) of the original 

model corresponds to state (1, 6 2 , . . . , B^-i ) of the model with n — 1 cells 

and 0\ n ~ = 0j-+i, i = 2, . . . , n — 1. All the configurations of m — 2 particles on 
the set of cells 3, . . . , n have the same probability under condition A\A 2 B^. The 
probabilities of all particle configurations on the set of cells 2, . . . , n — 1 of the 
model with n — 1 cells and m — 1 particles under condition AiBk, k = 1, . . . ,m — 1 
are also equal. The states which are in one-to-one correspondence have the same 
conditional probabilities. Indeed, let a(k) be the number of model states for 
which cells 1, 2 are occupied and there are k clusters, k = 1, . . . , 
min(m — l,n — m). Then the probability of a configuration of m — 2 particles 
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on the set of cells 3, . . . ,n, under the condition A1A2, if there are k clusters in 
the model, is calculated with formula (5) where 



min(m— 1, n—m) 



c=\ E 7 a{k) 



The probability of a fixed configuration of m — 2 particles on the set of particles 
2, . . . , n — 1 in the model with n — 1 cells and m — 1 particles under the conditions 
A\, if there are k clusters in the model, is the same. If states of two models are 
in one-to-one correspondence, then these states are characterized by the same 
number of clusters. So the considered conditional probabilities of these states 
are the same. 

Value of a(m, n) is continuous on density r so that 

lim (P(A^/AiA 2 ) - a(n, m)) = 

= lim (a{n — l,m — 1) — a(n, m)) — 0. 

Hence, 

P(A 3 /A 1 A 2 ) = a(n,m) + o(l), n ->■ 00, mjn-^r. (11) 

Formula (8) follows from (10) and (11). Lemma 2 is proved. 



Lemma 3. For £/ie transition from state E\ to state E 3 , equation (9) is true. 

Proof of Lemma 3. Transition of the chain from state E\ to state E% (Fig. lb, 
Id) occurs if the particle occupying the n-th cell passes to cell 1 and the particle 
occupying cell 2 does not move. The transition occurs with probability p if cells 
n and 3 are occupied, and with probability p(l — p) if cell n is occupied and cell 
3 is empty. We have (Fig. 2) 

pia = P(A 3 A n /A~ 1 A 2 )p + P(A 3 A n /A~ 1 A 2 )p(l - p) = 

= P(A 3 /A~ 1 A 2 )P(A n /A~ 1 A 2 A 3 )p+ 
+P(A~ 3 /A~ 1 A 2 )P(A n /A~ 1 A 2 ~A;)p(l - p). (12) 

We have 

a(n,m) = —^— ■ ( Pl P(A 3 /A~ 1 A 2 ) + p 3 P(A~ 3 /A 1 A 2 )). (13) 

Pi +P3 

From (11) and (13) we have 

P(A 3 /A 1 A 2 ) = a(n, m) + o(l), n — > 00, m/n — » r. (14) 
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Figure 2: States of the four cells. Conditional probabilities of states of cell n are 
calculated 

Comparing the behavior of the original and dual system and taking into ac- 
count (6) and (14) we have 

P{A n /A[A 2 ) = P*(Az/A\A 2 ) = a(n,n- m) + o(l) = 



-a(n, m) + o(l), n — y oo, m/n —y r, 



(15) 

where the asterisk indicates that probability is calculated for the model for which 
the number of particles is n — m and the number of cells is n still. 
We have (Fig. 2a) 



P{A n /A 1 A 2 A 3 



a(n — 2,n — m — 1) 



(16) 



Equality (16) follows from the one-to-one correspondence between configurations 
of n — m — 2 empty places on the set of cells 4, . . . , n, for which cells 1 and 3 are 
empty, cell 2 is occupied and there are k clusters in the considered model, and 
the set of configurations of n — m — 2 empty places on the set of cells 2, . . . , n — 2 
of the model with n — 2 cells and n — m — l empty places, for which cell 1 is empty 

and there are k — 1 clusters. State (0, 1, 0, 9± , . . . , 9^) of the original model 



corresponds to state (0, 9 



]("-2) 



(n-2) 

2 J 



(n-2)> 



) ^71-2 



of the model with n — 2 cells, where 



3 («) 



91" *' = #i+2> i = 2, . . . , n — 2. In addition, in accordance with (5) the conditional 
probabilities of the states that are in correspondence are the same. Indeed, let 
(3(k) be the number of the original model states, for which cells 1,3 are free, cell 
2 is occupied and there are k clusters, k = 2, . . . , min(n — m, m — 2). Then the 
probability of a fixed configuration of n — m — 2 empty places on cells 4, . . . , n of 
the original model under the condition AiA 2 A 3 is calculated with formula (5), 
where k is the number of clusters for this configuration, 



C 



This probability is equal to the probability of a fixed configuration oin — m — 2 
empty places on set of cells 2, . . . , n — 2 of the model with n — 2 cells and n — m — l 
empty places under the condition A\ if there are k — 1 clusters in the model for 
this configuration. For a state of this model the number of clusters is less by one 
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than for the corresponding state of the original model, therefore the considered 
conditional probabilities are the same for corresponding states of the models. 

As 

lim (a(n, n — m) — a[n — 2,n — m — 1)) = 

we have 

a(n — 2, n — m — 1) = a(n, n — m) + o(l), n — > oo, m/n — > r. (17) 

From (6), (16) and (17) we obtain (Fig. 2a) 

P(A n /A^A 2 A^) = a(n,m) + oil), n -> oo, m/n -^ r. (18) 

1 — r 

Taking into account (15) and (18) we have (Fig. 2b) 

P(A n /A^A 2 A 3 ) = a(n,m) + oil), n -* oo, m/n -> r. (19) 

1 — r 

From (12), (14), (18) and (19) we obtain (9). Lemma 3 has been proved. 

Let us proceed to prove Theorem 1. 

From the fact that probabilities of all the states with the same number of 
clusters are the same it follows that 

Pi=P2- (20) 

From (4), (7)-(9) and (20) we obtain 

T 

Pi(l — a)p = pia p(l — ap) + o(l), n —$■ oo, m/n — > r. (21) 

1 — r 

Passing to the limit in (21) we obtain 

r 

Pi(l - a)p = p x a- p(l-ap). (22) 

1 — r 

From (22) we obtain the quadratic equation for a 

a 2 rp -a + l-r = 0. (23) 

The solution of this equation, all values of which are not greater than 1, is 



1 — \ 1 — 4rp(l — r) 

a = a(r,p) = V - -. (24) 

Irp 

Some values of the second branch of the solution of equation (23) are greater 
than 1 and a pass from the first branch to the second one means that function 
u(r,p) is discontinuous. In accordance with theory of Markov chain, steady state 
probabilities are unique and therefore solution (24) is unique. 
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Recall u(r,p) = pa(r,p). Then (1) is true. 
Theorem 1 is proved. 



Table 1 shows values of average velocity w(170, 170r) of particles for n = 170 
and different values of p, r, and the corresponding limit values of u(p,r). 



Table 1. Average velocity w(170, 170r) (on the left) of particles for n = 170 
and different values of p, r, and the corresponding value of u(r,p) (on the right) 





r = 0.1 


r = 0.3 


r = 0.5 


r = 0.7 


r = 0.9 


p = 


= 0.1 


0.091 


0.091 


0.072 


0.072 


0.052 


0.051 


0.031 


0.031 


0.010 


0.010 


p = 


:0.3 


0.279 


0.278 


0.226 


0.225 


0.164 


0.163 


0.097 


0.097 


0.031 


0.031 


p = 


:0.5 


0.474 


0.472 


0.399 


0.397 


0.294 


0.293 


0.171 


0.170 


0.053 


0.052 


p = 


:0.7 


0.677 


0.676 


0.599 


0.597 


0.454 


0.452 


0.257 


0.256 


0.075 


0.075 


p = 


:0.9 


0.890 


0.889 


0.845 


0.843 


0.686 


0.684 


0.362 


0.361 


0.099 


0.099 



4. Conclusion 

In this paper the formula has been found for the average velocity of movement 
on a one-dimensional lattice as the limit case of random walk on a ring as the 
length of the ring tends to infinity. 
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A New Approach of Statistical Hypothesis Verification 

Iuliana F IATAN 

Abstract 

A new approach of statistical hypothesis verification is proposed. We shall 
prove a theorem which allow us to express our likelihood ratio test. Since 
its distribution is difficult to calculate we shall use the simulation with our 
algorithm in order to determine the critical value of the generalized likelihood 
ratio. 

Keywords: hypothesis verification, parameter space, critical value, gen- 
eralized likelihood ratio, 

1 Introduction 

The paper is organized as follows. The first section gives a brief review of the 
paper. The second section presents the proposed approach of statistical hypothesis 
verification. The third section focuses on computing critical value of the generalized 
likelihood ratio. The sections 4 introduces an algorithm for two classes comparing. 
The section 5 presents some conclusions of this paper. The paper one finishes with 
its references. 

Assume that we have: 

• a selection A]; ,...,X n on a random vector A^ 1 ) ~ Af(n^>, XW) and 

• a selection A^ , ..., X N ' on a random vector X^ ~ Af(^ 2 \ X( 2 )), 

where /i'- 1 ',/^ 2 ', XW, X^ 2 ) unknown parameters, /i*- 1 -*, /i*- 2 -* being dx 1 vectors and 
vjW, x;(2) b em g a d x d definite positive matrix. 
We propose to verify the hypothesis 

R :^=^ 2 \ X«=X( 2 >. 

The critical value V a of our likelihood ratio test V (which is used for testing of 
the hypothesis H ) has to be determined such that P(V < V Q |H ) = a, a being 
the risk of first order which has to be small. We shall prove a theorem which allow 
us to express V. Since the distribution of this ratio V is difficult to calculate we 
shall use the simulation with our algorithm in order to determine the critical value 
V a of the generalized likelihood ratio. 

2 Hypothesis Verification Concerning the Identity 
of Two Normal Distribution 

We denote by: 

• fi the parameter space where X^, Y,^ 2 ' are d x d defined positive matrices, 

• Sli is a subset of the parameter space for which X^ 1 ) = X^ 2 \ 

• fl2 is a subset of the parameter space for which X' 1 ) = X^ 2 ) and /i^ = /i^K 

1 
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Proposition [4] We consider the hypotheses 

H 2 :£«=£( 2 \ M (1) =M (2) , 
H 12 : M «= M ( 2 ), £« ^SW. 

If /i, Z2 and Z12 are the likelihood ratios for verification of the hypotheses Hi, H2 
and respective H12, then 



I12 — hh 



Proof: 

The likelihood function is 



L = jv ^-exp 

(27r)^ (Ari+Ar2) .|S(i)|^.|E(2)|^ 



1 Nl t 

2EK } -m (1) ) (sW)- 1 ^)-^: 



N 2 



■ cxp 
The maximum likelihood estimates of parameter with respect to tt are: 



(1) 



H 



U) = x 






y £x i V\j = l,2, 



or 



where 






u)_y^ j A fx^-x {j) 



.7 = 1,2, 



EC;) 



iV, 



■Sj, j = 1,2. 



(2) 



A r , 



^ = E x 



i=l 



«)_ Y {j A (y,U) _ yO) 



X v 



.7 = 1,2. 



(3) 



The maximum value of the likelihood function from (1) with respect to J7 is 



f 



(27r) f(A'i+A'2).|-(i)| 2 .|£ (2) | 



*2 



•exp 



^E^-^) 4 ^)" 1 ^-^ 



• cxp 



Taking into account [4] that 



N 2 

W(x^-x^)\mr(x^-x^ 



(4) 
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lf:(xp-x {i) )\± 



a=l 



KD _T (1) V (Y.Vh-i (x^~x {1) ) = -^d 



and respectively 



N 2 



\ E (^ - ^ (2) ) 4 ^ 2) ) _1 (^ 2) - x(2) ) =" T d 



the relation (4) may be written in the form 
Lc = 



(2 7 r)» (JVl+JV2) -|fi( 1 )| 2 -|£( 2 )|" 



-iVi _«2 

e 2 a . e 2 



therefore 



Lo = 



(2tt)^ v -ISWI 2 -|S( 2 )f 



N 2 



e 2 



where N = N X +N 2 . 



With respect to Qi, the maximum value of the likelihood function is 



(5) 



L<i, — 



{2„)* N .\±\ 



■ cxp 



1^ 



-EW ] -y 



-xWYv-UyW-x^ 



■ exp 



1 ^2 

-jE(^ 2) -* ( 



a=l 



(2) V s Wi(^i( 2 » 



where 



we have used the notation 



£(1) = £(2) = £ = 1 5 

TV ' 



O — iSi + D2 



with Si and 5*2 from (3). 

With respect to 0.%, the maximum value of the likelihood function is 



(6) 



(7) 



Ln 2 



1 



(2tt)* N -\£* 



■ exp 



i Nl t 

5 E (*£>-*) VT'ixW-x 



■ exp 



N 2 

^E(*i 2) "*) tfT 1 (*£>-*) 



where 



(8) 
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£* = ±S>, (9) 



and 

s * = E M> - *) M> - *) ' + E M a) - *) M 9) - *) " ■ 



iVi ■ t N2 



a— 1 a— 1 

Since, keeping with [4] we have 

Ni . N 2 



J2 (x™ X)' (t*)- 1 (X^ X) + £ (*i 2) - *)' (S*)- 1 (^i 2) -X)= Nd, 



a— 1 a— 1 

we deduce 



{2ir)* N -\t* 



c^ d . (10) 



We can write 



a=l 

£ (x« - x (1) ) (j#> - x (1) V + 7V X (x (1) - x) (x (1) - X 



a=l 

No 



E (*i 2) - * (2) ) (*i 2) - * (2) ) + ^ (* (2) - *) (* (2) - *) ■ ("J 

a=l 

Based on the relation (7), from (11) we deduce 

S* = S + JVi (X (1) - X) (X (1) - xV + N 2 (x (2) - X) (X (2) - X)* . (12) 

Since li,l% and I12 are the likelihood ratios for verification of the hypotheses 
H 1; H 2 respective H 12 it results 

1 = T - ' 

I = — 

, L o 2 

'12 - -j— ■ 
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We obtain 



'1'2 — ' — — '12- 






Substituting (5) and (10) into (13) we shall obtain 




i c ^d 


N, 


. ( *r)«-.i*-i* i= w r -i= w 


I 2 


X/ 1 r^w „ « 




(277)2™. |S<1)|^-|S< 2 )|^ ' ' 





(13) 



(14) 



Using (9) and (2) in (14) we deduce 



N-i JVo 

_ \Si\^ -\S 2 \^ \s 

'12 iv, d 



A^ 2 • N, 



N 2 d Ar «ii 

2 



3 Computing Critical Value of the Generalized Like- 
lihood Ratio 

The critical value l a of the likelihood ratio test I (which is used for testing of the 
hypothesis Ho) has to be determined such that P(l < ^ Q |Ho) = a, a being the risk 
of first order which has to be small. 
From [4] we know that 

t/ 1^1 5 " l n / N 
v ? — rr — h i 

| S .|3» 

where n = n\ + n 2 , and rij = Nj — 1, j = 1, 2 is the same with the likelihood ratio 
for verification of the hypothesis H2. 

It results that for verification of the hypothesis Hq we can use the statistic 



|5iU"i.|S 2 



in 2 



V = ^2 = — r^ • (15) 

|S*|=" 

instead of the statistic Z. 

The distribution of this ratio V^ is difficult to calculate since: 

• j Si |, 1 52 1, \S*\ are generalized dispersions (see [7]); their distributions don't 
have a form which can permit us to calculate the critical values ; 

• j Si |, 1 52 1 and \S*\ are not independently. 

Therefore, in order to determine the critical value V a of the generalized likelihood 
ratio such that 

P(V < V a \R Q ) = a, 

(a being the risk of first order which has to be small) one use the simulation with 
the following algorithm: 
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Algorithm 1 

Step 0. Inputs N 1 ,N 2l n ( - 1 \fi ( - 2 \Y, ( - 1 \Y, ( - 2 \d. 
Step 1. Generate X[ 1} , . . .,X$ ~ M(^ l \T,^). 



'(2) 



,(2) 



Step 2. Generate X\*> , . . . ,X% ~ Af(p {2 \ E< 2 )). 

Step 3. Generate Si, S 2 using (3). 

Step 4. Calculate S* using the relation (12). 

Step 5. Calculate |Si|, \S 2 \. 

Step 6. Calculate \S*\. 

Step 7. Calculate V with (15). 

Step 8. We have to repeat for m times the steps 1-7 (for example m > 2000) and 

we shall obtain the selection l\, l 2 , ■ ■ ■ l m - 

Step 9. We construct a histogram with {h,l 2 , ■ ■ ■ l m } (see [7]) such as: 

Step 9.1. We choose a positive integer k which represents the number of the 
histogram intervals I\ , I 2 , . . . Ik ■ 

Step 9.2. We determine the absolute frequencies fi, f 2 , ■ ■ ■ fk, namely the number 
of the selection values which are in the interval Ij, 1 < j < k. 

Step 9.3. We determine the relative frequencies r\, r 2 , . . . Tk, r, = — , 1 < i < k. 

The graph from the Figure 1 represents the form of selection histogram h,l 2 , ■ ■ .l m 
which one obtains by simulation. 



ri 



Figure 1. Histogram 



h x 



The critical value for our test V a one chooses such that the sum of rectangle area 
from the left side of l a is a, where a = P(V < V a ) is the risk of the first kind. 

4 An Algorithm for Two Classes Comparing 

In this section we shall describe an algorithm which can classify some new given 
d- dimensional objects, Y\,...,Yk drawn from Af(p, E), testing if they apart into 
one of the two classes C\ or C 2 ■ 

The class C\ contains N± vectors: X{ ,... , X N while the class C 2 contains A^2 

vectors: x[ 2) ,...,X™. 

Algorithm 2 

Step 0. Input K,N 1 ,N 2 ,fi,n ( - 1) ,n ( ' 2) ) 'S,^ 1) ,'S^ ) ,d. 
Step 1. We generate Yi, ..., Y K ~ J\f(/j,, E). 
Step 2. We verify the hypothesis: 
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H : u 1 = u 2 , S( 1 )=S( 2 ) 
using the Algorithm 1. 

In the case when the hypothesis isn't true we have to go to Step 4. 

Otherwise, go to Step 3. 
Step 3. For i := 1 to K 

do begin 

We test the null hypothesis 

H : Y h X{ 1] ,. . . , X { ^ are drawn from W(> (1) , s(1) ) 

against the alternative hypothesis 

NU : X{ 1] , . . . , X^ are drawn from A/"(> (1) , £ (1) ), H + Hi 

using [3] the Algorithm 3.1; 

end 
Step 4. We verify the hypothesis: 

H : S( 1 )=S(' 2 ), Mi^M2, see [7], [4]. 

In the case when the hypothesis is true we have to go to Step 5. 

Otherwise, go to Step 6. 
Step 5. For i := 1 to K 

do begin 

We test the null hypothesis 

H : Yi, X[ , . . . ,X N are drawn from N{n ' , S) and 

X\ , . . . , X N are drawn from A/"(m , £), 
against the alternative hypothesis 

NH : X{ 1] , . . . , Xfil are drawn from A/"(^ (1) , S) and 

Yi, X[ , . . . ,X ( N ' are drawn from Af(n , £), 

using [3] the Algorithm 3.2; 

end 
Step 6. We verify the hypothesis: 

• H : A* = M (1 \ £= S (1) 

• H : /i = M (2) , S = SW 

using the Algorithm 1. 

If one of the hypotheses is true, namely if the new objects belong to the same 
class C\ or C<i then the algorithm one finishes. 

If cither of the hypotheses is not true, namely if the new objects don't belong to 
the same class G\ or Ci then go to Step 7. 
Step 7. For i ■- 1 to K 

do begin 

We test the null hypothesis 

~&.:Y i ,X^ ) ,...,X§l are drawn from Af(fi (1 \ S (1) ) and 
X{ 2) , . . . , X™ are drawn from M(fJ, (2 \ E (2) ), 
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against the alternative hypothesis 

NH : X[ X \ . . .,X$ are drawn from 7V(^ (1) , £ (1) ) and 

Yi,x[ 2 \...,X$l are drawn from W(m (2 \ s(2) ), 

using [3] the Algorithm 3.3. 
end 



5 Conclusions 

The paper discusses a new approach of statistical hypothesis verification. We have 
proved a theorem which allow us to express our likelihood ratio test. Since its 
distribution is difficult to calculate we have used the simulation with our algorithm 
in order to determine the critical value of the generalized likelihood ratio. This 
algorithm is used in order to construct a complex algorithm for two classes compar- 
ing. In conclusion, the classification problem of the new given objects Yi, ...,Yk, 
drawn from Af(n, S) is a complex problem which one reduces to application of the 
Algorithm f and Algorithms 3.1, 3.2 or 3.3 (see [3]). 
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Here we develop the right delta fractional calculus on time scales. 
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1 Background 

For the basics of times scales please read [1], [2], [3], [5], [7], [8], [9], [10], [11], 

[12], [13]. 

Let T be a time scale, and ([9], p. 38) g k , h k : T 2 -*■ R, k e N = N U {0}, 
s, t e T : g (t, s) = h (t, s) = 1, 

9k+i(t,s)= g k (a- (r) , s) At, (1) 

J s 

h k+ i(t,s)= / h k (r, s)At, Vs.feT. 

We have 

h£(jk,8) = h k -i(t,8), (2) 

g£(t,8)=g k - 1 (<r(t),s), keN,teT k . 



Also 



g 1 (t,s) = h 1 (t,s) = t-s, Vs.feT. (3) 

Here g k , h k are continuous in t. 
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Example 1 (see [9], p. 39-40) 

i) When T = R, 

g k (t,8) = h k {t,a)= { '~ k * } , Vs,teR. (4) 

ii) When T = Z, we get 

, , ^ (t-sf^ 

MM) = k[ J , 

and 

(t-s + k-l) {k) 
9k(t,s) = ^ , (5) 

furthermore it holds 

h k (t,s) = (-l) k g k (s,t), fceN 0; Vs,teZ. (6) 

We need 

Theorem 2 ([9], p. 45) We have that 

h n (t,s) = (-l) n g n (s,t), (7) 

for every t £ T and every s £ T k . 

If T — T k , then (7) is true for every s,t £ T . 

We need delta Taylor formula on time scales. 

Theorem 3 ([6], [11]) Assume T^fjeC™ (T), m £ N, s,t £ T. Then 

771—1 

/(*)=£/**(*)/*(*, s) + R s m (/)(*), (8) 

fe=0 

wfoere 

K, (/) (*) = f h m -i (t, a (r)) / A? " (r) At. (9) 

J s 

We notice that 

R s m (/) W = " f ftn,-i (*, o- (r)) f Am (r) At 



( =(-iry 4 5m - 1 (a(T),i)/ Am (T)AT. (io) 

In this article we assume T = T fe . 
We make 
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Definition 4 Let a > 0. We consider the continuous functions 

g a :T 2 ^R: 
go(t,s) = 1, 
g a+1 (t, a)= f g a (a (r) , s) At, V a, t e T. (11) 



We are motivated a lot by the formula 

n r( M ) r(.) ds ~ r (/, + ./) ' ^ 

where fx,i> > and T is the gamma function. 

Assumption 5 Let a,/3>l and x < t < t, x, t, t G T. We assume that 

t(t) 

5«-i (o- (t) , a;) 5^-1 (o- (r) , t) Ai = #„ +/ g_i (a (r) , a;) . (13) 

We call for a, (3 > 1 and x < t < t, 

0(x,t):=[ ffa-iM*)>aOff/»-iMT),t)At. (14) 

By Theorem 1.75, p. 28, [9] for / G C rd (T) and £ G T fe , we have 

,<r(t) 

/(r)Ar = M (*)/(*), (15) 

where /x (£) := cr (£) — £. 
So by (15) we get that 

( x > T ) = 5a- 1 (o- (t) , a;) 5^-1 (cr (r) , r) /j (r) . (16) 

Definition 6 Le£ / G L\ ([a, b) nT). H^e define the right forward graininess 
deviation functional of f as follows: 

E (/, a, (3, b,T,x)= f f (r) (s, r) Ar - (17) 



b 

I (t) ffa-i (c (r) , a;) ft3-i (cr (r) , r) (j, (r) At. 
7/ T = R, £/ien /i (r) = onii hence E (/, a, /3, 6, R, x) = 0. 
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2 Results 

We give 

Definition 7 Let a,b G T, a > 1 and f : [a, 6]nT -*■ R. Here f G L x ([a, b) n T) 
(Lebesgue A-integrable function on [a, b) C\T). We define the right A-Riemann- 
Liouville type fractional integral 

Ib-f (t) := J 9a-i (<r (r) , t) / (r) At, (18) 

for t G [a, 6] n T. ffere / t 6 -At = _L fc) -At. 



By [8] we get that l£_f (t) = Jl / (r) At is absolutely continuous in t G 

[a, 6] n T. 



Lemma 8 Let a > 1, f e L\ ([a, b) nT), / : [a, 6] nT^l. Assume t/iaf 
ff«-i (c (t) , t) is Lebesgue A-measurable on ([a, 6] flT) ; a,b € T. Then I"_f G 
Li ([a, 6] fl T), i/iat is J^_/ is finite a.e. 

Proof. By Tietze's extension theorem of General Topology we easily derive 
that the continuous function g a -\ on ([a, b] n T) is bounded, since its contin- 
uous extension F Q _ 1 on [a,b] is bounded. Notice here ([a, 6] fl T) is a closed 
subset of [a 7 b] . 

So there exists M > such that |# a _i (s, i)| < M, V (s, i) G ([a, 6] n T) 2 . 

Let here id denote the identity map. We see that 
(a, id) (([a, b) n T) x ([a, 6] n T)) C ([a, b] n T) 2 . 

Therefore |g Q _i (a (r) ,i)| < M, V (Y,i) G ([a,i)flT) x ([a,6]nT), since 
(«r(T),t) G ([a, b] flT) 2 . 

Define AT : fi := ([a, 6] f~l T) 2 -► R, by 

^/ .n _ j 9a-i(o-(r),t), iia<t<r<b, 
lT ' j ""\0, ifa<T<i<6, 

where t, t G T. 

Clearly here if is Lebesgue A-measurable on f2, since the restriction of a mea- 
surable function to a measurable subset of its domain is a measurable function, 
and the union of two measurable functions over disjoint domains is measurable. 
Notice here that \K (t, t)\ < M, V (t, t) G ([a, b] n T) 2 . 

Next we consider the repeated double Lebesgue A-integral 



" ' h K(T,t)\\f(r)\At\Ar= t ' \f (r)| 



j"\K(T,t)\At\Ar 
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<M(b-a) f |/(r)|Ar = M(6-o)||/|| M[o>6)nT) <oo. 

By Tonelli's theorem we derive that (r, t) —* K (r, t) f (r) is Lebesgue A- 
integrable over f2. 

Let now the characteristic function 

fl, ifre[t,6) 
X ^) (T) -\0, else, 

where t € [a, b] fl T. 

Then the function (r,t) — > X\tb) ( T ) -^ ( T i^) / ( T ) ^ s Lebesgue A-integrable 
over f2. 

Hence by Fubini's theorem we get that 

X[m (r) tf (r, t) / (r) At = J fc-i (a (r) , t) / (r) At = IgLf (t) 

is Lebesgue A-integrable on [a, 6] n T, proving the claim. ■ 
From now on we make 

Assumption 9 We suppose that g a -i (c (•) , •) is continuous on ([a, 6] fl T) , 
/or any a > 1. 

We give the following semigroup property of right A-Ricmann-Liouvillc type 
fractional integrals. 

Theorem 10 Let a, b € T, f € L x ([a, b) D T) ; a, /3 > 1. Then 

I^ltf(x)=I^f(x)-E(f,a,[3,b,T,x), Vxe[a, ]nT. (19) 
Proof. Here we have 

'£_/(*) = J ff/9-i(cr(r),t)/(r)AT. 



We observe that 



4 Q - Jf_/ (*) = / ffa-i (a (t) , x) /f_/ (t) At = 
ffa _x (a (t) , cc) ( / 5/3 -i (a (r) , t) / (r) At ) At 



b I rb \ 

o a _! (a (i) , x) 3& - X {a (r) , t) f (r) At At =: (*) . 
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Clearly here it holds 

|<7 a _i(cr(i),a;)| <Mi, Vt,xe [o,6]nT, 
and 



|^_ 1 (a(r),t)|<M 2 , V r,i e [a, 6] nT, 



where Mi,M 2 > 0. 
Hence 



cb / z-6 



| fla _i(a(t),o:)||5/j-i(cr(r),t)||/(r)|Ar At < 



IZ_llf{x)\<j b ( 

MiM 2 (j I J \f(T)\ATJAt\<M 1 M 2 lj I J 



|/(r)|Ar At < 



M X M 2 (6- a) ||/|| Ll([a>b)nT) < 



DO. 



So that I"_Ifr_f (x) exists, Vie [a, b] n T. Consequently by Fubini's theorem 



we have 



(*) 



(here x < t < r) 



b / rr 



5tt _! (a (t) , x) ff/9 _! (a (r) , t) / (r) At J Ar 



/ (r) / fe-i (o- («) , I) 33-1 (o- (t) , t) At Ar 



6 / ,a(r) 

/ (r) / <? a _i (a (t) , ar) ^_i (a (r) , t) At- 



o-(r) 



5a _! (a (t) , x) 5/3 _! (<r (t) , t) At Ar 



by ((13), (14)) 



?a+/J-i (ff (t) , s) / (r) Ar - / / (r) (*, r) Ar 



IE* f{*)~ / /(t)0(s,t)At 



( =% a _ + ^ (*)-£(/, a, /3, 6, TI>) 



proving the claim (19). 
We make 



164 



ANASTASSIOU: RIGHT DELTA FRACTIONAL CALCULUS 



Remark 11 Let /i > 2 : m — 1 < jj, < m, rnGN, i.e. m — \/i\ (ceiling 
of the number), v = m - \i (0 < v < I). Let f <G C^([a,b]r\T). Clearly 
here ([10]) f A is Lebesgue A-integrable function. We define the right delta 
fractional derivative on T of order \x — 1 as follows 

ArV W = ("l) m (^7 A ™) (t) = (-irj\~A<y(r),t)f Am (r) At, (20) 

Vie [a,b]r\T. 

Notice A^~ / € C ([a,b] flT), oy a simple argument using the dominated 
convergence theorem in Lebesgue A-sense. 

If n = m, then v = 0, then 

Ar 1 / (t) = (-1)™ jf " / A ™ (r) At = (-l) m (/^ (6) - f A ^ (t)) . (21) 

More generally, by [8] , given that / is everywhere finite and absolutely 

continuous on [a, b] n T, then / exists A-a.e. and is Lebesgue A-integrable 
on [t, b) n T, V t € [a, b] n T, and one can plug it into (20). 

Remark 12 We observe that 

i^a^A (t) = (-ir (ig: 1 i£ 1 f Am ) (*) 



(W) ( _ 1)m j^-l +P+ l /A ^ {t) E ^A- WJ _ 1) ~ + lj6>Tj ^ 

= (-ir((ir-f Am )(t)-E(f Am ,fi-l,V+l,b,T,t)). (22) 

Therefore 

(/r^rv) w + (-irs (/ Am , M - i,i?+i,6,T,t 

(-1)™ (C-/ A '" (*)) = (-I)™ /^m-i (* (r) ,i) /*"" (r) Ar (23) 



( = 0) R'm (/) W • 

A^ow we can use f(§) wi(/i s = b. 

We have established the following delta time scales right fractional Taylor 
formula. 

Theorem 13 Assume T = T k , f e C r r n d (T), m € N, a,b € T, and (m > 2 : 
m — 1 < /J, < m, u = m — fj,; also suppose Assumption 5, Assumption 9. Then 

m—l 

/ w = E / Afc w ^ ( f > 5 ) + ^r 1 A rv) w + 

fc=0 
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(-l) m E(f Am ^-l,V+l,b,T,t), (24) 

Vie [a,b]r\T. 
Remark 14 One can rewrite (24) as follows 

m-1 b 

I (t) = E / Afc ( 6 ) h * (*> 6 ) + / ^-2 (a (r) , i) (Ar 1 /) (r) Ar 
fc=0 •'* 

+ (-1)™ J f^ (r) 9,-2 (a (r) , t) g~ v (a (r) , r) M (r) At, (25) 

V i e [a, 6] n T. 

Corollary 15 In i/ie assumptions of Theorem 13, additionally assume that 
f Ak (b) = 0, A; = 0,1,..., m-l. T/ien 

S(i):=/(i) + (-ir +1 £;(/ Am , M -l,^+l,6,T,i) 

, 5M _ 2 (a(r),t)(A^V)(r)Ar, (26) 



b 



V i e [a, b] n T. 

Remark 16 Nofe: (% /S/J £ft<rf (i^Aj^ 1 /) (*) a « rf #(.f A "\ M -l,v + l,b, 
T, i) are absolutely continuous functions on [a, b] D T. 

One can use (25) and (26) to establish right fractional delta inequalities on 
time scales of Poincare type, Sobolev type, Opial type, Ostrowski type, Hilbcrt- 
Pachpatte type, etc, analogous to [4]. 

To keep article short we avoid this similar task. 

Our theory is not void because it is fulfilled when T = R, etc, see also [4]. 
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1. Introduction 



In this paper we prove the existence of a center manifold for the following class of 
partial functional differential equations with infinite delay 

( L1 ) I j t u{t) = Au(t) + L(ut) + g(u t ), t>a, a G R, 

[ u ff = (p e B, 

where A : D (A) —+ E is & linear operator defined on a Banach space (E, |.|). We suppose 
that A satisfies the following Hille-Yosida condition. 

(Hi) There exist wGl and Mq > 1 such that (u, +00) C p{A) and 
(1.2) \R(X, A) n \ < - M ° . for n G N and A > u, 

where p(A) denotes the resolvent set of A and R(X, A) = (XI — A)~ x for X> uo. 

Without loss of generality, we assume that M = 1. Otherwise, one can renorm the 
space (E, |.|) with an equivalent norm for which we get the estimation (1.2) with M = 1. 
Remark that with the condition (Hi) the domain of the operator A is not necessarily 
dense in E. 

B is a normed linear space of functions mapping (—00, 0] into E satisfying the funda- 
mental axioms introduced by Hale and Kato in [20] (see also [22] and section 2). As usual, 
for every iel, the history function u t G B is defined for 9 G (— 00, 0] by u t (6) = u(t + 6) . 
L is a bounded linear operator from B to E and g is Lipschitzian from B into E with 
9(0) = 0. 

The center manifold theory is a powerful tool in the analysis of the qualitative behavior 
of solutions for infinite dimensional dynamical systems, because the interesting behavior 
takes place on the center manifold. The existence and other proprieties (bifurcation, 
stability, etc.) of centre manifolds for partial functional differential equations have been 
considered in many works. For further references on the development and applications of 
the center manifold theory, we refer the reader to [10, 12-14, 17-19, 21, 23-30] and the 
references therein. 

Partial functional differential equations with infinite delay have been studied extensively 
in the literature, for the reader, we refer to [1-3, 8, 9, 11, 20, 22, 32] , and the references 
therein. In [3], the authors proved when A satisfies (Hi) the existence, regularity of 
solutions and stability of equilibriums of equation (1.1). They obtained that the phase 

space of (1.1) is given by Y := < <p G B : ip(0) G D(A) >. If (7 is differentiable at with 

g'(0) = 0, then the linearized equation of (1.1) around zero is given by 

(1 3) f —v(t) = Av(t) + L(v t ), t > a, 

\ v a = <peB. 

If all characteristic values of equation (1.3) have negative real part and B is uniform fading 
memory space, then the zero equilibrium of (1.1) is uniformly asymptotically stable (more 
details can be found in [3]). However, if there exists at least one characteristic value with 
a positive real part, then the zero solution of (1.1) is unstable. In the critical case, when 
exponential stability is not possible and there exists a characteristic value with zero real 
part, the situation is more complicated since either stability or instability may hold. The 
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existence of a center manifold brings up the question about the dynamics of the system 
in this critical case. 

In [17] and [29], the authors studied the existence of a center manifold for equation (1.1) 
when D(A) = E and the delay is finite. In this paper, we consider equation (1.1) when 
the domain D(A) is not necessarily dense in E and the delay is infinite. The non-density 
of the operator A in equation (1.1) occurs, in many situations, from restrictions made on 
the space where the equations are considered (for example, periodic continuous solutions, 
Holder continuous functions) or from boundary conditions ( the space C 1 with null value 
on the boundary is not dense in the space of continuous functions). For more details, we 
refer to [4-7] . 

As a simple example of equation (1.1), let us consider the following Lotka-Volterra 
model with diffusion, which has been studied in [5] and [11] (see also [32, p. 10]) 

d d 2 f° f° 

—v(t,x) = D—v(t,x) + K(9)v(t + 9,x)d9 + G (9,v(t + 9,x)d9, 

at ox 1 ./_™ ./_™ 



for t > and < x < n, 

v (t,0) =v(t,n) = 0, fort > 0, 

v (0, 9) = v {9), for - oo < 9 < and < x < vr. 

The organization of this work is as follows. In section 2, we recall some results about 
integral solutions and the semigroup generated by the linearized equation (1.3). We 
describe the variation-of-constants formula for non- homogeneous problems. We also give 
some results on the spectral analysis of (1.3). In section 3, we prove the existence of a 
global center manifold for equation (1.1) with sufficiently small nonlinearities. In section 
4, we study the existence of a local center manifold when the function g is only C 1 -function 
in a neighborhood of zero. In section 5, we prove an important result namely that the 
flow on the center manifold is governed by an ordinary differential equation in a finite 
dimensional space. 

2. Fading memory spaces, variation-of-constants formula and spectral 

decomposition 

We use the axiomatic approach introduced by Hale and Kato [20] for the phase space 
B. That is the best way to treat the infinite delay differential equations, since properties 
of solutions depend especially on the choice of the space B. We assume that (£>, [•[) is a 
linear normed space of functions mapping (— oo, 0] into the Banach space E and satisfying 
the following fundamental axioms. 

(A) There exist a positive constant N, a locally bounded function M (•) on [0, +oo) and 
a continuous function K (•) on [0, +oo), such that if x : (— oo,a] — > E is continuous on 
[a, a] with x a G B, for some a < a, then for all t G [cr, a], 

(i) x t G B, 

(ii) t — > x t is continuous with respect to [•[ on [a, a], 

(Hi) N \x (t)\ < \x t \ <K{t-a) sup \x (s)\ + M (t - a) \x a \. 

cr<s<t 

(B) B is a Banach space. 

As a consequence of axiom (A), we deduce the following result. 
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Lemma 2.1. [20] Let Coo := Coo((~ oo, 0]; E) be the space of continuous functions map- 
ping (— oo, 0] into E with compact support. Then, C o C B. More precisely, for a < 0, we 
have 

M < K(-a) sup \<p(9)\, 

a<9<0 



for any ip G C o with supp(ip) C [a, 0]. 



Our next objective is to write equation (1.1) as an integral equation (variation-of- 
constants formula). We need the following lemma. 

Lemma 2.2. [7] Assume that (Hi) holds. Let Aq be the part of the operator A in D(A), 
which is defined by 

D(A ) = {xe D(A) : Ax G D(A)}, 
Aqx = Ax. 



Then Aq generates a Co-semigroup (To(t))t>o on D(A). 

Definition 2.3. [3] Let G B. A function u : K. — *■ E is called an integral solution of 
equation (1.1) on K. if the following conditions hold. 
(i) u is continuous on [a, oo), 

(a) u a = 4>, 

(Hi) / u(s)ds G D (A) for i > a, 

J IT 

(iv) u (t) — (j) (0) + A u (s) ds + I L(u s )ds + g (x s ) ds for t > a. 



For the next, we assume that B satisfies axioms (A) and (B). 

Theorem 2.4. [3] Assume that (Hi) holds and g is Lipschitzian. Then, for all (f) G B 
such that <p (0) G D (A), equation (1.1) has a unique integral solution which is given by 



(f>(t)fort<a, 

whereR(X,A) = (XI - A)~ l . 

Let Y = <<f) G B : 0(0) G -D (A) > be the phase space corresponding to equation (1.1). 
For t > 0, we define the operator U (t) by 

f/(£)0 = M-,0,L,O), 0eF, 
where -u (•, 0, L, 0) is the integral solution of equation (1.1) with g = and a = 0. 

Theorem 2.5. /#/ Assume £/ia£ (Hi) holds. Then (U (t)) t>0 is a Co-semigroup on Y. 
Moreover, (U(t))t>o satisfies, fort > 0, G Y, the following translation property. 

(TKtU) (ff\ - S ( U ( f + °W (0) for t + 9 > 0, 
(f/(t)0) (0) " | 0( t + fl) /or t + fl < o. 
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In order to give a variation-of-constants formula for equation (1.1), we need to introduce 
the following sequence of linear operators B n : E —> B defined, for n > u and x G E, by 

{n(nQ + l)R(n, A)x, < 9 < 0, 
1 
0, 6<—. 
n 

For x G E, the functions B n x belong to Coo with the support included in [—1,0]. By 
Lemma 2.1, we deduce that 



LJ^X 



< if (1)1x1 for x G E and n> uo. 



The following integral formula of equation (1.1) was obtained in [9]. 

Theorem 2.6. [9] Assume that (Hi) holds. Then, for all G Y , the integral solution 
u of equation (1.1) satisfies the following variation-of-constants formula 

(2.1) u t = U(t - cr)0 + lim / U(t - s)B n g (x s ) ds for t > a. 



Moreover, for any T > o , the limit in (2. 1) exists uniformly for t G [o~, T] . 

To get some interesting properties of partial functional differential equations with infi- 
nite delay, we need to suppose the following axiom. 

(C) If a uniformly bounded sequence (y? n ) n in C o converges to a function <p compactly 
in (— oo, 0], then Lp is in B and \tp n — (p\ — ► as n —* oo. 

Let (^o {t)) t>0 be the strongly continuous semigroup defined on the subspace 

£ O = {0G£:0(O)=O} 

by 

(S (t) 0) (6) - | 0;t + ^> , 

Definition 2.7. Assume that B satisfies (C). 

(i) B is said to be a fading memory space if for all G Bo, 

S (t) — ► in B. 

t—*oo 

(ii) Moreover, B is said to be a uniform fading memory space, if 

|S (t)|— >0. 

t— »00 

The following results give some properties of fading memory spaces. 

Lemma 2.8. [22] (i) If B is a fading memory space, then the functions K (•) and M (•) 
in (A) can be chosen to be constants. 

(ii) If B is a uniform fading memory space, then the functions K(-) and M(-) can be 
chosen such that K(-) is constant and M(t) — ► as t — > oo. 

Proposition 2.9. [22] If B is a fading memory space, then the space BC ((— oo, 0]; E) 
of all bounded and continuous E -valued functions on (— oo,0], endowed with the uniform 
norm topology, is continuously embedding in B. 
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In order to study the qualitative behavior of the semigroup (U (t)) t>0 , we suppose the 
following assumption. 



(H2) To (t) is compact on D (A) for each t > 0. 

Let V be a bounded subset of a Banach space Z. The Kuratowski measure of non- 
compactness a (V) of V is defined by 

{d > such that there exists a finite number of sets Vi, ..., V n with 
diam (Vi) < d such that V C U V- 

Moreover, for a bounded linear operator P on Z, we define |P| Q by 

\P\ a = inf {A; > : o; (P (V)) < ka (V) for any bounded set V in Z} . 

For the semigroup (U (t)) t>0 , we define the essential growth bound u ess (U) by 

u ess (U):= lim-log|J7(t)| a . 

t^oo t 

We have the following fundamental result. 

Theorem 2.10. [11] Assume that (Hi) and (H2) hold, and B is a uniform fading memory 
space. Then 

u ess (U) < 0. 

Definition 2.11. Let C be a densely defined operator on Z. The essential spectrum of C 
denoted by a ess {C) is the set of A G a(C) such that one of the following conditions holds. 

(i) Im(XI — C) is not closed, 

iii) the generalized eigenspace M\(C) :— \\Ker(\I — C) k is of infinite dimension, 

fe>i 
(iii) A is a limit point of o~(C) \ {A}. 

The essential radius of any bounded operator P on Z is defined by 

r ess (P) := sup{|A| : A G a ess (P)}. 
Let Ay denote the infinitesimal generator of (U (t)) t>0 . Then 

f P(^) = {v? G y : v?' G Y, <p(0) G D(A) and y?'(0) = ^(0) + L(v?)} , 
\ A V ip = ip'. 

Let 

a+ (A v ) = {\Ea (A v ) : TZe(X) > 0}. 

As an immediate consequence of Theorem 2.10, we have the following spectral property 
of A v . 

Lemma 2.12. Assume that (Hi) and (H2) hold, and B is a uniform fading memory 
space. Then, o~ + (Au) is a finite set of eigenvalues of Ay which are not in the essential 
spectrum. More precisely, A G a + (Au) if and only if there exists x G D(A)\{0} solving 
the following characteristic equation 

A(\)x := \x - Ax - L(e x 'x) = 0, 

where e x 'x is the element of B defined for all 6 < by (e x 'x)(9) := e xe x. 
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Proof. Theorem 2.10 implies that uo ess (U) < 0. By Corollary 2.11 of ([16], page 258), we 
know that a + (A u ) is a finite subset of the point spectrum a p {Au). On the other hand, 
we have for t > 

r ess (U(t)) = e tul ^ {u) < 1 and e ta ^ Au) C a ess (U(t)). 

It follows that 

<T ess (4)c{A6C:Re(A)<0}. 

Consequently, a + (Ajj) is a finite subset of the point spectrum a p (Ay). Let A G a + (Au). 
Then, there exists tp G D(Ajj), <p ^ such that Ajjip = Xip, which implies that 

t ^ + T(U(t)ip-ip) = Ay?. 

By axiom (A) — (ii), we deduce that lim I - (U(t)ip — <p) ) (0) = X<p(0). On the other 

t-»-o+ V £ / 



I A ,_, /l /•* \ 1 '■' 



hand, 

r \ (U(t)<p - <p)j (0) = A ^J (U(s)<p)(0)ds\ + ^J L(U(8)<p)d8. 

Let t go to zero. From the closedness of the operator A, we obtain that 

<p(0) G D(A) and A(p(0) + L(^) = Ay?(0). 

By the spectral mapping theorem ([16], page 277), we have 

e xt G a p (U(t)) and U(t)(p = e xt ip. 

Using the translation property of the semigroup solution, we obtain that 

(p(0) = e A V(0) for 6 < 0. 

Since <p ^ 0, then </?(0) 7^ and 

kerA(A) ^{0}. 

Conversely, let A G C with TZe(X) > 0. Then, for all x G E we have e x 'x G £>. If there 
exists a G -D(A) \ {0} such that A(A)o = 0, then </? = e A 'a G F Hence </? G (^((-oo, 0]; £) 
and <p'(0) = Xa = Atp(0) + L(ty?) G -D(A). By Theorem 3 in [3], we conclude that 

ip G D(Ajj) and Aj/</? = Xip. □ 

As u; ess ([/) < 0, we have the following spectral decomposition of the phase space F. 

Theorem 2.13. Assume that (Hi) and (H 2 ) ao/d ; and B is a uniform fading memory 
space. Then, there exist linear subspaces of'Y denoted by F_ 7 F an d F + respectively with 

Y = F_ © F © F + 

sttc/i £na£ 

(2) ^(F_) C F_, Au{Y ) C F araMtf(*+) C F + ; 

(ii) F) an ^ F + are finite dimensional; 

(Hi) a(Au\Y ) = {Xe a(A v ) : Re A = 0} , o-(^[/|F + ) = {A G cr^) : Re A > 0}; 

(in) U(t)Y- C F_ /or £ > and U(t)\Yo U F + can fre extended to t < snc/i t/iat 

£/(£)F C F , U(t)Y+ C F + /or t G R; 
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(v) for any < 7 < inf {|Re A| : A G o~(Ajj) and Re A 7^ 0} , there exists K > 1 such that, 
for ip EY, 

\U(t)P-(p\ < Ke-^ \P_<p\ fort > 0, 

\U(t)P ip\ < Kel^ \P ip\ fort G R, 

\U(t)P+ip\ < Ke 11 \P + ip\ fort < 0, 

where P_, Pq and P + are the projections of'Y into Y_, Yq andY + . 

Y_, Yq and Y + are called respectively the stable, center and unstable subspaces of the 

semigroup (U(t)) t>0 . 

3. Global existence of the center manifold 
Theorem 3.1. Assume that (Hi) and (H2) hold, and there exists e > such that 

Lip(9) = sup \9M~9M\ < £ 

Then, there exists a bounded Lipschitz map h g : Y — *• Y_ © V + siic/j £/ja£ /i 9 (0) = and 
i/ie Lipschitz manifold 

M g := {y? + /i fl (y>) :^y } 

is globally invariant under the flow of equation (1.1) on Y . 
M g is called the center manifold of equation (1.1). 

Proof. Let M. = BC(Y , Yl ®Y + ) denote the Banach space of bounded continuous maps 
h : Y — ► Y_ © Y + endowed with the uniform norm topology. We define 

jF ;= {h G M : h is Lipschitz, h(0) = and Lip(h) < 1} . 

Let h G T and (p G Yq. Using the strict contraction principle, one can prove the existence 
of vf G Yq solution of the following equation 

(3.1) vf = U(t)(p + lim / U(t - r) (B n g{v* + h(vf)))° dr, t G R. 

We now introduce the mapping T g : T ^ M. defined, for h G T and ip G Y , by 
T g (h)<p = lim / C/(-r) (B n g(v? + MO))' dr 

- lim / C/(-r) (B n g(v? + /i«))) + ^. 

The first step is to prove that T g maps JF into itself. Let tpi,tf2 G V , < 7 < 
inf {|ReA| : A G cr(^4;y) and Re A 7^ 0} and t G R. Suppose that Lip(g) < e. Then, 

/•* 

#* - «ri < ^ eil<l IVi - V^l + 2K \P \ e 



21 







where i^ is the positive constant given by Theorem (2.13). By Gronwall's lemma, we get 
that 

^K\P \e\t\ 



e -m\ v ^-vf 2 \ <K\ Vl - V2 \e- 



Then 



\ v r - vr 



<X|^-</?2|e[i +2 * |P ° |£ H ten. 
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If we choose e such that 
(3.2) 

we obtain 

(3.3) 

Moreover, 



2K\P \e<l, 
o 



v t - v t\ < K \fi - V2I e 



fl*l 



T g (h) Vl -T g (h)ip 2 \ < / \U(-r)P.\ \g(v? + h(v^)) - g(v^ +h(v?))\dr 



+00 



+ / \U(-T)P + \\g(v?+h(v?))-g(y? + h(v?))\dT. 
'0 



Consequently, 

/0 p+00 

Ke iT \P_\e K 1 - < 2 | dr+2 / Ke" 7r |P + | s \v^ - < 2 | dr. 
00 Jo 

Using the inequality (3.3), we obtain 



/-+oo 



|T ff (/i)v?i - T 9 (/i)v? 2 | < 2K 2 \P_\e |<^ - </? 2 | / e2^ r +2K 2 |P+| e |^i - y» 2 | / < ~ 7 ^>- 

</-oo Jo 

It follows that 

\T g (h) Vl - T 9 (h) V2 \ < -K 2 (\P_\ + \P + \) Iv^i - y? 2 | . 

7 



We choose e such that 



4s 
7 



^ 2 (|P_| + |P + |) <1. 



Then T g maps T into itself. 

The next step is to show that T g is a strict contraction on T . Let hi,h 2 E J 7 and </? e Y - 

Let v l t , % — 1,2, denote the solution of the following equation 

uj = £/(% + lim / U{t - t) (BngivX + hi(vi)j)° dr for t E R. 
Then, 

|^-*; 2 |<^|P | 
Consequently, 

K-u?! < 2£^|P | 



: il*-r| (| v l _ v 2| + j^^l) _ ^(^1 + ^2) _ ^2 } |) rfr 



e^lui-^Ur 



r r 



sX IPqI \hi — h 2 



e 3 



I'^dr 



By Gronwall's lemma, we obtain 



Li_^|<3^| Po ||/, 1 _/, 2 | e [^x|Po| £ ]|t L 



7 



Thanks to (3.2), we state 



.1 „.2| 



3eAT 



< |P | \h - h 2 \ e? 1 * 1 for all t E R. 



7 
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For i — 1,2, we have 



T g (hi)<p = lim / U(-r) B n g(v l T + ^«)) dr 



+00 



- lim / U(-r) B n g{v\ + fc«)) dr. 



It follows that 



|T fl (/iiV - T g (h 2 )ip\ < 2K \P_\ ^ |P | |/ii - /12I + K|P ' i£ \hi - h 2 \ 



+ 2K IP. 



r 

Qe 2 K 



Pol l/ii - /12I + 



7 
K|P+|£ 

7 



/ll — /^2 



Consequently, 



^(^-^(Ml^d^l + m 



7 



P I 12£K + 1 



7 



l/ll — /l2 



We choose £ such that 



(l^-l + l^f 



Ke 

7 



IP I 12£K + 1 

■M) r 1 

7 



< 1. 



Then T g is a strict contraction on T . Consequently, it has a unique fixed point h g in T 

(Tg(h B ) = h g ). 

Finally, we show that 

M g := {if + h g (ip) : <p G Y } 

is globally invariant under the flow on Y . Let tp G Yq and t> be the solution of equation 
(3.1). We claim that t — > v f + h g (vf) is an integral solution of equation (1.1) with initial 
condition ip + h g (<p). In fact, we have T g (h g )(vf) = h g (vf) for £ G R. Moreover, 

T 5 (/i)K) = lim f U{-r) (B n g(vf +T + h g {v? +T ))Y dr 



— lim 

n— >oo 



+00 



U(-T)(B n g(vf +T + hg(vf +T ))) dr 



Therefore 



h g (vf) = lim / U(t - t) [B n g{v% + h g {v%))) dr 



— lim 



+00 



U(t-T)(B n g(v* + h g (v?))) dr 



Then, for t G R, we obtain 



n— >oo 



«?+v«n = %+^ / £/(t-T)te+MO) dr 



lim 

n— >oo 



oc 
+00 



+ lim / P(t - r) P n £« + ^ «)) dr 



U(t-T)(B n g(v* + h g (v?))) dr. 
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For any t > a, we have 

lim / U(t - r) (B n g(v? + h g (vf))Y dr 

= lim / U(t - r) (B n g{vf + h g (v?)j)~ dr 
+ lim / U(t - r) (B n g(vf + h g (v*)))~ dr, 



and 



lim / U(t - r) (B n g{vf + h g (v?)j) dr 

= U(t - a) (. lim f U(a - r) (£ n <?« + ^«))) ~ dr 
By the same argument, we have 

lim fu(t-r)(B n g(yf + h g (v*))) + dr 

= lim / U(t - r) f B n g(vf + h g (v?)j) + dr 
- lim / U(t - r) (B n g{vf + h g (v?)j) + dr, 

n— »oo > y. V / 



and 



11 



lim / U(t - r) (B n g(vt + h g (v?))) dr 

= */(* - a) ( Jim / C/(o - r) (£„#« + ^«))) + dr 
Moreover, note that 

h g (v%) = lim f U(a - r) (#„<?« + /i fl «)))~ dr 

-lim / "[/(o-r) (B n g{v% + h g (v*))) + dr. 
In particular 

v? = U(t - a)vl + lim / U(t - r) (B n g(v? + h g (v*)))° dr. 

n-oo J a \ J 

Consequently, for any t > a, we obtain 

v? + h g (vf) = U(t - a) {vl + h g (vt)) + lim / U(t - r) (j3 n g(v^ + h g (v*)))° dr 

n->oo J a \ / 

+ lim / Uif-r) (B n g{v* + h 9 (v^))) + dr 

n-oo J a \ J 

+ lim / U(t - r) (B n g(v? + h g (v?))Y dr. 

n-oc J a \ J 
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Therefore, for any t > a, 

v? + h g (vf) = U(t - a) (t£ + h g (v*)) + lim f U(t - r) (B n g(v* + h g (v*)j) dr. 

n->oc J a \ J 

Finally, we conclude that vf + h g (vf) is an integral solution of equation (1.1) on R with 
initial value y? + h g (tp). □ 

Theorem 3.2. Let h G T and if G Y . If v^ is the solution of equation (3.1) on R, then 

\vf\ < K \y\ e" |(| and \vf + h g (yf)\ < IK \ip\ e il*l. 

Conversely, if we choose e such that 

2Ke 



(|P_| + |P + |+3|P |)<1, 

7 

then for any integral solution u of equation (1.1) on R with u t = 0(e^), we have 

u t G M g for all t G R. 

Proof. Let v v be the solution of equation (3.1). Then, using the estimate (3.3) we obtain 

\vt\ < K \cp\ e^ 1 * 1 fort G R. 

Moreover, from the fact that Lip(h) < 1 and h g (0) = 0, we obtain 

\vf + h g (vf)\ < IK \ip\ ei |41 for t G R. 

Let u be an integral solution of equation (1.1) such that u t = 0(e^' f '). Then there exists 
a positive constant Kq such that \u t \ < K^e?'*' for all t G R. Note that 

u t = U(t — s)u s + lim / U(t — r)B n g(u T )dr : t > s. 

On the other hand, 

u + = U(t - s)ut + lim / U(t - r) (B n g(u T )) dr, s>t. 

n-*oo J V / 

Moreover, for s > t and s > we have 

\U(t - s)u+| < fsTe 7 ^ |P+m s | < K ^ |P+| e 7( *- s) ei |s| = K ^ |P+| e^VK 

Therefore, 

lim \U(t-s)u+\ = 0. 

It follows that 

f + °° (~ \ + 

u~l = — lim / [/(£ — r) ( B n g(u T ) ) dr. 

n->ooj t V / 

Similarly, we can prove that 



u t = lim / U(t — r) ( B n g{u r ) ) dr. 



We conclude that 



Mt = u + + u - + £/(£)wo + lim / £/(£ - r) f B^Ur)) dr for £ G R. 
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Let G Yq such that <fi = Uq. By Theorem 3.1, there exists an integral solution w of 
equation (1.1) on R with initial value + h g ((f>) such that, for all t G R, w t G M 9 and 

Wt = [/(i)0 + lim / C/(i - r) C P n #(w r )) dr 



+ lim / U(t - r) B n g(w T ) dr 

n ~* 00 J-oc V ' 

- lim / U(t - r) (B n g(w T )) dr. 



Then 



\u t -w t \ < 



lim / U(t-r) (B n (g(u T ) - g(w T ))) dr 



+ 
+ 



lim 
lim 

n— >oo 



■oo 
+oo 



U(t-r)^B n (g(u T )-g(w T ))j dr 

U(t - r) (P n (g(u T ) - g(w T ))) dr 



This implies that 



ut — Wt\ < Ke ( \Pq\ / es'* T ' \u T — w T \ dr 



+oo 



+ |P_| / e ^ (t - T) \u T - w T \ dr + \P+\ / e l{t ~ r) \u T - w T \ dr J . 

Let N(t) = e — 2 1*1 | Mf - Wi | for all £ G R. Then, N = sup (N(t)) < oo. On the other hand, 

teR 
we have 



N(t) < KeN I | P | 
Finally, we obtain 



e e 



l^'dr 



i 

IP- 1 / e _ a 



(t ~ T W + IP 



+oo 



+1 l t ' 



i(^W . 



~ 2Pe ~ 

iV< {3\P \ + \P_\ + \P + \)N. 

7 



Consequently, iV = and u t = w t for t G R. In particular, M 9 contains all bounded 
solutions of equation (1.1). □ 



4. Local existence of the center manifold 

In this section, we prove the existence of a local center manifold when g is defined in a 
neighborhood of zero. We suppose that 

(H3) There exists p\ > such that g : P(0,pi) — > E is C 1 -function, g(0) = and 
0'(O) = 0, where P(0, Pl ) = { v e B : \(p\ < pi} . 



For p < pi, we define the cut-off function g p : £> — ► P by 

#(</?) if M < P> 
<?(p<^) if M > P- 



9p{v) 
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We consider the following partial functional differential equation 

a-Q J ^w(i) = Au(t) + L(u t ) + g P (u t ), t > a, 

{ u a = (p e B. 

Theorem 4.1. Assume that (Hi), (H 2 ) and (H 3 ) hold. Then there exist < p < p\ and 
a Lipschitz continuous a mapping h 9p : Y — *■ Y_ © Y + such that h 9p (0) = and the local 
Lipschitz manifold 

is globally invariant under the flow associated to equation (4-lj '■ 

Proof. Using the same arguments as in [31], Proposition 3.10, p. 95, one can show that 
g p is Lipschitz continuous with 

Lip(g p ) < 2 sup \g'(fa\. 
\<p\<p 

It follows that Lip(g p ) goes to zero when p goes to zero. According to Theorem 3.1, we 
deduce that there exist p > and mapping h g : Y — > Y_ © Y + with h 9p (0) = such that 
the Lipschitz manifold 

is globally invariant under the flow of equation (4.1). □ 

Remark 4.2. (i) The set 

M gp := {y? + h gp (ip) :^eY }n B(0, p) 

is called the local center manifold associated to equation (1.1). 

(ii) M 9p contains all bounded integral solutions by p of equation (1.1). 

5. Reduction principle: flow on the center manifold 

We establish that the flow on the center manifold is governed by an ordinary differential 
equation in a finite dimensional space. We assume that the conditions of Theorem 3.1 
are satisfied. We also assume that the unstable space Y + is reduced to zero. This means 
that a(Au) C {A G C : Re A < 0} and 

Y = Y_ © Y . 

Let d be the dimension of the center space Y and $ = (0i, ..., fa) be a basis of Y . Then, 
there exist d elements 0*, ..., <p* d of Y*, the dual space of Y, such that 

[(f)*, fa) := fa{fa) = 8ij, 1 < i,j < d, 
ft = on F_. 

Denote by ^ the transpose of (fa, ....,fa). Let <fi G Y. Define 

(^,fa:=(fa(fa,-,<f>*M) T - 
Then, the projection operator P : Y ^ Y is given by 

P o = $(M/,0). 



181 



M. ADIMY ET AL: CENTER MANIFOLDS... 

15 

Put U°(t) := U(t)\Y . As Y is a finite dimensional space, (U°(t)) teM is a strongly con- 
tinuous group. Then, there exists a d x d matrix G ([15], Theorem 2.15, p. 102) such 
that 

U°(t)$ = $e' G , t G R. 
Let n G N, n > n > oj and i G {1, ...., d} . We define the function x* ni on E by 

<M = (<f>*,B n y), yeE. 



Then, x* ni is a bounded linear operator on E. Let x* n be the transpose of [x* n 1? ...,x* d ). 
We obtain 

(x* n ,y) = (v,B n (y)y 

Consequently, 

sup |x*| < oo. 

n>no 

This implies that (^) n>no is a bounded sequence in £(E,W d ). Then, we get the following 
important result. 

Theorem 5.1. There exists x* G C(E,M. d ) such that (x* n ) n>no converges weakly to x* in 
the sense that 

«, V) -* ( x *, V) as n -^ oo for y e E. 

To prove this result, we need the following fundamental theorem [33, p. 776] 

Theorem 5.2. Let X be a separable Banach space and (z^) n> be a bounded sequence in 
X* . Then there exists a subsequence ( z *i k ) k>0 °f( z n) n >p w ^ich converges weakly in X* in 
the sense that there exists z* G X* such that 

( z *n k ,y) -»• ( z *,y) as k -> oo for y ex. 

Proof of Theorem 5.1. Let Z be a closed separable subspace of E. Since (x*) n>n 
is a bounded sequence, thanks to Theorem 5.2 there is a subsequence {%* n ^) k „ which 
converges weakly to some x* Zq in Z . We claim that all the sequence (x* n ) n>no converges 
weakly to x* z in Zq. This can be done by contradiction. Suppose that there exists a 

subsequence (x* ) of (x^) n>n which converges weakly to some x z with x z ^ x z . 

Let xit(., a, ip, f) be the integral solution of the following equation 

-u(t) = Au(t) + L(u t ) + f(t), t > a, 
u a = <p G B, 

where / is a continuous function from R to E. By using the variation-of-constants formula 
and the spectral decomposition, we obtain 

P ut(; °, 0, /) = lim [ U(t- (s n /(0)° dC 

and 
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It follows that 

P u t (.,a,0,f)= lim $ / e^ G (y,B n f (£))<%, 

n—+oc J a \ I 

= lim $ / e<t-® G (xim)dt. 

n-»+oc J a 

Let f — c (for a fixed c G Z ) be a constant function. Then 

lim /"V-« G « fc ,c>^= lim feW(x* n p ,c)d£. 

Consequently, 

fe^ G {x Zo ,c)d^ fe^ G {x Zo ,c)d^ 

Hence x^ o = x^ o . This yields to a contradiction. 

We now conclude that the whole sequence (x^) n> converges weakly to x* Zq in Z . Let 
Z\ be another closed separable subspace of E. By using the same argument as above, we 
obtain that (x^) n> converges weakly to x* Zl in Z±. Since Z fl Z\ is a closed separable 
subspace of E 1 , we get that x* Zl = x* Zq in Z C\ Z\. For any y E E, we define x* by 

(x*,j/) = (x* z ,y), 

where Z is an arbitrary given closed separable subspace of E such that y G Z. Then x* 
is a bounded linear operator from E to lR d such that 

\x*\ < sup |x*| < oo 

n>no 

and (x*) n>no converges weakly to x* in E 1 . D 

As an immediate consequence, we obtain the following result. 
Corollary 5.3. For any continuous function f : R — ► E, we have 

lim / C/(t-0(£ n /(0)V = $ / e^) G (x*,/(0)C U£R. 

J a J a 

Let </? G lo- Then from the properties of the center manifold, we know that the integral 
solution starting from (p + h(tp) is given by vf + h g (vf), where vf is the solution of 

vf = U(t)<p + lim / U(t - r) (B x g{vf + h g {v*)j)° dr, t G R. 

Let z(t) be the component of vf G Y . Then 

$z(t) = vf for £ G R. 
By Theorem 5.1 and Corollary 5.3, we have for t G R 

$z(t) = $e Gt z(0) + $ / e ( *- r)G (z*,#« + /i fl «))) dr. 

Jo 

We conclude that 2 satisfies 

z(t) = e Gt z(0) + lim f e^ T)G (x* n ,g{vf + h g (vf))) dr. 
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Finally, we obtain at the following ordinary differential equation (the reduced system) 

(5.1) z'{t) = Gz{t) + (x*,g($z(t) + hg($z(t)))) for t e R. 

This determines the flow on the center manifold. 

Remark: In this paper, the center manifold reduction technique has been proposed for 
some partial functional differential equations with infinite delay in fading memory spaces. 
We expect many applications of this important result, especially to study the stability of 
equilibriums in critical cases when the classical methods (like the linearization principle) 
do not work. We also expect to use it to develop new results on bifurcation theory for 
partial functional differential equations with infinite delay. 
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Abstract 

In this paper, we introduced and studied a new class of generalized nonlinear 
variational like inequality for fuzzy random mappings and have proved existence 
theorem for auxiliary problem of the fuzziffied random generalized nonlinear vari- 
ational like inequalities. By exploiting the theorem, we construct and analyze a 
new random iterative algorithm for finding the selections of the fuzziffied ran- 
dom generalized nonlinear variational like inequality. Further more, we prove the 
existence of unique solutions of the fuzzifled random iterative algorithm for find- 
ing the selection of the fuzziffied generalized nonlinear variational like inequality 
problems. The convergence analysis of fuzziffied random iterative sequences gen- 
erated by the random iterative algorithm is also discussed. 

Keywords: Fuzziffied random generalized nonlinear variational like inequali- 
ties, fuzziffied random iterative sequences, random iterative algorithm, Hausdorff 
space, Hilbert spaces, measurable spaces, Borel set. 
Mathematics Subject Classification: 49J40 

1 Introduction 

Variational inequality theory has been a very effective and powerful tool for study- 
ing a wide range of problems arising in many diverse fields of pure and applied sci- 
ences. It is well known that one of the most important problems in variational in- 
equality theory is the development of efficient and implementable iterative algorithms 
for solving various class of variational inequalities and variational inclusions. In [8] 
and [20, 27, 28, 30, 31, 32] there are lot of iterative algorithms for finding the approx- 
imate solutions of various variational inequalities. Glowinski, Lions and Tremolieres 
[16] had developed the auxiliary principle techniques. By using the auxiliary principle 
technique, Ding [13, 14, 15] suggested several iterative algorithms to compute approx- 
imate solutions for some class of general nonlinear mixed variational inequalities and 
variational like inequalities in reflexive Banach spaces. Variational inequalities have 
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been widely used as a mathematical programming tool in modeling, optimization and 
decision making problems. However, facing uncertainty is a constant challenge for op- 
timization and decision making problems. Treating uncertainty for fuzzy mathematical 
results in the study of fuzzy optimization and decision making, the variational inequal- 
ities have been generalized and extended in multi direction using novel techniques of 
fuzzy environment. 

It is well known that fuzzy set theory which was introduced by Zadeh [35] in 
1965 has gained importance in analysis, from both theoretical and practical point of 
view. The fuzzy sets are distinguished from ordinary or crisp sets in that the degree of 
membership of an element in a fuzzy set can be any number in the unit interval [0,1] as 
opposed to a number from the binary pair {0,1} for crisp sets. This property of fuzzy 
sets enable us to represent realistically imprecise concepts in which the transition from 
membership to membership is gradual. 

In 1989, Chang and Zhu [4] introduced the concepts of variational inequality for 
fuzzy mappings which were later developed by Chang and Huang [5], Noor [29], Lee et 
al. [24], Ding [10], Ding and Park [11] etc. in Hilbert spaces. Recently Huang and Lan 
[17] considered nonlinear equations with fuzzy mappings in fuzzy normed spaces and 
Lan and Verma [22] considered fuzzy variational inclusion problems in Banach spaces. 
The concepts of random fuzzy mapping was first introduced by Huang [18]. The 
random variational inclusion problem for fuzzy random mappings is studied by Lee et 
al. [25] , Dai [9] and Ahmad and Faraj [1] . The random variational inequality (inclusion) 
problems and random quasi-variational inclusion problems have been studied by Chang 
[3], Khan and Salahuddin [21], Cho et al. [7], Lan [23] and Huang and Cho [20] etc. 

Inspired and motivated by recent works [1, 6, 9, 16, 25, 26, 31, 33, 36], in this 
paper we introduced and studied a new class of fuzziffied random generalized nonlinear 
variational like inequalities. An existence theorem for auxiliary problem of the fuzziffied 
random generalized nonlinear variational like inequality is established. By exploiting 
the theorem, we construct and analyze a new random iterative algorithm for finding 
the solution of the fuzziffied random generalized nonlinear variational like inequality. 
Further, we prove the existence of unique solutions of the fuzziffied random generalized 
nonlinear variational like inequality problems and discuss the convergence analysis of 
fuzziffied random iterative sequences generated by the random iterative algorithm. 
Our results improve and generalize many known corresponding results presented in 
[12, 14, 18, 20]. 

2 Preliminaries 

Throughout this paper, let if be a real Hilbert space endowed with dual space 
H*, pairing between norm denoted by ||.||, inner product (u,v) for u e H , v e H*,D 
be a nonempty closed convex subset of H. We denote by 2 H and CB(H) the family 
of all nonempty subsets and the families of all the nonempty bounded closed subsets 
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of H respectively, H(., .) represents the Hausdorff metric on CB(H). Let (Q, E) be a 
measurable space, where Q is a set and E is <7-algebra of subsets of Q. We denote by 
13(H) the class of Borel a-fields in H. 

Definition 2.1. A mapping / : fi — >■ H is said to be measurable if for any C G 13(H), 

f~ 1 (C) = {ten: /(t)eC}eE. 

Definition 2.2. A multivalued mapping A : fi — » CB(H) is said to be measurable if 
for any C E 13(H), 

A-\C) = {tett: A(t) n C ^ 0} G E. 

Definition 2.3. A mapping /: fi x if —» if is called a random operator if for any 
w £ H, f(t,w) = w(t) is measurable. A random operator / : Q x H — > H is said to be 
continuous if for any t G ft, the mapping f(t, •) : H — ¥ H is continuous. 

Definition 2.4. A mapping w : f2 — >■ H is called a measurable selection of the 
multivalued measurable mapping A : Q — > CB(H) if u is a measurable mapping and 
t G tt, u(t) G A(t). 

Definition 2.5. A mapping T : Q x if — >■ CB(H) is called a random multivalued 
mapping if for any w & H, T(-,w) is measurable. A random multivalued mapping 
T : Q x if — )■ CB(H) is said to be fi-continuous if for any (Gfi, T(t, ■) is continuous 
in the Hausdorff metric. 

Let F(H) be a collection of fuzzy sets over H . A mapping F from if into F(H) is 
called a fuzzy mapping. If F is a fuzzy mapping on H , for any u G if , -F(w) (denoted 
by F u in what follows) is a fuzzy set on H and F u (,z) is the membership function of z 
in F u . 

Let M G F(H), q G [0, 1], then the set 

(M) q = {ueH : M(u) > g} 
is called g-cut of M. 

Definition 2.6. A fuzzy mapping F : Q — > F(H) is called measurable if for any 
a G (0, 1], (F(-)) a : Q — > 2 H is measurable multivalued mapping. 

Definition 2.7. A fuzzy mapping F : Q x H — ?> F(H) is called a random fuzzy 
mapping if for any w G if, F(-,w) : Q — > F(H) is a measurable mapping. 

Clearly, the random fuzzy mapping includes multivalued mapping, random multi- 
valued mappings and fuzzy mappings as the special cases: 

Let A,T : Q x H — >■ F(H) be two fuzzy random mappings satisfying the following 
condition (S): 
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(S): There exist two mappings a,c : H —y (0,1] such that for all (t,w) G Q x H, 
(A t ,w)a(w) G CB(H), {T t)W ) c ( w ) G CB(H). By using the fuzzy random mappings A,T, 
we can define two random multivalued mappings A and T as follows: 

V (t, w) E n x H, A-.QxH^ CB(H), (t, w) ->■ (i tlt0 ) oM , 
V(t,w)eQxH, f-.QxH^CB(H), (t,w) -)• (T t)10 ) c(to) , 

where A (t)W) = A(£,w(£)). 

So, A and T are called the random multivalued mappings induced by the fuzzy 
random mappings A and T respectively. 

Given mappings a, c : i? — >■ (0, 1] the fuzzy random mappings A, T : Q x H — > 
T(H) satisfying the condition (S). Let N: QxHxH-l-H and r] : QxHxH — y H* be 
the mappings. Let b : H x H —y (— oo, oo) be a real valued function. For given / E H 
and any measurable mapping v : f2 — )■ iJ, find measurable mappings u,x,y : Q —y i? 
such that A t)U(t) (x(i)) > a(u(t)), T t ^ t) (y(t)) > c(u(t)) and 

(iV t (x(t),J/(i))-/,^(v(*),w(*)))+a(w(*)^(*)-w(*)) > 6(w(t),w(t))-K«(*)^(*)) (2- 1 ) 

for all -u(£) G H, t G Q and i] t (u(t),v(t)) = r](t,u(t),v(t)), where a : H x H ^- 
(— oo, +oo) is a coercive continuous bilinear form, that is there exists the measurable 
mappings e, d : $1 — y (0, 1) such that 

(Ci) o(v(t),v(*)) > d *IK*)ll 2 for a11 w 0) e # 

(C 2 ) \a(u(t),v(t))\ < e t |Kt)||-lk(*)ll for a11 u(t),v(t) G if. 

It follows from (Ci) and (C2) that d(£) < e(t). Again function &(., .) is non differ- 
entiable and satisfies the following conditions: 

(C3) for any measurable mapping v : f2 — y H, b(.,v(t)) is linear; 

(C4) for each measurable mapping w : Q ^- H, b(w(t), .) is a convex function; 

(C5) for any measurable mappings w, v : $1 — y H , b(w(t),v(t)) is bounded, that is 
there exists a measurable function 7 : $1 — >■ (0, +00) such that 

6(w(t),u(t))<7tlK«)ll-IK*)ll; 

(Cq) for any measurable mappings w,v,z : fi — >■ iJ 

&(«;(*), u(t)) - 6(w(t), «(t) < b(w(t),v(t) - z{t)). 

The inequality (2.1) is called fuzzifned random generalized nonlinear variational 
like inequalities. 

Remark 2.1. 
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1. For any measurable mapping w,v : Q — >• H 

b(-w(t),v(t)) = -b(w(t),v(t)) and b(-w(t),v(t)) < 7tlK*)IUK*)ll, 
hold from condition (C3) and (C5), respectively. So 

|6K*),«(*))I<7«IK*)IIIK0II- 

2. For any measurable mappings w,v,z : Q —¥ H 

\b(w(t),v(t)) -b(w(t),z(t))\ <7t\\w(t)\\\\v(t) - z(t)\l 

follows from conditions (C4) and (Cq). So, b(w(t),v(t)) is continuous with respect 
to second variable. 

Special Cases: 

1. If a is zero operator / = 0. Then problem (2.1) is equivalent to the problem 
(2.1) of Dai [9]. For any measurable mapping v : Q — >■ H , finding measurable 
mappings u,x,y : Q — >■ H such that 

A tMt) (x(t)) > a(u(t)), T tMt) (y(t)) > c(u(t)) 

and 

(N(x(t),y(t)),r](v(t),u(t))) + b(u(t),v(t)) - b(u(t),u(t)) > (2.2) 

where N,r] : H x H — >■ iJ. 

2. If A, T : iJ — ?> CB(H) are classical set valued mappings we can define the fuzzy 
mappings A, T : if — >■ T{H) by 

w ->• xA(m), u -> X^(m) 

where x^4( M ) an d xT{u) are characteristic functions of A(w) and T(u) respec- 
tively, taking a(u) = c(u) = 1 for all u G H. For given f E H and any measurable 
mapping v : $1 — >■ H, find measurable mappings u,x,y : Q — >■ if such that 

(N t (x(t),y(t))-f, Vt (v(t),u(t))) + a(u(t),v(t) -u(t))-b(u(t),v(t)) > b(u(t),u(t)) 

(2-3) 
for all f (t) G if. It is called random generalized nonlinear variational like inequal- 
ities, which is the variant form of a problem studied by Liu et al. [26]. 

3. If a is zero operator, A,T : D — >■ H and 77 : D x D — > H* be the single valued 
mappings, then (2.3) reduces to the following nonlinear mixed variational like 
inequality: 

For a given / G H, find u G D such that 

(N(A(u),T(u)) - /, 77(u, «)) + 6(u, u) - b(u, u) < 0, \f v e H, (2.4) 
considered by Ding [14]. 
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4. If N(Au, Tu) = Au — Tu, / = and b(u, u) = ip(u), where tp : H — > (—00, 00) is 
a functional. Then (2.4) is equivalent to a problem for finding u G D such that 

(A(u) - T(u), r){v,u)) > ip(u) - (p(v), V v G D. (2.5) 

It is called mixed nonlinear variational like inequalities, considered and studied 
by Ding [13]. 

5. Again, r](v,u) = gv — gu, for all u,v G D where g : D — > D is a mapping, then 
(2.5) is equivalent to finding u G K such that 

(Au-Tu, gv-gu) > ip(u) -ip(v), V v G D, (2.6) 

which was studied by Yao [34] . 

Definition 2.8. A random multivalued mapping A : Q x H — > CB(H) is said to be 
ff-Lipschitz continuous, if there exists a measurable function A : $1 — ¥ (0, +00) such 
that 

H(A(t, Ul (t)),A(t,u 2 (t))) < X(t)\\u 1 (t)-u 2 (t)\\ 2 \/u 1 (t) : U2(t) G H. 

We give the following Lemmas. 

Lemma 2.1 [1]. Let A : Q x H — > CB(H) be a ff-continuous random multival- 
ued mapping, then for measurable mapping u : Q — ?> H, the multivalued mapping 
A(.,u(t)) : Q — > CB(H) is measurable. 

Lemma 2.2 [2]. Let Ai, A 2 : fi — > CB(H) be two measurable multivalued mappings, 
e > be a constant and x\ : Vt — > H be a measurable selection of A\, then there exists 
a measurable selection x 2 : ^ — > H of A 2 such that for all t G Q, 

Wx^t) - x 2 (t)\\ < (l + e)H(A 1 (t),A 2 (t)). 

Lemma 2.3[3]. Let D be a nonempty closed convex subset of a Hausdorff linear 
topological space E and 0, ip : D x D — > R be the mappings satisfying the following 
conditions: 

(a) ip(u,v) < (f)(u,v) for all u,v G D and ip(u,u) > for all u G -D; 

(b) for each u £ D <f)(u, .) is upper semicontinuous on D; 

(c) for each v G D, the set {mGD: VK^ v) < 0} is a convex set; 

(d) there exists a nonempty compact set K C D and u <E K such that ip(u ,y) < 
for all v G D\K. 

Then there exists v E K such that 0(w, -0) > for all u G D. 
Definition 2.9. Let N: QxHxH^-H and rj : Vl x D x D — > H* he the mappings. 

6 
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(i) N is said to be random ^-strongly monotone with respect to the first variable if 
there exists a measurable function s^n : ft — >■ (0, 1) such that 



(N t (u(t), .) - N t (v(t), .), Vt(u(t),v(t))) > s t , N \\u(t) - v( 
for all u,v G D, t G ft; 
(ii) N is said to be randomly ^-monotone with respect to the second variable if 

(N t (.,u(t))-N t (.,v(t)), vMt),v(t)))>0 
for all u,v G D and t G ft; 

(iii) N is said to be randomly Lipschitz continuous if there exists a measurable map- 
ping S : $1 — >■ (0, 1) such that 

||N t («(i),0-^(v(t),OII<WK*)- u (*)ll Vu,ve£>, iefi; 

(iv) iV is said to be 77-hemicontinuous with respect to A and T of the first and second 
variables if for any u,v G D, the mapping g : [0, 1] — > (—00, 00) defined by 

g{t) = (N t (a(t)u(t) + (1 - a(t))v(t),a(t)u(t) + (1 - a(t))v(t)),r] t (u(t),v(t))) 

is continuous at + ; 

(v) i] is said to be randomly Lipschitz continuous with measurable mapping a : f2 — > 
(0, 1) such that 

\\rj t (u(t),v(t))\\<a t Ju(t)-v(t)\\ V u,v e D, t G ft; 

(v) 77 is said to be randomly strongly monotone with a measurable mapping // : ft — )■ 
(0, 1) such that 

(u(t)-v(t),r} t (u(t),v(t))) > Vtju(t) - v(t)\\ 2 V u(t),v(t) G £>, tGft. 

Definition 2.10. Let N : Q x H x H — > H, i] : Q x D x D — > H* be the mappings. 
A random multivalued mapping A : ft x H — > CB(H) is said to be 

(i) randomly monotone if 

(N t (x(t), .) - N t (y(t), .), Vt (u(t),v(t))) > 

for all x(t) G A(i,u(i)), j/(i) G A(t,v(t)), u(t),v(t) G i/, t G ft; 
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(ii) A is said to be random r-strong monotone with respect to the first variable of N 
if there exists a measurable function r : Q — ¥ (0, oo) such that 



(N t (x(t),.)-N t (y(t),.), rj t (u(t),v(t))) > r t , N \\u(t) - v(t)\\ 2 

for all x(t) e A(t,u(t)), y(t) e A(t,v(t)), u(t),v(t) e H,teCl. 

Lemma 2.4. Let (Q, E) be a measurable space and D be a nonempty convex subset 
of a topological vector space. Let ip : Qx D x D —¥ (—00, 00) be a real valued function 
such that 

(i) for each (v,u) G D x D, t —¥ (p(t,v,u) is measurable mapping; 

(ii) for each (t, v) G fi x D, u — ¥ ip(t,v,u) is continuous on each nonempty compact 
subset of D; 

(iii) for each (t, u) G Vt x D, v — > tp(t,v,u) is lower semicontinuous on each nonempty 
compact subset of D; 

(iv) for each isO, each nonempty finite set {v 1, f 2, • • • , v n } C D and for each 

m m 

u = y^aiVi (aii > 0, y^aj = l), min <p(t,Vi,u) < 0; 

^— • ^— » KKm 

i=l i=l 

(v) for each iGfi, there exists a nonempty compact subset D Q of D and a nonempty 
compact subset K oi D such that for each u G -D\fC there is a i> G co(Do U { u }) 
with ip(t,v,u) > 0. 

Then there exists a measurable mapping u : Q — > D such that tp(t, v, u(t)) < for 
all v G D and t e Q. 

Definition 2.11. A random multivalued mapping T : Q x H — > CB(H) is said to be 
randomly i7-Lipschitz continuous, if there exists a measurable function k : Q — ¥ (0, 00) 
such that 

#(T(t, u(t)),f(t, v(t))) < K f \\u(t) - u(t) II V u(*), u(t) e fl", ten. 
3 Auxiliary Problem and Algorithm 

Now we consider the following auxiliary problem with respect to the fuzziffied random 
generalized nonlinear variational like inequality problem (2.1). 

For any given measurable mapping u : $1 — ¥ D, for measurable mapping v : Q — > D, 
find measurable mapping w : Q — ¥ D such that for all t G ft x(t) G A(t,w(t)), 
y(t) ef(t,w(t)) and 

(w(t),r) t (v(t),w(t))) > (u{t), Vt {v{t),w{t))) - p t (N t (x(t),y(t)) - f, r) t (v(t),w(t))) 

-p t a(w(t),v(t) - w(t)) - p t b(u(t),v(t)) + Pt b(u(t),w(t)) (3.1) 
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where p : Q — > (0, oo) is a measurable mapping. 

Theorem 3.1. Let (ft, E) be a measurable space, D be a nonempty convex closed 
subset of H and / G H. Let random fuzzy mappings A, T : f2 x if — y J-(H) satisfy 
the condition (S) and A and T, the random multivalued mappings induced by the 
fuzzy random mappings A and T respectively. Let N:QxHxH^-Hbe the 
mapping such that iV is random 77-hemicontinuous with respect to A and T in first 
and second variables. Let rj : Q x D x D — > H* be the random Lipschitz continuous 
with a measurable function a : Q — )■ (0, 1) and random rj strongly monotone with 
respect to the measurable mappings \x : Q — > (0,1). For each v G D, i] t (.,v(t)) be 
continuous and semi continuous in second variables and rj t (v(t),u(t)) = —r) t (u(t),v(t)) 
for all u,v G D, t G Vt. Suppose a : D x £) — >■ (—00, +00) satisfies (Ci) and (C2). Let 
b : D x D ^ (—00, +00] be a real valued function satisfying (C3). 

(1) For each t G $1, the mappings A(t, .), T(t, .) are randomly ii-Lipschitz continuous 
with the measurable functions A, K : Jl — >■ (0, 1) respectively; 

(2) the measurable mappings N t (., .) is randomly Lipschitz continuous and randomly 
?7-strongly monotone with respect to the random multivalued mappings A in the 
first variable with the measurable functions S, s : fi — >■ (0, +00) respectively and 
N(., .) is randomly Lipschitz continuous and randomly 77- relaxed monotone with 
respect to the random multivalued mapping T in the second variable with the 
measurable functions £, r : Q — > (0, +00) respectively. 

Then the auxiliary problem (3.1) has a unique random solutions. 
Proof. For any fixed measurable mapping u : Q — > D, for any measurable mappings 
v, w : Q — >■ D, we define the functional 0, ?/> : Q x D x D — >■ (—00, +00] by 

&(«(*),«;(*)) = (v(t)>»fe(v(t)> «>(*))> - ( M (t),^(t;(t), W (t))) 
+ Pt {N t { Xl {t)Mt)) ~ f, Vt(v(t),w(t))) 
+ p t a(v(t),v(t) - w(t)) - p t b(u(t),w(t)) + p t b(u(t),v(t)) 

for all xi(t) G A(t,f(t)), j/x(*) G T(t,v(t)) and 

^(u(t),w(t)) = (w(t),^(t;(t), W (t))) - (u(t),r] t (v(t),w(t))) 
+ pt{N t (x 2 {t),y 2 (t)) - f, r]t{v{t),w{t))) 
+ p t a(w(t),v(t) - w(t)) - p t b(u(t),w(t)) + ptb(u(t),v(t)), 

for all x 2 (t) G A(t,w(t)), y 2 (t) G T(t,w(t)). 

Since A and T are random multivalued mappings induced by the fuzzy random 
mappings A and T respectively i.e., for each t G Q, u(t) G -D, A(£, u(t)) and T(t,u(t)) 
are measurable mappings. From Lemma 2.4, for any fixed (v(t),u(t)) G -D x D, t — >■ 
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(pt(v(t),u(i)) is measurable. Now we verify the functional and ip satisfy all conditions 
of Lemma 2.3 in the weak topology. It is easy to see that for all v(t),w(t) G D, t G f2, 

Uv(t),w(t)) - ^ t (v(t),w(t)) = (v(t) - w{t), Vt {v{t),w{t))) 

+ p t (N t (x 1 (t),y 1 (t)) - N t (x 2 (t), yi (t)), r]t(v(t),w(t))) 
+ Pt (N t (x 2 (t), yi (t)) - N t (x 2 (t),y 2 (t)), r) t (v(t),w(t))) 
+ p t a(v(t) - w(t),v(t) - w(t)) 
> \jM,r, + Pt(st,N A , v -r t ,N f , v + d t )]\\v(t) -w(t)\\ 2 > 0, 

which implies that (f> t and ip t satisfy the condition (1) of Lemma 2.3. Given a is a 
coercive continuous bilinear from, therefore a(v(t),v(t) — w(t)) is weakly upper semi 
continuous with respect to w(t). Since b is convex, lower semi continuous in the second 
variable. For any measurable mapping v : Q — >■ D, the mapping u(t) — > r]t(u(t),v(t)) for 
t G Q is convex and upper semi continuous. Therefore (f>t(v(t), .) is weakly upper semi 
continuous in the second variable and the set {t G Q, v(t) G D : ip t (v(t),w(t)) < 0} 
is convex for each measurable mapping w : Q — > D. Therefore the Assumption (b) 
and (c) of Lemma 2.3, and (iv) of Lemma 2.4 hold. Let v : Q — > D be a measurable 
mapping. Assume 

L t = \jM,T, + Pt(st,N A ,r, - n,N f , v + d^Y^at^Wu^) -v(t)\\ + p t e t \\v(t)\\ 
+ Pt(Tt, v \\N t (x 1 (t),y 1 (t)) -f\\ + Ptlt\\u(t)\\] 

and 

M t = {te fi, w(t) G D : \\w(t) -v(t)\\ < L t }. 

Since M t is weakly compact subset of D and for any w(t) C D\M and x 2 (t) G 
A(t,w(t)), V2(t) G f(t,w(t)), Xl (t) G A(t,v(t)), yi (t) G f(t,v(t)) 

4> t (v(t),w(t)) = (w{t), Vt {v{t),w{t))) - (u{t), Vt {v{t),w{t))) 
+ p t (N t (x 2 (t),y 2 (t)) - /, r) t (v(t),w(t))) 
+ p t a(w(t),v(t) - w(t)) - ptb(u(t),w(t)) + fhb(u(t),v(t)) 

< -( w (t)-v(t),r] t (w(t),v(t))} + (u(t)-v(t),r} t (w(t),v(t))) 

- p t {N t (x 2 (t),y 2 (t)) - N t (x 1 (t),y 2 (t)),r ]t (w(t),v(t))) 

- p t {N t { Xl {t),y 2 (t)) - N t (x 1 (t),y 1 (t)),r ]t (w(t),v(t))) 

- p t (N t ( Xl (t),yi(t)) - f, r) t (w(t),v(t))) - p t a(w(t) - v(t),w(t) ~ «(*)) 

- p t a(v(t),w(t) - v(t)) + p t b(u(t),v(t) - w(t)) 

< -\\w(t) ~ v(t)\\{[pt, v + Pt(s t ,N A ,n ~ r t ,N f , v + d t )]\\w{t) - v(t)\\ 

- <j t , v \\u(t) - v(t)\\ - p t e t \\v(t)\\ -p t <Tt, T) ||A r i(xi(0,2/i(i)) -/|| ~ Ptlt\\u{t)\\} 
<0. 

Hence condition (d) of Lemma 2.3 holds. By Lemma 2.3, for t G fi, there exists 
a measurable mapping w : Q — > D such that 4>t(u(t),w(t)) > for each measurable 
mapping u : Q — > D. 

10 
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We know that mapping N t (., .) is random Lipschitz continuous in first and second 
variable and the mapping A(t, .), T(t, .) are random H-Lipschitz continuous. Based on 
Lemma 2.1, for any measurable mapping v : Q — > D, we obtain w : Q — > D, there exist 
x x {t) G A(t,v(t)), yi (t) G f{t,v{t)) such that 

(u(t), 7fe(u(t), «)(*))) > (u(i), ?&(«(*), w{t))) - p t (N t ( Xl (t), yi (t)) - f, Vt (v(t),w(t))) 

-p t a(v(t),v(t) - w(t)) - p t b{u(t),v{t)) + p t b(u{t),w(t)) (3.2) 

for each given measurable mappings u : Q — > D. 

Let (3 be in (0, 1] and a measurable point v : $1 — >■ D. Replacing v(t) by vp(t) = 
/3v(t) + (1 - /3)w(t) in (3.2), we have 

(vp(t),r) t (vp(t),w(t))) > (u(t),r) t (vp(t),w(t))) - Pt (N t (xp(t), W (t)) - /, 

rjt(v0(t) : w(t))) - Pta(v/3(t),Vfi(t) - w(t)) 

-ptb(u(t),vp(t)) + p t b(u(t),w(t)) (3.3) 

for all u(t) eD,teVt, for ^(t) G i(t,^(t)) and ^(t) G f(t,vp(t)). 

Since 6 is convex in the second variable, (N t (x(t),y(t)),r) t (v(t), .)) is concave and 
upper semicontinuous. From (Cq) and (3.3), we have 

[(^(t),7 ?t (t;(t),u ; (t)))]>/3[( M (t),r ?t (t;(t),u;(t)))-p t (iV t (x / 3(t),i/ /3 (t))-/, 

r) t (v(t),w(t))) - p t a(vp(t),v(t) - w(t)) - p t b(u(t),v(t)) 
+ p t b(u(t),w(t))} V v(t) G D, ten, 

implies that 

[(vp(t),r) t (v(t),w(t)))} > (u(t),r) t (v(t),w(t))) - p t (N t (x (t),y $ (t)) - f, 

r) t (v(t),w(t))) - p t a(vp(t),v(t) - w(t)) - p t b(u(t),v(t)) 
+ p t b(u(t),w(t)) V v(t) e D, ten, 

where p : Q — > (0, 1) is a measurable mapping. 
Letting j3 — > + in the above inequality, thus 

(w(t),r) t (v(t),w(t))) > (u(t),r) t (v(t),w(t))) - p t (N t (x(t),y(t)) - f,r) t (v(t),w(t))) 
- p t a(w{t),v{t) - w{t)) - p t b(u{t),v(t)) + p t b(u{t),w(t)) 

for all v(t) e D, ten, x(t) G A{t,w{t)) and y{t) G f{t,w{t)). 

This shows that for any t e Vt and given each measurable mapping u : Q — > D, 
for each v : il — > D measurable mapping, the measurable mapping w : Q — > D, 
x(t) e A(t,w(t)), y(t) e T(t,w(t)) is the random solution of the auxiliary problem 
(3-1). 



11 
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and 



We prove that for any tgfi, the measurable mapping t — > w(t), x(t) G A(t, w(t)), 
y(t) G T(t,w(t)) is unique random solutions of the auxiliary problem (3.1). Suppos- 
ing the measurable mapping wi(t) , W2(t) G D, Xi(t) G A(t,Wi(t)), yi(t) G T(t,Wi(t)), 
x 2 (t) G A(t,W2(t)), y2(t) G T(t,W2(t)) are two random solutions of the auxiliary prob- 
lem (3.1), we have the conclusion that for all v : Q — > D, t G Q 

(w 1 (t),r ]t (v(t),w 1 (t))) > («(t),^(v(*),wi(t))) - Pt (N t (x 1 (t),y 1 (t)) - f, 

r)t(v(t),wi(t))) - p t a(w-v(t),v(t) -wi(t)) 

- Pt b(u(t),v(t)) + ptb(u(t), wi(t)) (3.4) 

and 

(w 2 (t),^(t;(t), W2 (t))) > («(*), 7^(u(t),«;2 (*))) -p t (7V t (x 2 (*),y 2 (t)) -/, 

r) t (v(t),w 2 (t))) - p t a(w 2 (t),v(t) - w 2 (t)) 

- (Hb(u(t),v(t)) + Ptb(u(t),w 2 (t)). (3.5) 

Putting v(t) = w 2 (t) in (3.4) and v(t) = Wi(t) in (3.5), we have 

( Wl (t),^( W2 (t), Wl (t))) > (u(t),77t(«; 2 (t),«;i(t))) -pt(N t ( Xl (t),S/i(*)) " /, 

??t(u> 2 (£),u>i(£))) - p t a(w 1 (t),w 2 (t) - Wi(t)) 

- ptb(u(t),w 2 (t)) + /0t&(«(t), wi(t)) 

(w 2 (t),77 t ( Wl (t), W2 (t))) > (u(f),^i(t),«; 2 (t))) - A^t^W.JfeW) - /, 

rj t (w 1 (t),w 2 (t))) - p t a(w 2 (t),Wi(t) -w 2 (t)) 

- ptbiuit),™^)) + p t b(u(t),w 2 (t)). 

(w 1 (t)-w 2 (t),r jt (w 1 (t),w 2 (t))) < -p t (N t ( Xl (t), yi (t)) - N t (x 2 (t), yi (t)), 

Vt (wi (t) ,w 2 (t)))- Pt (N t (x 2 (i) , S/i (*) ) 

- p t a{wi{t) - w 2 (t),wi(t) - w 2 (0)- 

Noting that N(., .) is random ^-strongly monotone with respect to random mul- 
tivalued mapping A in first variable with measurable function s t : f2 — )• (0, +oo) and 
random 77-relaxed monotone with respect to the random multivalued mapping T in the 
second argument with r : fi — > (0, +00), a(., .) a coercive we have 

A*t||«>i(t) -w 2 (t) || 2 < -pt(r t ,Nf, v + s tl N A , v + dt)\\wi(t) ~w 2 {t) || 2 < 

which yield that wi(£) = w 2 (t). 

Further let xi(t) G i(t,iui(t)), j/i(t) G f(t,wi(t)), x 2 (t) G A(t,w 2 (t)), y 2 (t) G 
T(t,w 2 (t)) by Lemma 2.2, we get 

||xi(t)-x 2 (t)|| < (I + e)H(A(t,w 1 (t)), A(t,w 2 (t))) < (1 + e)X t ^ A \\w 1 (t) - w 2 

12 
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\\Vi(t)-y 2 (t)\\ < (l + e)H(T(t,w 1 (t)),T(t,w 2 (t))) < (1 + eK,^IK(*) - w 2 { 

So we get Xi(t) = x 2 (t) and yi{t) = y 2 (t), which imply that for any t G Q and the 
measurable mapping u : Q — > D, the measurable mapping w,x,y : Q — > D such that 
t E fi, x(t) G A(t,w(t)), y(t) G T(t,w(t)) is a unique random solutions of the auxiliary 
problem (3.1). 

4 Existence and Convergence Analysis 

In this section, we first construct an algorithm for solving the fuzzifned random general- 
ized nonlinear variational like inequality (2.1). Then we prove the existence of solutions 
for the fuzzifned random generalized nonlinear variational like inequalities (2.1) and 
also discuss the convergence of the sequence generated by the Algorithm 4.1. From 
Theorem 3.1, we suggest the following algorithm for the fuzzifned random generalized 
nonlinear variational like inequalities (2.1). 

Algorithm 4.1. Suppose that a : D x D — >■ (—00,00) satisfies (Ci) — (C 2 ), b : 
DxD ^ (-00, 00) satisfies (C 3 ) - (C 6 ), N -.VtxHxH ^ H, r] : ttx Dx D ^ H* are 
mappings and / G H. For any given measurable mapping Uq : Vt — >■ D by Lemma 2.1, 
the multivalued mappings A(.,Uq(.)),T(.,Uo(.)) : Q x H — > CB(H) are measurable, 
hence there exist measurable selection x : Q — > D of A(.,u (.)) and y : Q — » D of 
T(.,Mo(-))- F r o m Theorem 3.1 for given each measurable mapping i> : fi — >■ D, there 
exists measurable mapping u\ : Q — > D, the measurable selection x\ : Q — > D of 
A(.,ui(.)) and y\ : Q — > D of T(., Ui(.)) such that for all t G $1, 

(«i(<),^(u(*),«i(*)))><«o(*)^(v(*),«i(*)))-^<^(^i(*),J/i(*))-/, 

7/t(v(t),«i(t))) ~ Pta{u\{t),v{t) -wi(t)) ~ Ptb( u o(t),v(t)) 
+ ptb(u (t), ui(t)) + (e (t), 7fe(u(t), «i(t))) 

and 

||xi(t) - x (t) II < (1 + l)^(i(t, «i(t)), A(t, «o(t))) 

||j/i(«) - S/o(*) II < (1 + 1)# (T(£, wi(t)), T(t, «o(t))). 

Continuing the above process inductively, we can define the following random 
iterative sequences {«„(£)} and {x n (t)} and {y n (£)} for solving problem (2.1) as follows: 

(u n+1 (t),r] t (v(t),u n+1 (t))} > (u n (t),r] t (v(t),u n+1 (t))) - p t (N t (x n+1 (t),y n+1 (t)) - f, 

r} t (v(t),u n+1 (t))) - p t a(u n+1 (t),v(t) - u n+1 (t)) - p t b(u n (t),v(t)) 
+ ptb(u n (t),u n +i(t)) + (e n (t),r)t(v(t),u n +i(t))), 

x n+1 (t) G A(t,u n+1 (t)), y n +i(t) G f(t,u n+1 (t)), 
\\x n+1 (t) - x n (t)\\ < (l + (l + n)- 1 )H(i(t, !/„+!(*)), A(t, ^(t))), 

lbn+l(«)-!/n(*)ll < (l + (l+^)- 1 )^(T(t, M „ +1 (t)),T(t, Mn (t))), (4.1) 
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for n > 0, where {e„(t)} n > C H and p : fi — >■ (0, oo) is measurable mapping. 

Theorem 4.1. Let (f2, E) be a measurable space and D be a nonempty closed convex 
subset of H and f E H. Let the measurable mapping rj:QxDxD^-Dbe random 
strongly r\ monotone and random Lipschitz continuous with the measurable functions 
p, a : Q — >■ (0, +oo) respectively. Let the measurable function b : D x D — > (— oo, +oo] 
be a real valued function satisfy (C3) — (C*6). Suppose a : D x D ^ (—00, +00) 
satisfy (Ci) and (C2). Suppose A, T : f2 x iJ — >■ J-{H) be two random fuzzy mappings 
satisfying the condition (S). Let A, T : Q x H — > CB(H) be random ff-Lipschitz 
continuous multivalued mappings induced by A and T respectively. The measurable 
function N is randomly Lipschitz continuous and random strongly monotone in the 
first variable with respect to the random multivalued mapping A with the measurable 
functions S, s : $1 — ¥ (0, +00) respectively. N t (.,.) is randomly Lipschitz continuous 
and random relaxed monotone with respect to the random multivalued mappings T 
in the second variable with measurable functions £, r : Q — > (0, +00) respectively 
too. Suppose that A and T are Lipschitz ^/-continuous with A^_,/t^_ : Q — > (0,1) 
respectively and 



( S t\& I +ttK t ,HJ > s t,N A , qt 



It 



<?t 



Pt 



<Jt 



lim 



0. 



If there exists any measurable function p : $1 — )■ (0, +00) satisfying 



<p t < 



Ih 



lt-dt 



and one of the following conditions: 



(4.2) 



(4.3) 



Pt 



s t ,N A ~ r t , Nf ~ qtPt 



( S t\H-+^ tt H.) 2 -qt 



< 



^(st,N A - n,N f - qtPt) 2 - ((\,H A 5 t + it\H f ) 2 - qf)(i - Pt) 



( s tKH-+ZtK t *) 2 -q; 



(4.4) 



( 5 t\,H A +ZtK t ,H f ) >&, 

\s t ,N A ~ n, Nf - qtPt\ > \J{(5t\u A + £t* tt H t ) 2 - % 2 )(! ~Pt), 

Pt< 1, 



(4.5) 



Pt 



r t ,N f - qtPt - S t ,N A 



Qt ~ ( S t\,H z + &«*,£, 



< 



(s t ,N A - n,N f - qtPt) 2 + (q 2 - ($t\ : H A + &« t ,i^) 2 )(i - pI 

<ft'^t\H A +it\f Ii ) 2 
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Then there exist measurable mappings u,x,y : Q — >■ D such that for all ( G (1, 
x{t) G A(t,u(t)), y(t) G T(t,u(t)) has a unique solutions of (2.1). Moreover the 
random iterative sequences {u n (t)} n > , {x n (t)} n > and {y n (t)}n>o obtained by random 
Algorithm 4.1 converges to u(t), x(t) and y(t), respectively. 

Proof. From the proof of Theorem 3.1, for each t G Q and the measurable mapping 
u : Q — > D, there exists a unique solution w (i.e., u(t) G -D, a;(t) G A(£, «(£)), t/(t) G 
T(t,u(t))) satisfying the auxiliary problem (3.1). Defining a random mapping G : 
Q x D -> D satisfying G t (u(t)) = w(t) (i.e. u{t) — > w(u(t)) where w(t) (i.e. -u(t) G £>, 
x(t) G A(t, u(t)), y(t) G T(t,u(t)))) is the unique solution of (3.1). Now we will prove 
that the random mapping G is a contraction mapping. Let any Ui(t) and U2(t) in .D, 
there exists unique Wi(t) = G t (ui(t)), w 2 (t) = G t {u 2 {t)) for all v (t) G D and t G fi, 
such that 

(G t («i(*)),^(u(t),G t ( Ul (*)))) > («i(t),^(u(0,G t («i(t)))) -ft(iV t (n(t),yi(t)) 

-/,^(u(t),G t (ui(t))))-^o(G t («i(t)),v(t) 

-G t ( Ml (t)))- Pt 6K(t),t;(t)) 

+ Pt6(wi(*)>G t («i(t))), (4.6) 

for all Xi(t) G A(t,-U!(t)) and t/i(t) G T(t,Ui(t)) and 

(G t (« 2 (t)),^(u(t),G t (w2(t)))> > (u2(t)Mv(t),G t (u 2 (t)))) -pt(N t (x 2 (t),y 2 (t)) 

- f,r] t (v(t),G t (u 2 (t)))) - p t a(G t (u 2 (t)),v(t) 

-G t (u 2 (t)))-p t b(u 2 (t),v(t)) 

+ P Mu 2 (t),G t (u 2 (t))), (4.7) 

for all x 2 (t) G i(t,w 2 (t)) and y 2 (t) G f(t,u 2 (t)) for all £ G Q. Taking v(t) = G t {u 2 {t)) 
in (4.6) and v(t) = G t {u\{t)) in (4.7) and adding these inequalities with r) t (u(t),v(t)) = 
—r)t(v(t),v(t)) and the assumption of &(., .), we arrive at 

PtJG t ( Ul (t)) - G t (u 2 (t))\\ 2 

<(G t ( Ul (t))-Gt{Mt))MGtMt)),G t Mt)))) 

< («i(t) - w 2 (0 - pt(N t ( Xl (t) :yi (t)) 

-N t (x 2 (t),y 2 (t))), Vt (G t ( Ul (t)),G t (u 2 (t))) 

- pta(G t ( Ul (t)) - G t (u 2 (t)), G t ( Ul {t)) - G t {u 2 (t))) 
+ Pt b( Ul (t) - u 2 (t), G t (u 2 (t)) - G t ( Ul (t))) 

< ||«i(t) ~u 2 (t) - p t (N t ( Xl (t) :yi (t)) 
-N t (x 2 (t) : y 2 (t)))\\\\rj t (G t ( Ul (t)) : G t (u 2 (t)))\\ 

- p t d t \\G t ( Ul (t)) - G t (u 2 (t))\\ 2 

+ pat \\ Ul (t)-u 2 (t)\\\\G t (u 1 (t))-G t (u 2 (t))\\. (4.8) 
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Now from the random Lipschitz ff-continuity of N both variables and strong 
random monotonicity of N with first variable and random relaxed monotonicity of iV 
with second variables, we have 



16 
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\\u 1 (t)-u 2 (t)-p t (N t (x 1 (t),y 1 (t))-N t (x 2 (t),y 2 (t)))\\ 2 

= ||«i(t) - u 2 (t)\\ 2 - 2p t (N t (x 1 (t),y 1 (t)) - N t (x 2 (t),y 2 (t)), Ul (t)-u 2 (t)} 
+ plWNtix^t)^^)) - N t {x 2 {t),y 2 {t))\\ 2 

< ||«i (t)-u 2 {t) f- 2p t {N t (x 1 (t), yi {t)) - N t (x 2 (t),yi(t)), Ul (t) - u 2 (t)) 
- 2pt (N t (x 2 (t) , Vl (t) ) - N t (x 2 (t) , y 2 (t) ) , Ul (t) - u 2 (t) ) 



+ Pt 



\N t (x 1 (t),y 1 (t)) - N t (x 2 (t), yi (t))\\ + \\N t (x 2 (t), yi (t))-N t (x 2 (t),y 2 (t))\\ 



< ||ux(t) -M 2 (t)|| 2 -2/o t s t> j Vi ||«i(t) - u 2 (t)\\ 2 + 2p t r ttNrf \\u l (t) - u 2 

+ p 2 
< 



+ PJ 
< 



+ pi 



8 t \\xi(t) -x 2 (t)\\ +£t\\Vi(t) -y 2 
1 - 2p t (s tiNA - r t:Nf ) \\ui(t) - u 2 (t)\\ 2 

' r 8 t H(A(t, Ul (t)), A(t, u 2 (t))) + £ t H(f(t, wi(t)), T(t, ^(t)))' * 
1 - 2p t (s tiA r A - r*,^) ||in(t) - u 2 (t)\\ 2 

S t\AA\Ui(t)-U2(t)\\ + ^ t K A \\ Ul (t) - U 2 



< 



1 - 2p t (s t ,N A - r t ,N t ) + p 2 t($t\ t H A + it\jj f f\ ||«i(*) - ^2 
From (4.8) and (4.9), we get 
H t \\G t ( Ul (t))-G t {u 2 (t))\\ 2 

that is 

||G t («i(t)) - C7 t (w 2 (t))|| < 6»(t)||wi(t) - w 2 ( 
where 



(4.9) 



9{t) 



<7 t Jl - 2p t {s t ,N A - r t:N ) + p 2 t{8 t \ til + &«♦#_ 



Pt7t 



< 1. 



(4.10) 



At* + Pt^ 

By (4.3), and one of (4.4) and (4.5), therefore G:OxD-)-I)isa contraction 
mapping. Hence there exists a unique point u(t) G -D such that u(t) = G t (u(t)) and 
for each measurable mapping v : Q — > D, 

(u(t),r] t (v(t),u(t))) > (u(t),r) t (v(t),u(t))) - p t (N t (x(t),y(t)) 

- f, r) t (v(t),u(t))) - Pt a(u(t),v(t) - u(t)) 

- p t b(u(t),v(t)) + p t b(u(t),u(t)), (4.11) 
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where p : Q — > (0, 1) is a measurable mapping, which implies that 

(N t (x(t),y(t)) - /, nt(v(t), u(t))) + a(u(t),v(t) - u(t)) > b(u(t),u(t)) - b(u(t),v(t)), 

for all v(t) G D, that is u(t) G D, x{t) G A(t,u(t)), y(t) G T{t,u{t)) is the unique 
random solutions of the problem (2.1). 

Next we consider the convergence of random iterative sequence generated by Al- 
gorithm 4.1. Taking v (t) = w n+1 (£) in (4.11) and v(t) = u n {t) in (4.1) and adding these 
inequalities we have 

Ht\\u n +\{t) -u n (t)\\ 2 < (u n+1 (t) -u n (t),r} t (u n+1 (t),u n (t))) 

< (u n+1 (t) -u n (t) - p t (N t (x n+ i(t),y n+1 (t)) 

- N t (x n (t),y n (t))),r)t(u n+1 (t),u n (t))) 

- p t a(u n+1 (t) -u n (t),u n+1 (t) -u n (t)) 
+ p t b(u n+1 (t) -u n (t),u n (t) -u n+1 (t)) 
+ (e n (t),r) t (u n+1 (t),u n (t))) 

< [ a t^Jl - 2pt(St,N A - n,N f ) + pVjh\jl A + it^H f ) 2 + Ptlt] \\Un+l(t) ~ U n (t)\\ 

\\u n +i(t) -u n (t)\\ - p t d t \\u n+1 (t) -u n (t)\\ 2 + ||e n (t)||||M n+ i(t) -u n (t)\\, Vn>l. 
That is 

||«n+l(t) " «n(«)ll < 9 n (t)\\Un-l(t) ~ U n (t)\\ + ||e„(t)|| (4.12) 

where 

<?t a/1 - 2pt(s t ,N A - r t>N ) + p 2 {5 t \ t H + 6« t) ^) 2 (l + n ~ 1 ) 2 + Ptlt 

0n(t) = - 1 — -^ . 

Pt + Ptd t 
Let 

a t Jl - 2p t (s tjN - r tiN ) + P 2 {5 t \ t jj + ^\hJ 2 + Ptlt 

e(t) = —± , vten. 

Pt + Ptd t 

We know that for each t G Q, 9 n (t) — ¥ 9{t) and ||e n (t)|| — > as n — > oo. By 
Condition (4.2), it follows that 6(t) G (0,1) and hence (4.12) implies that {«„(£)} is 
a Cauchy sequence in D. Since D is complete, there exists a measurable mapping 
u : Q —¥ D such that u n (t) —¥ u(t) as n — > oo. 

Further, from Algorithm 4.1, we have 

\\x n+1 (t) -X n (t)\\ < \h a {} + -)\\ U n+l(t) -U n (t)\\ 
||j/n+l(*) -Vn(t)\\ < K ttA .(l + -j\\Un +1 (t) - U n (t)\\, 

18 



203 



ANASTASSIOU ET AL: NONLINEAR VARIATIONAL INEQUALITIES 



which implies that {x n (t)}, {y n if)} are also Cauchy sequences in H. Let x n (t) — > x(t), 
y n (t) — > yit), n — >■ oo. Since {u n (t)}, {x n (t)} and {y n (t)} are sequences of measurable 
mappings, we know that u,x,y : Q — >■ H are measurable. Now we prove that x(t) G 
A(t,u(t)) and y(£) G T{t,u{t)) for any t 6 (], we have 

d(x(t), A(t,u(t)) = inf{||rn(t) - z\\ : 2 G i(t,u(t))} 

< ||x(t) - X n (<) || + d(x n (*)» Mt, U (t))) 

< \\x(t) - x n (t) I) + H(A(t, u n {t)), A{t, u(t))) 

< \\x(t) - x n {t) II + \fj A \\u n {t) - u{t) II ->■ 0. 

Hence, x(t) G A(t, -u(t)), for all t G fi. Similarly, we can prove that y(t) G 
T(t,u(t)). So we have 

(N t (x(t),y(t)) - f, r)(v(t),u(t))) + a(u(t),v(t) - u{t)) < b{u{t),u{t)) - b{u{t),v{t)), 

for all v{t) G D, t G f2. This completes the proof. 
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Abstract Wc define and study the spaces Ai p . p , 1 < p < oo, that are of 
D^p-type. Using the harmonic analysis associated with a singular second order 
differential operator, we give new characterization of the dual space M! and 
we describe its bounded subsets. Next, we define the convolution product in 
M.' x M pr , 1 < r < p < oo and we prove some new results. 

Keywords: D^ P type, convolution product, differential operator. 
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1 Introduction 

The spaces D^ P ; 1 < p < oo, have been studied by many authors ([1], [2], [3], 
[4] , [9] ) . In this paper, we consider the second order differential operator defined 
on ]0,+oo[, by 

A' 
Au = u" + —ru' + p 2 u. 
A K 
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where A is a non negative function satisfying some conditions and p is a non 
negative real number. 

This operator plays an important role in Mathematical Analysis. For ex- 
ample, many special functions (orthogonal polynomials) arc cigcnfunctions of 
operator of A type. The radial part of the Laplacian-Beltrami on symmetric 
space is also of A type. 

The operator A has been studied by many authors and from many points 
of view ( see [5], [8] [13], [14], [16], [17]). In particular, in [5] and [14] many 
properties of harmonic analysis related to the operator A have been studied 
(translation operators, convolution product, Fourier transform...). 

In this work, we introduce the function spaces M. P , pi 1 < p < oo, similar to 
D^p, but replacing the usual derivatives by the operator A. 

The main result of this paper consists to give a new characterization of the 
dual space M! PlP of the space A4 PlP and a description of its bounded subsets. 
More precisely, in the first section, we recall some harmonic analysis results 
related to the convolution product and the Fourier transform connected with 
the differential operator A, that we use in the next sections. 

In the second section, we define the space M. PtP , 1 < p < oo, to be the set 
of measurable functions / on [0, +oo[ such that for all k e N; A k f belongs to 
the space L p (dv) (the space of measurable functions on [0, +oo[ of p th power 
integrable on [0,+oo[ with respect to the measure dv(x) = A(x)dx). We give 
some properties of this space, in particular we prove that it is a Frechet space. 

The third section is consecrated to the study of the dual space Ai' PiP . We 
give a nice description of the elements of this space and we characterize its 
bounded subsets. 

In the last section, we define and study the convolution product in M.' x 
M p>r , 1 < r < p < oo, where M Pir is the closure of the space D*(R) ( the space 
of even infinitely diffcrcntiablc functions on R, with compact support ) in M Pt r- 

2 The operator A 

In this section, we define and recall some properties of the harmonic analysis 
related to the operator A, defined on ]0,+oo[, by 

A' 
Au = u" + -«' + p 2 u. 
A 

where 

A(x)=x 2a+1 B(x); a>^-, (2.1) 

and B is a positive even infinitely diffcrcntiablc function on R, with 

B(0) = 1. 

We assume that the functions A and B satisfy the following conditions 

i) A is increasing, and lim A(x) = +oo. 
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11 — is decreasing, and lim , . , = 2 p. 



iii) there exists a constant <5 > 0, satisfying 

= 2p - ^±i + e _,5a: F(a;), forp > 



B W - o„ ---! i «,-<5a:; 



B(x) 

= e-^F^) , forp = 



B '(x) _„-«. 



B(x) 

where -F is C°° on ]0, oo[, bounded together with its derivatives on all interval 
[x ,oo[, x > 0. 

This operator has been studied by many authors ([6], [8], [14]). In particular, 
the following results have been established : 
For all A e C, the equation 



(2.2) 



Am = -A 2 w 

u(0) = 1, u'(0) = 

admits a unique solution denoted by ip\. 

The function (f\ satisfies the following properties : 

• product formula 

roc 

Vx,y>0; <f\{x)<p\(y) = I <f\(z)w(x 7 y,z)A(z)dz (2.3) 

Jo 

where w(x, y, .) is a measurable positive function on [0, +oo[, with support 
in [\x — y\, x + y], satisfying 

/■00 

• / w(x,y, z)A(z)dz = 1 

• Vz Js 0; w(x,y,z) = w(y,x,z) 

• Vz>0; w(x, y, z) = w(x, z, y) 

• Vx ^ 0, the function 

A i — ► <P\(x) 
is analytic on C 

• VA > and x £ R \tp\(x)\ < 1. 

• VA £ C, the function 

£ i — > (p\(x) 
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is even infinitely diffcrcntiablc on R, and for all k <G N there exist m^ e N 
and CA.k > such that 



VxG 



( Tx ) k (M*)) 



<C A ,kO- + x)* "MX) 



(2.4) 



(2.5) 



• For p > 0, and from ([13], p. 99) we have 

Vx > 0, VA € R, |<^a(3;)| < fo{x) < w(l + x)exp(— px), 
where m is a positive constant. 

• We have the integral representation of Mehler type, 

Vx>0,VAe C, (p\(x)= / k(x,t)cos(\t)dt, (2.6) 

Jo 

where k(x, .) is an even positive C°° function on ] — x, x[, with support in 
[— x,x]. Also, for all A e C, A 7^ 0, the equation 

Am = -A 2 w 

has a solution Q\, satisfying 

$a (x) — A~ i (x) cxp (iXx)V(x,X), 

with 

lim V{x,X) = l. 

x — >+oo 

Consequently there exists a function (spectral function) 

A^c(A), 
such that, 

VA e C, A ^ 0; <^ A = c(A)$ A + c(-A)$_ A . 
The function 

A — ► c(A) 
satisfies the following property 

• For AeR ,we have c(— A) = c(A). 

• The function |c( A) | 2 is continuous on [0,+oo[ . 

• there exist positive constants fci, fe, and ks, such that 
VAe C, ImAsCO, |A| ^ fc 3 ; 



fciiAr +i/2 s =;|c(A)r i ^fc 2 |Ar +i/2 . 



(2.7) 
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We denote by 

• dv(x) the measure defined on [0, +oo[, by 

dv(x) — A{x)dx 

• L p (dis), 1 s; p s; +00; the space of measurable functions on [0, +00 [, satis- 
fying 

/ r+oo \ i/p 

ll/IU = (J \f(x)\ p dis(x)j <+^; l^p<+oo 

ll/lloo^ = csssup|/(x)| < +00; p = +oo 

a;G[0,+oo[ 

• d 7 (A) the measure defined on [0,+oo[, by 

d 7 (A) = — ^ 

2n\c(X)\ 2 

• L p (d 7 ), I ^ p ^ +00; the space of measurable functions on [0, +00 [, satis- 
fying 



+OO 



Vp 



|/(A)| p d 7 (A) <+^; Hp<+» 
Vo / 

ll/lloo,7 = esssup|/(A)| < +00; p = +oo 

Ae[0,+oo[ 

Definition 2.1 ij T/ie translation operator associated with the operator A 
is defined on L l {dv), by 

Wx,y^0; %f(y) = I f(z)w{x,y,z)dv{z) 
Jo 

where w is the function defined by the relation (2.3). 

ii) The convolution product, associated with the operator A of f,g G L x {dv) 
is defined by 

r+<x 

f*g{x) = T x f(y)g(y)dv(y). 

Jo 

We have the following properties 

• %<p\{y) = f\(x)(px(y) 

• If / G L p (dis),l ^ p ^ +00; then for all x G [0,+oo[, the function T x f 
belongs to L p {dv), and we have 

W*f\\ PlV <\\f\\ P ,v 
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• Let p, q, r G [l,oo] such that 1/r = l/p + (1/q) - 1. If / G L p (dv) and 
g G L q (dv) then the function f * g E U(dv) and we have 

ll/^llr^ll/IUIMU- (2-8) 

Definition 2.2 TTie Fourier transform associated with the operator A is defined 
on ^{dv), by 

/•+00 

VA e K; .F/(A) = / /(x)^ A (x)^(x). 
Jo 

We have the following properties 

• For / G L^idv), such that Tf G L ((^7), we have the inversion formula for 
T: for almost every x G [0, +00 [, 

f{x)=T- 1 {Tf){x) (2.9) 

where JF _1 is the application defined on L l {d^) by 

r+00 
T- l {g){x) = / g(X) i p x (x)dj(X). (2.10) 

Jo 

• Let / be in L 1 (di^). For all x G [0, +00 [, we have 

VA G K; H%f)W = ^{x)Tf{\). 

• For f,g€ L l (dv), we have 

VAGM, ^(/* ff )(A)=^/(A)^.g(A). 

• The Fourier transform T , can be extended to an isometric isomorphism from 
l?{dv) onto L 2 (dj). This means that 

v/ei 2 W; ira2, 7 = ll/lk„- (2- 11 ) 

V/e£ 2 (rf 7 ); \\^~ 1 fL, v = \\fh' r ( 2 - 12 ) 

• For all / G D* (M) we have 

Hf) - ^0 o' x(.f) (2.13) 

where J-"o is the usual Fourier transform on T>* (R) defined by 

2 f°° 
J p o(f)(A) = — / /(#) cos(Aa;)(ix and 'x i s the generalized Weyl transform as- 

sociated with A, given by 

r-OO 

t x(f)(x)= k(y,x)f(y)A(y)dy 

J X 

( see [14]). 
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Proposition 2.1 Let p E [1,2], / E L p {dv) and g € LP(dj). Then Tf E 
L p (d'y), T~ 1 {g) € LP {dv) and we have 

ii^/iu 7 <ii/iu; ii-^iu^ ii5ii P>7 

with p' = -2-^. 
r p— 1 

This result is an immediate consequence of the Ricsz-Thorin theorem ([10], [11]). 

We denote by 

• £*(M) the space of even infinitely differentiable functions on R. 

• 5*(R) the subspace of £„(R) , consisting of functions / rapidly decreasing 
together with their derivatives. 

• S^(R) = </?o<S*(R)) where ipo is the eigenfunction of the operator A associated 
with the value A = 0. For p = the space S 2 (R) is 5»(R). 

• r»i(R), 51 (R) and (S 2 )'( K ) are respectively the dual spaces of £>*(R), S*(R) 
and SJ(R). 

From [13], the Fourier transform JF is a topological isomorphism from S 2 (K) 
onto S*(R). The inverse mapping is given by the relation (2.10). 

Definition 2.3 The Fourier transform T is defined on (S^)'(M.) by 
<f{T),ip>=<T,f- 1 (<p)>, ^€S,(R). 
Then T is an isomorphism from (S^)'(IR) onto S^(R). 

3 The space M. PiP 

We denote by 

• For / E D>{dv), p E [1, oo], T f is the clement of X>^(M) defined by 



<T f ,ip>= / f(x)ip(x)dv(x), ip€V„(R). 
Jo 

• For g E IP{dri), p € [1, oo], T g is the element of S' t (R) defined by 

<T g ,^>= f fl (A)^(A)d7(A), ^6&(R). 
Jo 

Remark 3.1 

i) Using the relation (2.5) and the fact that A(x) ~ exp(2px) (x — ► +oo) for 
p > 0, we deduce that for all p E [1,2], 
i p (d^) c (S?)'(K). 
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ii) From proposition 2.1, we deduce that for all / <G L p (dv), 1 < p < 2; 
T f belongs to the space IP (dj) and we have 

HTf) = T Hf) (3.1) 

Definition 3.1 Letp G [l,oo]. We define M. PtP to be the set of even measurable 
functions f on M. such that for all k G N there exists gk G L p (dv) satisfying 

&%■ = T gk (3.2) 

inV^W), 

where, for all T G T>i{W) (resp.{S^)'{W)), 

< AT,tp>=<T,Atp>; ipe 2>*(R) (resp.S^R)). 

The space M. p . v is equipped with the topology generated by the family of 
norms 

7m, P (/) = max \\gk\\ P .u, rn G N, 

0<k<m 

where %, k G N, is the function given by the relation (3.2). 
Let 



d p : Mp, p x M p ^ p -*■ [0, 

DC 



OG 



(/,#) ^ d p {f,g) =J2^i 



771=0 



1 7m,p(/~g) 

+ 7m,p (/-#)' 



Then <i p is a distance on M PtP . Moreover the sequence (fk)kefi converges to 
in (M PtP , dp) if and only if 

V m G N; 7 m , p (/ fe ) -> 

k — >oo 

In the following, we will give some properties of the space M. p . p . 

Proposition 3.1 (A4 PiP ,dp) is a Frechet space. 

Proof. Let (f n )nen be a Cauchy sequence in (Ai PtP ,d p ) and (g n ,k)keti C L p {dv) 
such that 

A k T fn ^T gnk , keN. (3.3) 

Then for all & G N, (g n .k)nefi is a Cauchy sequence in LP(dv). 
We put 

/ = ,9o = lim fn 



and 



g k = lim g„ ifc , fc G N* 
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in D>{dv). Thus 

VfcGN; T gnk ^T gk (3.4) 

n — >oo 

in V^ (R) . Since A is a continuous operator from T>1 (R) into itself, we deduce 
that 

A k T fn -» A k T f , 

n — *oo 

in D' t (R). 

From the relations (3.3) and (3.4), we deduce that 

VfceN; A k T f = T gk . 
This proves that / G M- P , P and 

In > / j 

n — >oo 

in (Alp : p,dp). 

Proposition 3.2 Let p G [1,2] and f G M p . p . Then 
i) For all k G N, i/ie function 

A^(1 + A 2 )^(/)(A) 



belongs to the space LP (d'j), with p' 



P-Y 



ii) M.p, p HC*(R) C £*(R), where C*(R) is £/ie space of even continuous func- 
tions on R . 



Proof, i) Let f £ A4 PyP , 1 < p < 2, and g^ G L v (dv) such that 

A k T f = T gk fcGN 
From the relation (3.1), we have 



which gives 

On the other hand 



f{A k T f )=T Hgk) 
f{A k T f ) = \ 2k f{T f ) (3.5) 



- T X 2kjr( f) 
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hence 

\ 2k Hi) = H9k) 

this equality, together with the fact that the function F(gk) belongs to the space 
LP (dj) implies i). 

ii) Let / G M. P . V fl C*(R). From the assertion i), we deduce that T(f) € 
L 1 (dj)nL 2 (d-f). 

On the other hand, the transform T is an isometric isomorphism from L? (dv) 
onto L 2 (dj) , then from the inversion formula for T and using the continuity of 
the function /, we have 

/■+OO 

Vz e K; f(x) = / Tf{\)ip x {x)d 1 {\). (3.6) 

Jo 

Consequently, ii) follows from the relation (2.4) and the fact that for all k <G N,, 
the function 

A -» \ k Tf{\) 

belongs to the space ^(dj). 

Proposition 3.3 Let p e [1,2], then, for all r e [2,oo], 

M PtP nC*{R) cM p , r . 

Proof. Let / e M p , p n C.(R), p e [1, 2], r > 2 and r' = — ^— . 

From the proposition 3.2, we deduce that / e £*(R) and that for all k GN, the 
function 

X^X 2k T(f)(X) 

belongs to the space LP (dj). By applying Holder's inequality it follows that 
this last function belongs to the space LP (dry). On the other hand, from the 
relation (3.6), we deduce that 

/>oo 

V^K, A k f(x) = / (-A 2 ) fe ^(/)(A)^ A (x)d 7 (A) 
Jo 

= F-\(-\ 2 ) k f(f))(x), 

Consequently, from proposition 2.1 it follows that for all k £ N, the function 
A k f belongs to the space LP(dv). 



4 The Dual space^WJ, p 



In this section we will give a new characterization of the dual space M! oi 
M.p, p . It is clear that for every / e M p . p , the family {Vm )P)e (/),m G N, e > 0} 
is a basic of neighborhoods of / in (Ai p , p , d p ), where 

V m ,p, e (f) = {g e M PtP ,-f m ,p(f - 9) < £}• 
10 
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In addition, T £ -M' if and only if there exist to € IN and c > such that 

V /eA*„, p ; |<T,/>|<c7 m>p (/). (4.1) 

For f £ LP (dv) and )/> € M p . p , we put 

<A k (T f ),iP>= [ /(a;)iMaOdi/(a;) (4.2) 

Jo 

with T^ k = A k T, p . Then 

|<A fc (7» )¥ >>| < ll/llp/^ll^fcll^ 
< ||/||p>7fc,pW0 

this proves that for all / <G LP (dv) and k £ N, the functional A k Tj defined by 
the relation (4.2) belongs to the space Ai'. 

In the following, we shall prove that every element of A4' is also of this 

type 

Theorem 4.1 Let T £ T>' t (R). Then T belongs to M' p , p , 1 < p < oo, if and 
only if there exist to £ N and {/ , ..., /,„} C LP (dv) such that 

m 

T = J2^T fk (4-3) 

where A k Tf k is given by the relation (4-2). 
Proof. It is clear that if 

m 

T = ^A fc T /fc ; {f ,...J m }GLP'(dv) 

k=0 

then T belongs to the space M! . 

Conversely, suppose that T £ -A4' . From the relation (4.1) there exist 
m £ N and c > such that 

V ip £ Mp, p , | < T, ip > | < cj m>p (ip) 

Let 

(LP(dv)) m+1 = {(fo,...,f m ), fk £ LP(dv), < k < to} 

equipped with the norm 

||(/o,->/m)||(z,p(cfo))">+i = max \\fk\\ P , v 

0<k<.m 

Now, we consider the mappings 

A:M p , p ^(U>(dv)) m+1 



11 
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where 

A%-T gfc , k>\ 

and 

B : Im(A) -» C 

B(A^) =<T,<p>. 

From the relation (4.1) we deduce that 

\BA(<p)\ - \<T,v>\ 

< c\\A((p)\\( L p( diy))m +i 

this means that B is a continuous functional on the subspace Im(«4) of the space 
(L p (dv)) m+1 . From Hahn Banach theorem's there exists a continuous extension 
of B to (D>(dv)) m+1 , denoted again by B. 

By Riez's theorem there exist (/o, ..., f m ) € (£ p (d^)) m+1 such that 
V(ip ,...,ip m )€(LP(du)) m +\ " 

B(y ,...,y m ) = y^ / fk{x)<pk{x)dv(x). 

k =o Jo 

By means of the relation (4.2), we deduce that for ip <E -M P , P , we have 

<T,ip>='^2 fk(x)<p k (x)dv(x) 

k=o Jo 

rn 

= ]T<A fc T /fc ,^>. 

fe=0 

This completes the proof of the theorem 4. 1 . 

Proposition 4.1 Let p > 2. ITien /or a// T e -Mp. p , T e (5*)'(R) and i/iere 
exist m € N and F € L p {d'y) such that 

;F(T) = T (1+X 2 )mF 

Proof. Let T € A4'. From the theorem 4.1 there exist m £ N and (fo, ■■■, f m ) € 

(l/(dz/)) m+1 , p' = — ^— , such that 
P- 1 

m 

T = ^A fc T /fc . 

fe=0 

From the remark 3.1 i) and the fact that the operator A is continuous from 
(S^)'(M) into itself, we deduce that T belongs to (S^)'(R). Consequently, by 
virtue of the relation (3.5), we have 

F(T) =T (1+A 2 )mF , 
12 
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where 

v2fe 



F l^i (l j_ \2\ m S{fk) 



^(^^ 



which proves the result. 



Proposition 4.2 Let T G P^(R), then T G M.' 2 if and and only if there exist 
m G IN and F G L 2 (dj) such that 

f{T) = T {1+X 2)m F 

Proof. From the proposition 4.1, we deduce that if T G Al' 2 then there exist 
m G N and F G L 2 (dj) verifying 

^"(T) = T( 1+A 2)™ F . 

Conversely, suppose that 

P(T) = T( 1+A 2)™ F , 

with i* 1 G L 2 {d'y). Since J 7 is an isometric isomorphism from L ■ (dv) onto L 2 (dj), 
then there exists G G L 2 (dv) such that T{G) — F and from the relation (3.1) 
we have 

JT(T G ) = I>. 

Consequently 

F{T) = F((I - A) m T G ) 

thus 

m 
fe=0 

and the theorem 4.1 implies that T belongs to M.' 2 . 

For a > 0, we denote by 

• 2?* (K) the subspace of 2?*(K) consisting of function f such that suppf C 
[-a, a]. 

• £>'*,„ (R) the dual space of 2?*, a (R). 

• W™(R), to G N the space of function / : R -► C, of class C 2m on R, even and 
with support in [—a, a], normed by 

Qm,a(f)= maX \\ Ak (f)\\ooM- 
0<k<m 

Lemma 4.1 For all to G N, there exists sq G N such that for all s > so, the 
function g s defined by 

VzGM; g s {x)=T- 1 { {l ^ x2)s ){x). 
is even, of class C 2m on R and infinitely differ entiable on R\{0}. 



13 
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Proof. Let m e N. From the relations (2.4) and (2.10), we deduce that there 
exists so G N, sufficiently large such that for s > sq, the functions g s and 

fs = Pod roH are of class C 2m on R. 

In the following we shall prove that for s > sq, the function g s is infinitely 
differentiable on M\{0}. 

Let V e 5»(R); -0 > and / tp(x)dx = l.Thcn, 



lim f s * i/>„ = / s 

n — *+oo 

in L 2 (R,dx), where ipn(x) — nip{nx) and * is the usual convolution product 



Now, we take k = E(a) + 2. Since s is sufficiently large, then for every j <G N, 
< j < 2k, the function fs belongs to L 2 (R, dx) and 

lim /«* ^„ = (/ s * V„) W = / s W (4.4) 

n — >-+oo 

in L 2 (R,dx). 
Consequently 

2 X 2j 
VjeN,0<j<fc; lim \ 2] T (f s *o 4> n ) = —pr- . 2 > fl (4.5) 

in L 2 (M,dx). 

Using the relations (2.7) and (4.5), we deduce that 

2 1 
lim JT (/ S * ip n ) = 



n —> -\- oc 



tt(1 + A 2 ) s 
in L 2 (d7), and the relations (2.12); (2.13) lead to 

-g s = lim (*x) -1 (/.*olM in L 2 (d*/). (4.6) 

7T n — ►+00 

Let [a, 6] C]0,oo[ and e £>*(R) such that 

0(x) = l if *e[^,|] 

supp((9) C] — ,-[. 

and 93 an infinitely differentiable function on K such that 

{(f(x) = 1 if x e [a, b] 
supptp C]-,b+l[ 

using the relation (4.4), we deduce that 

lim ((1 - 0)(/ a * V^)) (2fc) = ((1 - 0)fs) m 



n— >+oc 



14 
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in L 2 (M,dx), and by the same way as before, we have 

lim ( t x)- 1 ((l-0)(fs*o^n))=T- 1 {T n ((l-9)f s ) (4.7) 

n — >-t-oo 

in L 2 (d^). However, using the expression of (*x) _1 (see[14j) and the relation 
(4.6) we get 

-<pg a = lim <p( t x)~ 1 (0--e)(f a * o ip n )) in L 2 (di/). (4.8) 

7T n — ^+oo 

On the other hand, by a standart calculus, for all s > sq, wc have 

f s (x) = e-^P s (\x\), 

where, P s is a real polynomial; which implies that the function (1 —0)f s belongs 

to<S*(R) . 

Since, T$ is an isomorphism from iS*(R) onto itself and T is an isomorphism 

from S 2 (R) onto S*(R), we deduce that the function .F _1 (.Fo(/ 8 (l-0))) belongs 

to SJ(R) . 

Hence, the relations (4.7) and (4.8) lead to 

-<pg. = <pr-\MMi-o))) 

this shows that the function g s is infinitely diffcrcntiablc on all interval [a, 6] C 
]0, oo [ and by parity it is infinitely diffcrentiable on R \ {0}. 

Proposition 4.3 Let a > and m e N. Then there exists s„ef) such that for 
every s € N, s > s , we can find ip s G W™(R) and F s € 2?^ a (R) satisfying 

S = (I - A) s T^ s + T Fs 

mX>i(R). 

Proof. From lemma 4.1 there exists s G N such that for every s G N, s > s , 
the function g s is of class C 2m on R, and we have 

(I-A) s T gs =S. 
Let /i <G D* ]a (R), satisfying 

Vxe[-|,|]; /»(*) = 1. 

Then, 

h(I-A) s T gs =5. 

On the other hand, the lemma 4.1 involves that for every s > s , the function 
F,(x) = {h- 1){I - A) s g s + (I- A) s ((l - h)g s ) (4.9) 



15 
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belongs to the space 2?* >0 (M). 
Moreover, we have 

T {h - m -Ay g3 = (h- 1)(J - A) s T gs = 
and this implies, by using the relation (4.9) that 

Tf 3 = T { I-A)°ai-h)g 3 ) 

= (^-A) s T ((1 _, )9s) . 

Hence, 

T Fs + (I- A) s T hgs = (I- A) s T gs = S. 

We complete the proof of the proposition by taking ip s = hg s . 
For / G X>* >0 (R), a > 0, we denote by 
. P m (f)= max \\(£) k f\\oo,„ 

0<k<m 

• Np,m{f) = maX \\& k (f)\\pM, P & [1.00]. 
0<«<m 

Lemma 4.2 Let p€ [1, oo]. For all m G N, i/iere errasi c > and m'eN swc/i 

Vy> G D,, a (l), P m (^) < cN Ptm ,((p). 

Proof. The case p = oo is proved in [6], then for all m G N, there exist c > 
and ra'eH such that for all < fc < to, we have 

||(-£-)Vl|oo,„ < c TOflX HAVIIco., (4.10) 

UX 0<fe<m' 

On the other hand, from the inversion formula for T , we have 

A k y{x) - / f(AV)(A)w(x)«i7(A) 
Jo 

Now, from the relation (2.7), it follows that 

aMA) 



/ (l + A2)«+2 
This involves that 



< oo. 



|AVlloo,„ < c ||(i + A 2 ) fe +^)+ 3 ^(^)|| CO:7 

< c||^((/-A) fc + B ( Q )+V)||oo, 7 
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< c||(/-A) fc + B ( a )+Vl|i^ (4.11) 

According to the relation (4.10) and (4.11), we deduce that for every k; < 
k < m; 

where c m = c 2 m '+ s ( a )+ 3 . Hence, 



Pmif) < c m N 1 ^ m , +E(a)+s {ip). (4.12) 

For p g]1,oo[, the result follows by using Holder's inequality and the relation 
(4.12). 

Theorem 4.2 Let a > and B' a weakly* bounded set ofT>' t a (K). Then, there 
exists m G N such that the elements of B' can be continuously extended to 
W" l (R). Moreover, the family of these extensions is equicontinuous. 

Proof. Let p G [l,oo]. Since B' is weakly* bounded in T)'^ a (M), then from [12] 
and lemma 4.2 there exist a positive constant c and m G N such that 

VTgS', V^eD,, a (R), 

\<T,tp>\<cN p>m (tp) (4.13) 

Let's consider the mappings 

A : W™(R) -» (L p (^)) m+1 

99 h^ (AV) < fe < m 

and for all TeB', 

L T : .4(Z>* ;0 (R)) -» C 

< L T ,Acp >=< T, ip > . 

From the relation (4.13), we deduce that 
Vy>eZ>,, a (K), 

| < L T ,Af > | < c\\v\\( LP{dv ))m + l 

this means that Lt is a continuous functional on the subspace A(T)* ta (M.)) of 
the space (L p (dv)) m+1 and that for all T e B' 

\\Lt\\(d, „(r)) = sup | <Lr,.4<p> | < c 

From the Hahn Banach theorem's, Lt can be continuously extended on (L p (dv)) m+1 
denoted again by Lt- Furthermore, for all T G B' 

\\LT\\(Lp(dv))™+i = sup | < L T ,ip > I 

IMIfLP^jjm+i^l 
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= I|£t|U(t>.,„(R)) < c ( 4 - 14 ) 

Now, from the Riez's theorem, there exists (/T,fc)o<fc<m C L p (dv) such that 

V^ = (^o,...> m )e(LP(^)) m+1 , 



rn r-oo 

< L T ,ip >= X) / fT,k{x)il)k{x)dv 



k=0 

with 

H-^T||(LP(di/))™ + 1 = max \\fT,k\\p>.is- 
0<k<m 

Thus, from (4.14) it follows that 
VTeB', V0<fc<m 

ll/T,fc|| P > < c. (4.15) 

In particular, for if e W™(IR) we have 

< L T ,A<p >= J2 / fT.k(x)A k (f)(x)diy(x) 
k=o Jo 

using Holder inequality and the relation (4.15), we get 

VTeB', V(^G W"(M); 

| < L T ,^ > I < (m+ l)cKB(0,a))] 1/p ||^||w r (K) 

this shows that the mapping Lto„4 is a continuous extension of T on W™(M) 
and that the family {LtoA}t£B' is equicontinuous, when applied to W™(R). 
This completes the proof of the theorem 4.2. 

In the following, we will give a new characterization of the space M.'. 

Theorem 4.3 Let T e £>*(R). 2%en for p G [l,oo[ and p' = ^j, T belongs to 
M.' if and only if for every ip € 2?*(R), i/ie function T *tp belongs to the space 
LP {dv), where 

T * ip(x) =< T,7i<£ > . 

Proof. Let T e M' . From the theorem 4.1 there exist m E N and fo, ■■■, fm € 
L p (rf^) such that 

m 

T = ^A fe (T /fc ), 

fe=0 

in M' . Thus, for every ip € D*(R) 



r*^ - ]Tr /fc *AV 



fe=0 



fe=0 
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Since, for all k £ N, < k < m, f k £ L p ' (dv) and A k ip G L x (dv), then wc 
deduce that fk * A k ip £ LP (dv). This implies that the function T * p belongs 
to the space LP (dv). 

Conversely, let T £ T>'^ (R) such that for every p £ V* (R) the function T * p 
belongs to the space LP (dv). For <p, ip in D*(R), we have 

<T Ttip ,ip> = <T,p*ip> 

= < T,ip * p > 
= <T T ^,p> 

From Holder inequality and using the hypothesis we obtain 

I < T T ^,tp > | < \\T* ip\\p'^\\ip\\ P , v , 
from which, we deduce that the set 

B' = {T T ^, p£V4R); |M| P , V <1} 

is bounded in £>i(R). 

Now, using the theorem 4.2, it follows that for all a > there exists m £ N 
such that for all p £ 2?*(R); IMIp.i, < 1, the mapping Tt* v can be continuously 
extended on the space W™ (R) and the family of these extensions is equicontin- 
uous, which means that there exists c > such that 
V^ £ D*(R); \\<p\\ p>v < 1, V^ e W a m (R) 



| < T T * v ,ip > | < cUV'llwrW- 



This involves that 
V</>e£>*(R);VV>eVV™(R) 

I < r T . v , v > I < c||v|| wr(K )lkl| P> ,. (4.16) 

On the other hand, we have 

V^eD»(l),V^eW a m (K) 

<T T ^^>=<T*T i , 1 p> (4.17) 

where, for all </? £ 2?*(R) 

<T *T^,,p> = <T,T^*p> 
= <T,i/j* Lp > . 

The relations (4.16) and (4.17) lead to 
V^e£>*(R), 

| < T*T^,p > | < c\\ip\\ WT{K )\\p\\ p . v 

this last inequality shows that the functional T*T,p can be continuously extended 
on the space LP(dv) and from Riez's theorem there exists 
g £ LP (dv) such that 

T*T i , = T g (4.18) 
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Furthermore, from the proposition 4.3 , there exist s <G N, ip s € W™(IR) and 
fs e £>*,a(R) satisfying 

5=(I-A)'T^,+T Vt 

then 

T = (I - A) S (T *7VJ + T *T Vs 

= (/-A) s (T*7>J + T T ^. (4.19) 

We complete the proof by using the hypothesis, the relations (4.18), (4.19) and 
the theorem 4.1. 

In the following, we will give a characterization of the bounded sets in M' p . 

Theorem 4.4 Let p£ [1, oo[ and B' a subset of M!„ p . The following assertions 
are equivalent. 

i) B' is weakly bounded in M.'. 

ii) There exist c > and m G N such that for every T G B' we can find 
/o : t, •••, f m ,T C LP (dv) satisfying 

rn 



T = YA k T fk with max ||/ fe || p> < 



0<k<m 
k=0 



Hi) For every if G V*(R), the set {T * <p}TeB' is bounded in LP (dv). 

Proof. 1) Suppose that B' is weakly* bounded in M , then from [12] B' is 
equicontinuous. There exist c > and m£N such that 

VTgB'.V f€M p , p , \<T,f>\<c lm . p (f). (4.20) 

As in the proof of the theorem 4.2, we consider the mappings 

A:M p , p ^(LP(dv)) m+1 

f !->■ (/, 91, -,9m), 

with 

A k T f = T gk ; 0<k<m 

and for all T E B' , 

L T : A(M PlP ) -» C 

<Lr,A(f)>=<T,f>. 

Then, the relation (4.20) implies that 
yip e M M , 

\L T (Aip)\ < c\\A<p\\( L p( dv )) m +i. 
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Using Hahn Banach's theorem and Riez's theorem, we deduce that Lt can be 
continuously extended on (L p '(dv)) m+1 , denoted again by Lt, and that there 
exists (/T.fe)o<fe<m C V (dv) verifying 

VV = (Vo,-,^n)e(£*W) ro+1 , 



< L T ,lp >= V) / fT,k( x ) % l ) k(x)dv(x) 

,.,_n JO 



fc=0 

with 

\\L T \\(Lp(dv))™+i = max ||/r,fc|| P > < c. 

U<fc<m 

In particular, if ip = *4(/), / £ A4 P)P , 

m 

< £ T ,-4(/) >=< T,/ >= E < A * r W > 

fc=0 

this proves that i) implies ii). 

2) Suppose that there exist c > and m £ N such that for every T £ B' we 
can find {/ ,t, •••, /™,t} C LP ' (dv) satisfying 

m 

VT e B', T = V A fe T /T fc and max ||/ T ,fc|| P > < c 



0<k<m 
k=0 



then 

V/eM P , P ,VTeB' 



m /-00 

< 7 1 , / >= JZ / h.k( x )9k(x)dv(x) 
k=o Jo 



consequently 

VTeB', v/eA< w , 



|<T,/>|<(m + l)c 7ro , P (/) 



which means that the set -B' is weakly* bounded in M! P , v and proves that ii) 
implies i). 

3) Suppose that ii) holds. Let <p € 2?*(R), then from theorem 4.3 we know 
that for all T e B' the function T * ip belongs to the space LP (dv). But 

m 
T*p = J2T fk *A k p 

fe=0 

consequently 

VTe B', 

\\T* <p\\p>, v <(m+ l)cry mtP (ip). 

Which shows that the set {T * p}t£B' is bounded in LP (dv) and therefore ii) 
involves iii). 



21 



227 



M. DZIRI ET AL: SINGULAR 2ND ORDER DIFFERENTIAL OPERATOR 



4) Suppose that iii) holds. Let T g B', for all <p, ip € 2?*(M), we have 
\<T T * ip ,iP>\ = \<T T *i,,<p>\ 

< II? 1 * V>IIp>IMIp^ 

from which, we deduce that the set 

B' = {T T ^, TeB',cpe D*(R); \\<p\\ PiV < 1} 

is bounded in V[(R). 

Now, using the theorem 4.2, it follows that for all a > there exists m <G N 
such that for all tp e 2?*(R); ||y>|| p ,K < 1, and T g J5', the mapping Tt*^ can be 
continuously extended on the space W™ (R) and the family of these extensions 
is equicontinuous, which means that there exists c > satisfying 
VT g B', V<? g X>,(M); V</> G W™(R) 

| < T T * V , ip > | < c||V||wr(K)IMIp," ( 4 - 21 ) 

On the other hand, for every T 6 B', we have 

Vj)eP,(E),V^w;(I)' 

< T T *^ >=< T * T^ > (4.22) 

from the relations (4.21) and (4.22) we deduce that the functional T *T^ can 
be continuously extended on the space L p (dv) and from Riez's theorem there 
exist <7t,j/> G T p (df) such that 

T*T i , = T gT ^ (4.23) 

However, the relations (4.21) and (4.23) involve that 
VTe B', 

||5T,v.||p'^<c||Vlkr(K) ( 4 - 24 ) 

By using the proposition 4.3, it follows that there exist seN, 
ip s G W™(R) and p a g D* )0 (R) verifying, for all T g B', 

T = T*5=(I- A) S (T *T i>s ) + T T * Vs 
and by the relation (4.23) we get 

T=(I-A) s T gTs +T T ^ s 
thus, from the hypothesis, we obtain, 

VTGB', \\T*<p s \\ p >,v <c s , 
and using the relation (4.24), we have 

VT g B', \\gT,s\\p',v < c||vs||wy(R) 
this completes the proof. 
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5 Convolution product on the space Ai' x M pr 

In this section, we define and study the convolution product on the space -M' x 
M p . r , 1 < r < p < oo, where M pr is the closure of the space 2?*(M) in M. p ^ r . 

Proposition 5.1 Let p E [l,oo[. For every x € [0,oo[, the operator T x given by 
the definition 2.1 i), is a continuous mapping from M. p . p into itself. 

Proof. Let / <G M. P , V and gk £ L p {dv) such that 

T 9k = A k T f , k e N 

then. 
V<pe£>*(R); 

<A k T Txf ,<p>=<T Txgk ,v>. 

Since the operator T x is continuous from L p (dv) into itself, we deduce that 
for all / € A^p^ and x <G [0,oo[, the function 7^/ belongs to the space M. p . p . 
Moreover, 

lm. P (%f) = max JlX^fcHp^ 

0<fc<m 

< max \\gk\\ P , v = 7m, P (f) 

0<k<m 

which shows that the operator T x is continuous from M. PyP into itself. 

Definition 5.1 The convolution product ofT€ M! ' p _ p and f G M-p,p is defined 
by 

Vxe [0,oo[ 

T*f(x)=<T,T x f>. 



Let T e M' PtP ; T = ^ A fc T /fc with {.f fc } <fc< m C i p '(^) and e M p>r , 1 < 

fe=0 

r < p, then for all fc e N there exists </>& € L r (dv) such that 

^ fc - A fe T . 
It follows that for < k < m the function /*. * 0*. belongs to the space L q (dv) 

with, - = — I — - — 1 = and by using the density of 2?* (R) in M p r , we de- 

q r p r p 



duce that the expression N^ /fc * 0fc is independent of the sequence {fk}o<k<m- 

fe=o 
Then, we put 

m 

T*<p=J2fk*<t>k- (5.1) 

fe=0 

This allows us to say that 

M' PtP *M p>r cL q (dv). (5.2) 
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Lemma 5.1 Let 1 < r < p < oo, T <E M! p<p and cf> € M PjT .. Then, for all k e 

A T Tsf0 = T Tte<t>k 



^ fc = A fe T . 

Proof. If </> G £\ (R) , then the function T * (/> is infinitely diffcrcntiable and we 
have 

A (T T *<p) — 7A fc (T*0) = ^T*A fc ^) 

therefore, the result follows from the density of £\ (R) in M P;r . 
Proposition 5.2 Lei 1 < r < p < oo and g G [l,oo] swc/i i/iai 

1 _ 1 1 

q r p 

then for every T € M! PtP , the mapping 

(f>->T*(j) 
is continuous from M Pjr into M. p , q - 



Proof. Let T e -M' p , p ; T = JT A fc T /fc with {.f fc } <fe< m C L p '(c^) then for 

fe=0 

m 



fc— 

^M p , r ,l <r<p, 



fc=0 

where 0^ e U(dv) and 



From the lemma 5.1, we have 

VseN, V^eM ftr 



71. = A K T^ 



A s Xt*<a = It* 



using the relation (5.2), we deduce that the function T * <j> belongs to the space 
On the other hand, from the relation (5.1), we obtain 



M p , q 



But 



7( ig (T*0)= max ||T*0 s || gi , 

0<s<l 



T * (p s — 2_, fa * ^ k + s 
fc=o 
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consequently, 

m 

\\T *4> s \\q, v < ^ \\fk\\p>,u\\(f>k+s\\r,,y 



fe=0 



< 



m 
\Y^\\fk\\p',vpm+l,r{4>)- 



fe=0 



Hence, 



m 

(T*<p)< (22\\fk\\ P >,J)'r m +iA<t>) 



ll _ 

"fc=0 

which proves the result. 

Definition 5.2 Let 1 < p, q, r < oo such that 

1 _ 1 1 

<7 r p 

TTie convolution product ofT<E M! PjP and S G M! p _ q is defined by 

y (j) G A Pir 

<S*T,0>=<S,T*0> . 

From this definition and the proposition 5.2 we deduce the following result 

Proposition 5.3 Let 1 < p, q, r < oo suc/i i/ioi 

1 _ 1 1 

q r p 

Then, for all T G M 1 PtP and S G M! ' p>q , the functional S *T is continuous on 
M„, r . 
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Abstract 

Here we present complex multivariate simultaneous approximation for 
general smooth singular integral operators converging with rates to the 
unit operator. The associated and presented inequalities are in ||-|| , 
1 < p < oo norm and they involve multivariate related moduli of smooth- 
ness. At the end we list as our theory's applicators the special cases 
of multivariate complex Picard, Gauss- Weierstrass, Poisson-Cauchy and 
Trigonometric singular integral operators. 
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variate singular integral, simultaneous approximation, multivariate modulus of 
smoothness, rate of convergence. 

1 Introduction 

Here we are motivated by [l]-[3] and expand these works to complex valued 
functions. We present simultaneous approximation in ||-|| , 1 < p < oo, of mul- 
tivariate general smooth singular integral operators to the unit operator with 
rates. At the end we list specific operators where our theory can be applied. 
From our approximation results one can derive interesting convergence proper- 
ties of these general operators. Our expansion to complex case is based on basic 
properties of complex numbers and complex valued functions. 
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2 Main Results 

Here r € N, m <G Z+, we define 



and 



See that 



and 



<?:=< ^ VJ/ / \ (1) 

'i-£(-ir j ' r )r m , if i = o, 



C ] :=E«&' fc - fc = l.2,...,meN. (2) 



E«£ ] = 1 ' ( 3 ) 

3=0 



-g^-Hih^'W- (4) 

Let jU| be a probability Borel measure on R^, TV > 1, £„ > 0, n e N. 
We now define the real multiple smooth singular integral operators 

r f 

fe l (/; i i,-,%) : =E tt K / /( x i + s i^ x 2 + s 2 j, ...,xjv + s N j)dfi£ (s), 

(5) 
where s := (si, ...,sn), x := (xi, ...,a;jv) € R^; n, r € N, m e Z + , / : R^ — > R is 
a Borel measurable function, and also (£ n )„ e pj is a bounded sequence of positive 
real numbers. 

Above operators #J"^ are not in general positive operators and they preserve 
constants, see [1]. 

Definition 1 Let f € C (R"), N > 1 , m € N, t/ie mffi modulus of smoothness 
for 1 < p < oo, is given by 

u m (f;h) p := sup ||Ar/WIU, (6) 

||t|| 2 <h 

h > 0, where 

Ar/(x):= Ec- 1 )" 1- '' (?)/(*+ j*)- ( ? ) 

Denote 



- J 



W m (/J /l)oo = W m (/, ?l) • (8) 
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We make 

Remark 2 We consider here complex valued Borel measurable functions f : 
R N — ► C such that / = /i + ifi t i = \f— T, where f\,fi ■ R N — ► R are implied 
to be real valued Borel measurable functions. 
We define the complex singular operators 



0$ (/; x) := 0$ (A ; x) + i$™ ( / 2; x) , x G R " 

We asswme ifeai 6>|, r ™ ] (/,-; x) eR,Vi£ E w , j = 1, 2. 
One notices easily that 



(9) 



*$ (/;*)-/(*) 



< 



(10) 



t m J(/i;^)-/iW + ^(/2;a:)-/2(a:) 



a/so 



t'(/;^/W 



< 



(ii) 



$(/i;s)-/i(s) + ^(/ 2 ;x)-/ 2 (x) 



and 



m J (/) - / 



< 



(12) 



^(/i)-/i + 4 m J(/2)-/ 2 
p 



, P>1- 



Furthermore it holds 



(13) 



/a (») = /i,« (x) + i/ 2jQ (x) , 
where a denotes a partial derivative of any order and arrangement. 

Here based on Theorem 9 of [1] we obtain 

Theorem 3 Let f : R N -*■ C, N > 1, such that f = /i + i/ 2 , j = 1, 2. Fere 
m e N ; fj e C"" 1 ^), x € R N . Assume \\fj,a\\co < °°> f or al1 a k € Z+ ; 



N 



k = 1,...,AT 



n 



> Qfe = m; J = 1,2. Let /it &e a Borel probability 
fc=i 

measure on R N , for £ n > 0, (£„)„ P p} bounded sequence. Assume that for all 



N 



a := (ai, ..., ajv) , «fe € <Z + ,- fc = 1, ..., N, \a\ :— 2_. a k — Tn we have that 



fe=i 



/ R „(nw-)(i + ») r * { ,w<c». ,i4) 
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TV 

For j — 1, ...,m, and a :— (ai, ..., a/v), &k € ^ + , k = 1, ...,N, \cx\ := 2_, a fe = i> 

fc=i 



/ TT s fc fcd Mf («i,-,siv)- 



(15) 



Then 



eW(f; X )-f( x )-J2s [ l 



3 = 1 



\ 



E 



Q lr ..,a w >0: 
l«l=J 



C a,n,jJ a \ X ) 

JV 

n 

fe=i 



afc! 



< 



E 



(Wr(/l,a,0+Wr(/2,a,0) 



ai,...,ajv>0 
| a | =?7i 



' TV 

n 



(16) 



a fe ! 



vfe=i 



' TV 

n 



Sk\ 



The to = case follows 



°^?„ ( s ) ' x e 



9 TV 



Corollary 4 Let / : l w -> C : / = /i + i/ 2 , tV > 1. tfere j = 1,2. Let 
/j € Cb (R n ) (continuous and bounded functions) . Then 



O f 



< 



i 



MI 2 V 



Sn / 
(Wr(/l,e„)+«r(/2,0) 



rf/i £ (s) 



(17) 



&?/ assuming 



R N 



)r 
d/j, in (s) < oo. 



(18) 



Proof. By Theorem 11 of [1]. 



Theorem 5 (73/,) Let / e C l (R N ), l,iVeM. flere ^ is a Borel probability 
measure on R N , £ n > 0, (£„) neN a bounded sequence. Let (3 :— (f3 1 , ...,(3 N ), 



N 



h e Z+, i = l,..,iV; 



E^ = l - Here f( x+s i)> x ' s e 



3 TV 



l.S 



»;=i 



/ic -integrable wrt s, for j = l,...,r. There exist /i? -integrable functions h% u j, 



&if(x + 8j) 



dxl 1 



<h iltj (s), n = 1, -.-,/3 1 , 



(19) 
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dPi+i* f ( X + 8j) 



dxifdxl 1 



< h i3 1 A 2 ,j(s) 1 ii = 1, -,/3 2 , 



QPi+P-2 + ---+Pn-i+ 1 n f l x _|_ gj\ 



< 



(J Jb AT (J JL AT" -l . . .(J Jbry (JJLl I 

Then, both of the next exist an 



/i/3 1 ,/3 2 ,...,/3 JV _ 1 ,i Nj (a), «jv = 1,...,P N , 



™(f;x)) (j = d^(U;x). 



(20) 



We give 



Theorem 6 Let / : R N -> C suc/l t/iai / = /i + f/ 2 . #ere j = 1,2. Le/j 
/j G (7 m+ ' (IK*), m,l,N G N. For /j i/ie assumptions of Theorem 5 are valid. 
Call 7 = 0, ft. Assume ||/( 7 + Q )|| < oo and 



/ JV 

n 

Vfc=l 



A'i- 



/ d /^„ (s) < 00, 



(21) 



where /it is a Borel probability measure on M. , for £ n > 0, (Cn)neN * s bounded 



N 



sequence; for all at G Z + ; fc = 1, ..., JV : \a\ = 2, 



a* = m. 



fe=i 



For j — l,...,m, and a := (ai, ..., ajv), a*; G Z + ; fc = 1,...,7V, |a| := 



TV 



> ctfc = j, ca/Z 



fc=i 



TTiera 



JV 

•^ fe=l 






j=i 



\ 



E 



C a,n,jJ~f+ a W 



ai,...,ajv>0: 



JV 

n 



"fe! 



< 



E 



(t*V (/l,7+a,£n) +^r (/2,7+ct! £n)) . 
/ N \ 



(22) 



ai v ..,ajv>0 

|a|— m 



n 

Vfe=l 



a*;! 



n 

vfe=i 



Sk\ 



I d ^ n ( s ) I • 
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Proof. By Theorem 10 of [3]. ■ 
Also we have 

Theorem 7 Let f : R N -> C such that f = fi + if 2- Here j = 1,2. Let 

fj G Cg (K^J, l,N E N. The assumptions of Theorem 5 are valid for fj. Call 

7 = 0, j3. Assume 

'Isll s 

" ' a/it (s) < oo. 



1 



C, 



TTie 



7 



'/ 1 + Y 



d H n ( s ) 



(23) 



(Wr(/l,7.Cn)+Wr(/2, 7 ,^ n )). 



Proof. By Theorem 11 of [3]. ■ 
By Theorem 4 of [2] we get 

Theorem 8 Let f :R N -> C : f = fi + if 2 . Here j = 1,2. Let fj E C m (R N ), 
m € N, N > 1, wzift / j;Q e L p (l^) , |a| = m, x e R^. Lei p,q > 1 : i + I = 
1. .Here /i^ is a Borel probability measure on R^ /or £„ > 0, (£„)„ eN zs a 
bounded sequence. Assume for all a :— (cxi, ■■-, CV-n), ctk € 1^ 7 k = l,...,iV, 

JV 

|a| := 2, a k — Tn, we have that 
fe=i 



n 

\k=l 



siA 



+ — ^1 I rf^ n (s)<oo. 



(24) 



For j = 1, ...,m, and a :— (ai, ..., a at), a*; € Z + ; fc = 1, ..., N, \a\ := >^ ctfc = j, 

fc=i 
ca/7 



Then 



a,n,j 



A 



II^^J 8 )' 



fc=l 



/ 



^ m J(/;z)-/>)-E4 m J 



i=i 



\ 



E C a,n,jJ a \ X > 
AT 



\ a \=j 



\ 



n 

fe=i 



afc! 



/ 



< 



(25) 



v (g(m-l) + l)« 



E 



' AT 

n 

vfe=l 



ak 1 - 
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?>v 



f N 

m 

\k=i 



Ski 



dup (s) 



(wr(/l,«,^„) p + W r (/ 2 ,a,Op) • 



(26) 



We further get 



Theorem 9 Let f :R N -> C : / = fi+if 2 , j = 1,2. Let/,- € (C (R w ) n L p (R*)), 
iV > 1, p, g > 1 : — I — = 1. Assume [it probability Borel measures on M. N , 
(Cn)raeN > awd bounded. Also suppose 



llsll \ rp 
+ 77) **>)< 



Then 



o l ^(f)-f 



< 



Cn 



dii^ (s 



(27) 



(28) 



w r(/l,£„)p+W r (/ 2 ,£„)p 

Proof. By Theorem 6 of [2]. ■ 
Based on Theorem 8 of [2] we get 

Theorem 10 Let f : R N -> C, / = h+if 2 , j = 1, 2. Let /, e (C (i") n Li (R N )), 
N > 1. Assume /it probability Borel measures on R*, (Cn)neN - 51 awd 
bounded. Also suppose 



R.v 



+ -7 — I «M{ n ( S J < °°- 



Then 



■1(f) ~f 



< 



1 



(Wr(/l,Ul+Wr(/2,Ul) 



(fyu (s) 



(29) 

(30) 



Based on Theorem 10 of [2] we get 

Theorem 11 Let f : R N -> C, f = /i + i/ 2 , j = 1,2. Let /j e C" m (R N ), 

m, N € N, ™t/i /j )Q e Li (R w ) , |a| = m, x € R N . Here ^ is a Borel 
probability measure on M. N for £ n > 0, (£n)neN * s a bounded sequence. Assume 

N 

for all a := (a 1; ..., a^), ctk € Z + ; fc = 1, ..., N, \a\ '■=/ a^ — m that we have 

k=\ 



R N 



f N 

n 

\k=l 



Sk\ 



l + ») ]^„(M . X 



(31) 
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N 

For j — 1, ...,m, and a :— (ai, ..., ajv), afc € ^ + , k = 1, ...,N, \cx\ := 2_, a fe = i> 

fc=i 



Then 



■'«" fc=l 
/ 



(32) 



eW(f; X )-f( X )-J26™ 



i=i 



\ 



E C a,n,jJ a y X > 
N 



l«l=J 



V 



n 

fc=l 



afe! 



/ 



< 



E 



/ \ 

1 



AT 



ak'- 



( w r (/l,a>£ n )l + W '' (/2,cn£n)l) 



(33) 



/ N 

m 

Vfe=l 



Sk 



dji in (s) . 



Based on Theorem 12 of [3] we get 



Theorem 12 Let f : R N -> C, / = /i + i/ 2 ; j = 1, 2, with fj e C m+l (R N ) , 
m,l,N G N. XTie assumptions of Theorem 5 are valid for fj. Call 7 = 0,/3. Lei 
fj,(y+a) € -^p (K JV )) M — m ; # € K^; P: <7 > 1 : — I — = 1- Here [i? is a Borel 
probability measure on ~R N for £ n > 0, (Cn)neN * s a bounded sequence. Assume 

N 

for all a := (a 1; ..., a^) 7 ak G Z + ; k = 1, ..., TV, |a| := > ak — m we have that 



k=\ 



' N 

n 

vfe=l 



A' A' 






(34) 



:v 



For j = 1, ...,m, and a :— (ai, ..., a at), Qffc G Z + ; k — 1, ...,N, \a\ :— \^ a k = j, 

fe=i 

AT 



II^^Js) 



fc=l 
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The 



( 



rn 



j=i 



\ 



C a,n,T^7+« W 






V 



AT 
fc=l 



< 



(35) 



p , :c 



m 
v («(ro-l) + l)« 



E 



/ JV 

n 

vfc=i 



■Sfc 



c, 



' JV 

n 

\k=i 



afc! 



dn, (s) 



(^ w r (/1,7+a, £ n )p + U r (/2,7+a) £ n )pJ ■ 

Based on Theorem 13 of [3] we get 

Theorem 13 Let f :R N -» C, / = fi+if 2 , j = 1, 2. Let /,- G C' (M w ) , /, JV G 
N. The assumptions of Theorem 5 are valid. Call 7 = 0,/3. Lei /j i7 G L p (l™), 
a; G K.^, p, q > 1 : - + - = 1. Assume fie probability Borel measures on M. N , 
(?n)neN -> and bounded. Also suppose 



/ II s || \ rp 

h + MJl2j d^( s )<oo. 



L/ie 



O -/ 7 

/ 7 



< 



R N 



C, 



^e„ (s) 



(36) 



By Theorem 14 of [3] we get 

Theorem 14 Let f : R N -> C, / = /1 + i/ 2 , j = 1,2. Lei fj G C"' (M w ) , 
l,N G N. The assumptions of Theorem 5 are valid for fj. Call 7 = 0,/3. 
Let fj~ t G Li (R^), x G K^. Assume /ie probability Borel measures on M. N , 
(?n)neN > a^<J bounded. Also suppose 



1 + 5^) dM« n («)<oo. 
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The 



(C/) -/-, 



< 



e, 



d H n ( S )J ' 



(Wr(/l, 7 >Ol+ W r(/2, 7 ,£„) 1 ) 



Finally we have 



(37) 



Theorem 15 Let f : R N -> C, / = /i + if 2 , j = 1,2, wtfi /,■ e C" m+/ (R w ), 
m,l, N Cz N. TTie assumptions of Theorem 5 are valid for fj . Call 7 = 0, (3. Let 
fj,H+a) € -^1 (R W ) , I a; I = m, x € R N . Here jit is a Borel probability measure 
on WL N for £ n > 0, (£ n ) n eN * s bounded. Assume for all a :— (a\, ...,ajv); 

N 

ctk € Z + , fc = 1, ..., TV, |a| := 2, a k = ti, we /lave that 

fe=i 



L((ni»r)(i + ») r )* ; „w<- 



(38) 



For j = 1, ...,m, a«d a := (ai, ..., gun), a^ G Z + ; fc = 1, ..., N, \a\ := > a^ = j , 

fe=i 
ca// 



a,nj 



A 



hc^oo 



/t=i 



The 



(39) 






/ \ 

C a,«j/(7+") 0*0 



J = l 



E 

|a|=i 



V 



n 

fc=i 



a fe ! 



/ 



< (40) 



l.x 



( \ 



E 



iV 

V 11 I 



afe! 



( w r (/l, 7 +a>£„)l + w r (/2,7+a) £n)l) 



Vfe=l 



'" ' 'J +^l d^Js). 



Proof. By Theorem 15 of [3]. 



10 
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3 Applications 

Let all entities as in section 2. We define the following specific operators for 
/ : R N -> C. 

i) The general multivariate Picard singular integral operators: 



pW(/ ;a;i ,..,^):=-^^ 



m n y 



j-r 



(41) 



3=0 



£hi 



R N 



f(xi +sij,x 2 + s 2 j, ...,x N + s N j)e «n ds\...ds 



N- 



ii) The general multivariate Gauss- Weierstrass singular integral operators: 



WW(f;x u ..;X N )i= * N £ 



(V^r) 3=0 

\ 



(42) 



E-? 



/(a;i + sij,x 2 + S2J, ...,x N + s N j)e «« dsi...ds N . 
iii) The general multivariate Poisson-Cauchy singular integral operators: 



IjM (/;*!,...,**) :=W^£\ 



;;•'• 



(43) 



i=o 



/ /(xi + sij, -,xn + s n j)T[- —sdsi...ds 

j * n t\(s^+e„ a y 

with a G N J > J-, and 

7 ' 2a. ' 



w„ 



r(£)r(/9-£)' 

iv) The general multivariate trigonometric singular integral operators: 



rH(/;xi,...,x JV ):=A^ JV 2 

3=0 



»sr a w. 



(44) 



(45) 



x - /sin(|t 



2:1 



r " I sm I £ I I 

/ I {x\+s\j,--,x N + s N j)\\\ — dsx-.dsN, 
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where j3 <G N, and 



13 k 2 ! 3 - 1 



fc=i 



{fi-k)\{fi + k)V 



One can apply the results of this article to the operators Pi™ , Wr™ , U^} , Tr™ 
(special cases of #J.„) and derive interesting results. We intend to do that in a 
future article. 

Conclusion: Our approximation results here imply important convergence 
properties of operators #j."^J to the unit operator. 
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Abstract. In this paper, we establish the stability and superstability of *— bihomomorphisms on C*-ternary 
algebras associated with the following functional equation 

f{x -y,t) + f{x, t-s) = 2 fix, t) - fiy, t) - fix, s). 



1. Introduction 

Let / be a mapping such that in general case its domain is a semigroup and its range is a topological vector space. 
Suppose that we are given a functional equation E(f) = so that the boundedness of / gives the boundedness of 
E(f) . More precisely, in the category of normed spaces, the functional equation E(f) — is stable if for every e > 
there exists a S > that whenever ||-E(g)|| < S then there exists a function / such that E(f) — and \\f — g\\ < e. 
The equation E(f) — is superstable whenever every approximate solution of £?(/) > or Eif) < 
is a true solution of E(f) = 0. In other words, the boundedness of E(f) shows that either / is bounded or E(f) = 0. 
In question, stability was originated from Ulam conjecture by the following explanation. 
Given a metric group (G, d), a number e > and a mapping / : G — > G which satisfies the inequality 
difix.y), fix), fiy)) < e, for all x,y in G, does there exist an automorphism g of G and a constant k > 0, depending 
only on G, such that d(g(x), fix)) < ke for all x in G? 

Hyers proved the Ulam conjecture in the category of Banach spaces under the following theorem. Suppose that 
E\,Ei are two Banach spaces and / : E\ — > Ei is a function that for all x,y € E\ satisfy the inequality 
\\fix+y) — fix) — fiy)\\ < e then there exists an additive function g : Ex — > E 2 that for all x £ E\, ||<7(x) — /(x)|| < e. 
So far we have the stability of Hyers-Ulam. Th. M. Rassias extended the Ulam's theorem by setting e(||a;|| p + |]y|| p ) 
instead of e where < p < 1, that, at present, is called Hyers-Ulam-Rassias stability. Thence the stability theory 
was extended day by day and several applications were obtained in a variety of branches of physics and mathemat- 
ical sciences among others in Supersymmetric theories and Yang-Baxter equation and Cubic analog of Laplace and 
d'Alembert equations. The primitive work of Ulam has come in [l ] and partial solution of Hyers is shown in [49]. 
The generalization of Hyers theorem by Rssias appears in [()(>]. The expression Hyers-Ulam-Rassias stability was 
propounded in [( ]. For the history and various aspects of stability theory we refer the reader to [2, 34], [5]-[47], 
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[52, 53] and [62]-[65]. 

Ternary algebraic operations have propounded originally in 19th century in Cayley [I] and J.J.Silvester's paper 
[68]. The application of ternary algebra in supersymmetry is presented in [51] and in Yang-Baxter equation in 
[55]. Cubic analogue of Laplace and d'alembert equations have been considered for first order by Himbert in 
[48], [50]. The previous definition of C*-ternary algebras has been propounded by H.Zcttlc in [ ]. In relation to 
homomorphisms and isomorphisms between various spaces we refer readers to [56]— [61], [67]. 

2. Preliminaries 

Assume A is a linear space over a complex field equipped with a mapping [] : A 3 = AxAxA^A with 
(x, y, z) — > [x,y, z] that is linear in variables x,y,z and satisfies the associative identity, i.e. [x, y, [z, u, v]] = 
[x,[y,z,u],v] — [[x,y, z],u,v] for all x,y,z,u,v G A. The pair (A, [ ]) is called a ternary algebra. The ternary 
algebra (A, [ ]) is called unital if it has an identity element, i.e. an clement e£i such that [x, e, e] = [e, e, x] = x 
for every x G A. A * — ternary algebra is a ternary algebra together with a mapping * : A — ► A which satisfies 
(a:*)* = X, (Xx)* — Xx*, (x + y)* = x* + y* , [x,y,z\* — [z*,y*,x*] for all x,y, z G A and all A G C. In the case that 
A is unital and e is its unit, we assume that e* = e. 

A is normed ternary algebra if A is a ternary algebra and there exists a norm | . | on A which satisfies || [x, y, z] || < 
||x|| ||y|| ||z|| for all x, y, z G A. Whenever the ternary algebra A is unital with unit clement e, we repute ||e|| = 1. A 
normed ternary algebra A is called a Banach ternary algebra, if (A, || ||) is a Banach space. A C*-ternary algebra 
is a Banach * — ternary algebra if || [x, x*, x}\\ — \\x\\ 3 for all x G A. 
We suggest [54] for definition of C*-ternary algebra. 

Theorem 2.1. Assume that A and B are two C* -ternary algebras, then the cartesian product AxB is a C* -ternary 
algebra. 

Proof. We define in A x B sum and scaler product and ternary product, pointwisc ic 

(ai,&i) + (02,62) = (ai + a 2 ,b 1 + b 2 ) and X(a,b) = (Xa,Xb) and [(oi, 61), (02,62), (03,63)] = ([01,02,03], [61, 62,63]) 

for all a, oi, 02,03 G A and 6, 61,62, 63 G B and A G C. Also we define (0,6)* = (a*, 6*) and ||(o, 6)|| = maa;(||a||, ||6||) 

for all a G A and b G B. The only subject that is not clear is C*-ternary algebra identity, 

||[( a ,6),(a,6)*,(a,6)]|| = ||([ a , a *, a ],[6,6*,6])||=max(||a||M|6|| 3 )=max(|H|,||6||) 3 = ||(a,6)|| 3 □ 

Now we proceed to the resumption of definitions. 

Let X, Y, Z be linear spaces. A mapping / : X x Y — > Z is said to biadditive if for each fixed x in X, the map 
y h^ f(x, y) is additive and for each fixed y in Y the map x 1— > f(x, y) is additive. We say that / : X x Y —* Z is 
bilinear if f is biadditive and f(Xx, /iy) = A/x/(x, y) for all A, /i G C and x G X, y G Y. 

Definition 2.2. [ ] Suppose A and B are ternary algebras. A bilinear mapping / : A x A — > B is called ternary 
algebra left [right] bihomomorphism if it satisfies 

f([x, y, z],t) = [f(x, t),f(y, t),f(z, t)} [f(x, [y, z,t]) = [f(x, y)J(x, z), f(x, t)}} 
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for all x, y, z,t G A. f is called bihomomorphism if it is right and left bihomomorphism. In the case the function f 
is bijective and bihomomorphism, it will be called ternary algebra biisomorphism. 

Definition 2.3. Let A and B be C*— ternary algebras and f : A x A ^ B be a, bihomomorphism. f is called 
*— bihomomorphism if f{x*) — f(x)* for every x G A x A. 

3. Biadditivity 

We need the following theorem to prove the main results of the present paper. 

Theorem 3.1. Let X and Y and Z be linear spaces and f : X x Y — > Z be a mapping. Then f is biadditive if and 
only if 

f{x -y,t) + f{x, t-s) = 2f(x, t) - f(y, t) - f{x, s) (3.1) 

for all x, y G X and t, s G Y . 

Proof. If f is a biadditive mapping, it is obvious that it satisfies (3.1). Conversely suppose that f satisfies (3.1). In 
(3.1) we set X = y = S = t = 0, we have /(0, 0) = 0. Letting x = y = s = 0in (3.1), we obtain /(0, t) = 0. Putting 
y = s = t = 0we get f(x, 0) = 0. Setting s = in (3.1) we arrive at 

f(x-y,t) = f(x,t)-f(y,t). (3.2) 

Letting x — in (3.2), shows that f(—y,t) = —f(y,t). Thus (3.2) gets out in the following form 

f(x-y,t) = f(x,t) + f(-y,t). (3.3) 

By changing y to —y, (3.3) shows that f is additive with respect to first variable. Putting y — in (3.1), we obtain 

f(x,t-s) = f(x,t)-f(x,s). (3.4) 

Setting t = in (3.4), we arrive at f(x,—s) = —f(x,s). Interchanging s by — s in (3.4) and the last equality we 
see that f is additive with respect to the second variable. So f is biadditive . □ 

Theorem 3.2. Let X and Y and Z be linear spaces and f : X x Y — > Z be a biadditive mapping. Then f is bilinear 
if and only if 

f{Xx,fj,y)=XiJ,f(x,y) (3.5) 

for each x in X and y in Y and A, /i G T\ = {e , < 8 < — }. 

4 2 

Proof. At the beginning suppose that (3.5) is satisfied. Since f is biadditive, f(rx,sy) = rsf(x,y) for all r, s G Q 
and x G X and y G Y. Now we consider some equalities: 









TT TT TT 
i(0- — j i— i{6- — ) 

and e — e 2 .e 2 = ie 2 


If - < 0< TT 

2 ~ ~ 


then < 6 - 


TT TT 
— < - 

2 ~ 2 


if tt < e < — 

- - 2 


then < 9 


TT 

-TT < - 
~ 2 


and e* 8 = eW-^.e** = {-tfeW-* 



TT —ITT TT 

— TT TT TT n i(0+ —) i(8+ —) 

If — - < 6> < then0<6>+-<- and e ,9 = e 2 ; . e 2 = (-*)e 2 ; . 

So by using the above equalities and (3.5), we arrive at f(\x,ny) = X/J,f(x,y) 
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for all A, /i £ T 1 = {z £ C; \z\ = 1} and x £ X and y £ Y. 

If < r, s < 1 letting si = s + y/l - s 2 i £ T 1 and r x = r + y/l - r 2 i £ T 1 . 

So r = — - — , a = — - — . Therefore, by paying attention to what come in the above 

f(rx, sy) — rsf{x, y). Now if A, \i belong to C then 

A= |A|e' Al ,M= |M|e Vl ,|A| = [|A|] + A 2) |ju| = [|m|] + Ma that in those < A 2 ,)«2 < 1. Thus 

/(Ax, m ) = /(([|A|] + \ 2 )e^x, ([| M |] + fi 2 )e^y) - e^e^/(([|A|] + X 2 )x, ([| M |] + m )y) = Xftffay) 

for all x £ X and y £ Y. Hence f is bilinear. The converse is clear. □ 

Theorem 3.3. Let X, Y,Z be linear spaces and f : X x Y —> Z be a mapping. Then f is bilinear if and only if 

f(Xx - Xy, fxt) + f(Xx, & - fis) - A M (2/(x, t) - f(y, t) - f(x, a)) (3.6) 

for all x, y £ X and t, s £ Y and A, fi £ T\. 

4 

Proof. If f is bilinear, then it is obvious that f satisfies (3.6). 

On the other hand, suppose that f satisfies (3.6). Setting A = \x = 1 in (3.6). By Theorem 3.1, f is biadditive. 

Putting y = s = in (3.6), we achieve f(\x,/j.t) = Xfif(x,t) for all A, fi £ T\ and t £Y. Therefore, according to 

4 

theorem 3.2 f is bilinear. □ 

Notation: Let X, Y, Z be linear spaces. For a given mapping / : X x Y — > Z, we set 

E\,nf(x, y, t, s) = f(Xx - Ay, jj£) + f(Xx, /j,t - fis) - Xfi(2f(x, t) - f(y, t) - f(x, s)) 
for all x, y £ X and s, t £ Y and A,/ieC. 

4. Stability of * bihomomorphisms of C*-ternary algebras 

In this section we investigate the Stability of *— bihomomorphisms between C*-ternary algebras. 
Theorem 4.1. Let A and B be two C* — ternary algebras and ip : A 4 —> [0, oo) be a function such that 

<p(0, 0, 0, 0) = lim ^^2 nl x, 2 nl y, 2 nl t, 2 nl s) = 0, (4.1) 

oo 1 

Mi(x,y)= ]T — l M{2 nl x,2 nl y)<^ (4.2) 

where x,y,t,s € A and I £ {+1, —1} and 

M(x, y) = ^(0, x, 2y, 0) + <p(x, -x, 2y, y) + <p(0, 0, 2y, 0) + 3(<p(x, 0, y, -y) + <f{x, 0, 0, y) + tp{x, 0, 0, 0) + p(0, 0, y, 0)) 

and f : A x A — > B be a mapping which satisfies 

\\f(x,y)-f(x*,v*)\\<<p(x,y,0,0), (4-3) 

\\Ex, M f(x,y,t,a)\\ <tp(x,y,t,a), (4.4) 
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max(\\f([x,y 1 t] lS )-[f(x 1 s)J(y, S )J(t, S )]\\,\\f(x,[y,t, S ])-[f(x,y)J(x,t)J(x, S )]\\<<p(x 6 1 y i ,t^ S i ), (4.5) 

i™ h f{ ^ x ^ v) = i™ i/C 2 "*. 2 * n y) - i™ i/( 23n ^ 2 "y)' ( 4 - 6 ) 

fe 4 "^< In) = ***"/& £) = „^ 43 "/(^' £) ] (4-7) 

/or aZZ x, y, t, s € A and X,/j,£T}. Then there exists a unique *—bihomomorphism of ternary alyebras 

4 

H : Ax A—> B such that 

\\H(x,y)~f(x,y)\\<^M l (x,y) (4.8) 

and H(x,y) = lim ^-f(2 n x,2 n y) \H(x,y) = lim 4 n /(-^-, ^-)] 

/or all x, y G j4. 

Proof. Setting A = /i = 1 in (4.4) we have 

||/(a; -y,t) + f(x,t- s) - 2f(x,t) + f(y,t) + f(x,s)\\ < <p(x,y,t,s). (4.9) 

Putting x = y = t= s = 0in (4.9), we obtain /(0, 0) = by (4.1). 
Letting x = y = s = in (4.9), shows that 

||/(0,i)||<^(0,0,*,0). 
Assuming y = t = s = in (4.9) we get 

||/(a>,0)|| < ¥>(*, 0,0,0). 
Setting y = —a;, £ = 2s in (4.9) we arrive at 

||/(2x, 2s) + 2/(s, s) - 2/(x, 2s) + f(-x, 2s)| | < <^x, -z, 2s, s). (4.10) 

Putting x = s = in (4.9) we conclude that 

I l/(-y» *) + /(V, *) 1 1 < V(0, V, *, 0) + y»(0, 0, t, 0) . (4.11) 

Letting y — x,t — 2s in (4.11) we get 

||/(-x,2s) + /( a; ,2s)||<^(0,x,2s,0) + ^(0,0,2s,0). (4.12) 

By using (4.10) and (4.12) we come to 

\\f{2x,2s) +2f(x,s) -3f(x,2s)\\ < <p(0,x,2s,0) + <p(x,-x,2s,s) + <p(0,0,2s,0). (4.13) 

In (4.9) setting y = and s = —t, we achieve 

\\f(x,2t)-f(x,t) + f(0,t) + f(x,-t)\\<<p(x,0,t,-t). (4.14) 

Assuming y = £ = in (4.9) we have 

||/(a;, s) + /(*, -«)|| < <p(x, 0, 0, s) + pfo 0, 0, 0). (4.15) 
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Substituting s by t in (4.15) shows that 

1 1/(», -t) + /(s, t)| | <^(s, 0,0, «)+¥>(«, 0,0,0). (4.16) 

(4.14) and (4.16) show that 

\\f(x,2t)-2f(x,t)\\<^At,-t) + <p(x,0,0,t) + ^(x,Q,0,0) + ^(0,0,t,0). (4.17) 

Letting t = s in (4.17) and multiply both sides by 3, gives 

| |3/(x, 2s) - 6/(x, s)\\ < 3{<p(x, 0, s, -s) + <p(x, 0, 0, a) + <p{x, 0, 0, 0) + p(0, 0, s, 0)). (4.18) 

(4.18) and (4.13) give 

||/(2z,2 s )-4/(z, s )||<M(z, s ). (4.19) 

Now let I = 1. By replacing x by 2^x and s by 2 J s, and multiplying both sides of (4.19) by , we get 



||^ I /(2-'-+ 1 x,2^ 1 S ) - 1/(2^,2^)|| < ^M^'a^V). 
Now for given m,p£ N, we have 

||^— /(2 m+p 2;,2 m+p s) - — f(2 m x, 2 m s)\\ < 



E w^m^x^+h) - i/(2%,2^)n < 

+p-i 1 

E - TI Af(2^,2^). (4.20) 



3=m 

m-\-p—l 

4.' 



So by (4.20) and (4.2), the sequence —f(2 n x,2 n y) is a Cauchy sequence in Banach space B for all x, y S A, and 
hence it is convergent. Define H : A x A — > _B by H(x,y) = lira — f(2 n x,2 n y) for all a;,y € -A. Letting m = 

n — >oo 4 n 

and p — > (X) in (4.20), so we obtain (4.8) with I = 1. From (4.4) and (4.1), we get 

\\E Xtfi H(x,y,t,a)\\< lim h\E^f(2 n x,2 n y,2 n t 7 2 n s)\\< 

n— »oo 4 

lim l^(2"a;,2" 2/ ,2%2™ S ) = 0. 

n — >oo 4 

Thus E\ „H(Xi y, i, s) = for all x, y, t, s £ ^4 and A, /i G Ti . So, according to Theorem 3.3 H is a bilinear mapping. 

4 

By (4.5), (4.6) and (4.1), we conclude that 

max(\\H([x,y,t},a) - [H(x,s),H(y,s),H(t,a)} ||, \\H(x, [y,t, a}) - [H(x,y),H(x,t),H(x, a)] ||) = 
max(|| lim ±f(2 n [x, y, t], 2 n s) - lim -L[f(2 n x,2 n s), f(2 n y,2 n s), /(2"t,2»*)]||, 

n — *oo 4 n— >oo 4 

|| lim 1/(2^, 2"[j/,i, S ])- lim z ^[/(2 B a:, 2"»), f(2 n x, 2 n t), f(2 n x, 2" 5 )]||) = 

n — >oo 4 n— ^oo 4 

lim -lmax(||/([2"x,2"y,2"t],2" S ) - [/(2* 1 *, 2»»), f(2 n y,2 n s), f(2 n t, 2V)]||, 

n — »oo 4 

||/(2"x, [2»2/, 2 n t, 2" S ]) - [/(2"x, 2 n y),f(2 n x, 2 n t),f(2 n x, 2 n s)}\\) < 

lim -J-(^(2 3 "a; 3 ,2 3n 2 / 3 ,2 3n i 3 ,2 3 " S 3 ) = 0. 
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So H([x,y,t],s) — [H(x,s),H(y,s),H(t,s)] and H(x,[y,t,s]) = [H(x,y),H(x,t),H(x,s)]. Therefore, H is a 
bihomomorphism. On the other hand, by (4.3), we have 

\\H{x,y)-H{x*,y*)\\= lim h\f(2 n x,2 n y) ~ /((2V)*, (2™y)*)|| < ^(2 n x,2 n y, 0,0) = 0. 

Hence H is *— bihomomorphism. Now let T : A x A — > B be another *— bihomomorphism satisfying (4.8), then by 
(4.2) we have 

\\H(x,y)-T(x,y)\\ = lim \\~f{2 n x,2 n y)-T{x,y)\\= lim ~||/(2"x,2"y) - T(2 n x,2 n y)\\ < 

n — »og 4 n^-oo 4 

1 1 °° 1 



-. >c» 4 ^— ' 4 r ' 



So, we conclude that H{x,y) = T(x,y) for all x,y € A. 

Now assume that J = — 1. 

x s 

Interchanging x by — — - and s by — — in(4.19) and multiplying its both sides by A 3 , we achieve 

\\4?f(— — )-4 J+1 f(— — )IK4 j M(— — ) 

11 J ^2i 2? J ^2i +1 2i +1 2i +1 23+ 1 

Now for given m,p £ N, we see that 

m+p— 1 

a; s „ . m „, a; s . ,. *—> , .„• „, % s „ ,,■,, „ a; s 



||4 m+p ff— - — ) -4 m ff— — )|| < V \Wf(— — ) -4 j+1 f(— — )|| < 

J ^m+p'9m+p' • /, >2 m '2 m ^— ' 9.7 ' Oj J K 03 + ^ ' 9.7 + 1 ; " 

m+p— 1 



E ^(afc.afe)- ( 4 - 21 ) 

X 7/ 

By (4.21) and (4.2) the sequence 4™/( — , — ) is Cauchy in Banach space B. Then it is convergent for all x, y G A. 

2 n 2 n 

x v 
Define Hi : A x A — > £? by H\(x, y) — lim 4™/( — , — ) for all x,y in A. The rest of the proof is similar to the 

n — >oo 2 n 2 n 

case that 1 = 1. □ 

Theorem 4.2. Lei 9,Pi,P2,P3,P4 be reaZ numbers such that 9 > anrf aZZ o/ Pi,P2,P3,Pi be located in (0,2) [or 
a?? m (2, oo)] and ^4,B &e C* ternary algebras and f : Ax A — > £? fee a mapping that satisfies 

\\f(x,y)-f(x*,y*)\\<e(\\x\r + \\y\n, 

\\Ex tli f{x,y,t, 8 )\\ < e(\\x\r + imp + mr + inn, 

maa;(||/([x,y,t],s) - [/(x,s),/(j/,s),/(t,s)]||, ||/(x, [y,t,s]) - [f(x,y)J(x,t),f(x,s)}\\, 

<e(\\^\\ pl + \\y 3 \\ P2 + \\t 3 \\ P3 + \\s 3 \n, 

lim ±f(2 n x,2 n y) = lim ^/(2"x, 2 3 "t,) = lim ^/(2 3 "a:,2"y), 

n — *oo 4 ^ — *oo 4 n-n-oo 4 

/or aH i,|/,t,s£i and A, /z € Tf . Tften i/iere exists a unique *— bihomomorphism H : Ax A — ► £? which satisfies 

4 

/Jie following inequality 

\\H(x,y)-f(x,y)\\< 

0( 1°. iuiipi + ? lUlp , 6 + 3X2P3 7 + 2P4 IUIIP4-) 

M4-2pi|" " I4-2H 11 " |4-2P3| |4 — 2^*1 l|y " h 

and 

H(x,y)= lim y{2 n x,2 n v) [H(x,y)= lim 4"/(^, £)] 
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for all x,y G A. 

Proof. We set in Theorem 4.1 

<p(x,v,t t s)=8(\\x\\n + \\y\\*> + \\t\\*' + \\s\\**). 

a 

Theorem 4.3. Let A and B be two C* — ternary algebras and ip : A A — > [0, oo) be a function such that (p(0, 0, 0, 0) = 
and 

lim ^<p(2 n x, 2 n y, 2 n t, s) = [ lim ±<p(x, 2 n y, 2 n t, 2 n s) = ] 

n — s-oo Z n— »oo Z 



oo 1 oo 1 

M 1 {x,t) = J2^M(2Px,t)<oo [M 2 (;r,t) = ^^M(x,2^)<oo] (4.22) 

3=0 3=0 

where x, y, t, s G A and 

M(x, t) = tp(x, -x, t, t) + tp{x, 0, 0, 0) + ip(0, x, t, 0) + tp(0, 0, t, 0), 

[ M(x, t) = <p(x, x, t, -t) + ip(x, 0, 0, 0) + tp(x, 0, 0, t) + tp(0, 0, t, 0) ] 
and f : A x A — > _B &e a mapping satisfying 

\\f{x,y)-f{x*,y*)\\ < <p(x,x 7 x 7 y) [ \\f(x,y)-f(x*,y*)\\ < <p(x,y,y,y) } 

\\E\^f(x,y,t,s)\\ < ip(x,y,t,s) 

\\f([x,y,t},s)-[f(x,s),f(y,s),f(t,s)}\\<tp(x 3 ,y 3 ,t 3 ,s 3 ) 

[ \\f(x,[y,t,s}) - [/(ar,y),/(ar,t),/(a7 ; s)]|i < p(x 3 ,y 3 ,t 3 ,s 3 ) ] 

lim ~/(2^,y) = lim ^f{2 3n x,y) [lim ~/(z,2"y) = lim ~/(z, 2 3 "y)] 

n — >oo /"■ n — »oo Z n — >oo Z n — *oo Z 

for all x, y 1 £, 5 G A and A, ^/ G Tj ■ TTiera ifrere exzs£ a unique *—bihomomorphism H : A x A ^ B such that 

4 

||If( : r,y)-/( : r,y)||<iM 1 ( a: ,y) [ \\H(x,y) - f(x,y)\\ < \m 2 {x, V ) ] (4.23) 

and 

H(x,y) = lim ^f(2 n x,y) [ fffo y) = lim ^/(z,2™2/) ] 

for all x,y G A. 

Proof. Putting y = t = s = in (4.9) shows that 

||/(x,0)||< ¥ >(aj,0,0,0). (4.24) 

Setting y — —x and s — t in (4.9) we get 

| \f(2x, t) + f(x, 0) - f(x, t) + f(-x, t)\\< <p(x, -x, t, t). (4.25) 

Substituting y with x in (4.11) we obtain 

||/(-ar J t)+/(ar J t)||< V (0 J s,«,0) + ^(0,0,t,0). (4.26) 

By using (4.24) and (4.25) and (4.26) we come to 

\\f(2x,t)-2f(x,t)\\<M(x,t). (4.27) 
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Replacing x with 2 J x and multiply its both sides by we get 

ll-L/^s,*)- i/(2»x,*)|| < ^M(Vx,t). 
Now let m,p be in N. We have 

m+p-1 m+p-1 

||^-/(2-+^,t)-— /(2 m x,t)||< £ 11-^-/(2^^,*) --/(^.t)!!^ $] 2?+T M ( 2 ^'*)- ( 4 -28) 

j=m - - j'=m 

From (4.22) and (4.28) the sequence { — f(2 n x,y)} is Cauchy and hence is convergent. Define H : A x A — > £ by 

2™ 

fffoy) = lim — f(2 n x,y) for all x,y in A. 

n — >oo z 

Letting to = and p — » oo in (4.28), it follows that (4.23) is satisfied. The rest of the proof is similar to the proof 
of Theorem 4.1 . □ 

Theorem 4.4. Suppose that 9,Pi,P2tP3iP4 be real numbers such that 9 > 0, Pi,P2,P3 He i n (0, 1) [p2, £>3 jP4 ^e in (0, 1)]. 
Xei j4 and B be two C* -ternary algebras and f : A x A — > B be a mapping satisfying 

\\f( x , y )-f( x *, y *)\\<e(\\x\rMM p2 +\M\ P3 +\\y\n [ \\f(x,y)-f(x*,y*)\\ < 0(MI Pl +||vr+IMI*+||l/in ) 

\\E X ,,f(x, y ,t, S )\\ < e(\\x\r + imp + mr + inn 

\\f([x,y,t],s) - [f(x,s),f(y, S )J(t,s)]\\ < 9(\\x 3 \r + ||y 3 |P + ll* 3 P + ll* 3 |P) 

[ \\f(x,[y,t,s]) - [f(x,y),f(x,t)J(x,s)]\\ < 9(\\x 3 \r + ||y 3 |P + ||* 3 |P + l|s 3 |P) ] 

lim ~f{2 n x, y)= lim ^f{2 3n x,y) [ lim ~f(x,2 n y)= lim ~f{x, 2 3 "y) ] 

for all x,y,t,s £ A and A, ^ G Tj . T/^en there exist a unique left [right] *— bihomomorphism H : A x A — » _B swc/i 

4 

iiF^.y) - /(x, y )n < ^(^A^-pir + ^^iNr +3iMr + imd 
i n^(x,i/) - /(x, y )n < 9(3\\x\r + Mr + ^^iMr + ^rj\y\n i 

#(*,»)= I™ ^f(2 n x,y) [H{x,y)= lim i/(or,2«y)] 

n — >oo Z n — >oo Z 

for all x,y G A. 

Proof. It follows by Theorem 4.3 by putting ip(x,y,t,s) = 0(\\x\\ Pl + \\y\\ P2 + \\t\\ P3 + \\s\\ P4 ). D 

5. Superstability 

In this section, we investigate the Superstability of *— bihomomorphisms of C*-ternary algebras. 

Theorem 5.1. Let A and B be two C* — ternary algebras and <p : A* — » [0, oo) be a function such that 

</>(0, y, t, s) = ip(x, 0, t, s) = ip(x, y, t, 0) = (5.1) 

lim ^{2 nl x, 2 nl y, 2 nl t, 2 nl s) = (5.2) 

/or a// x, y, t, 5 £ A and / G {1, —1} and let f : A x A ^> B be a mapping satisfying 

\\f(x,y)-f(x*,y*)\\<<p(x,y,x,y), (5.3) 
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\\E x ^f(x,y,t,s)\\ <<p(x,y,t,s), (5.4) 

m ax(\\f({x 1 y,t}, S )-[f(x, S )J(y, S )J(t lS )}\l\\f(x,{y,t lS })~[f(x,y) 1 f(x 1 t)J(x, S )}\\)<rtx\y\t\s 3 ), (5.5) 

lim ±f(2 n x,2 n y)= lim -^/(2 3 ™z, 2"y) = lim -^/(2"x,2 3 "y), (5.6) 

[ lim 4™/(^, ^-) = lim 4 3 "/(-^, ^-) = lim 4 3 "/(^, J-)] 

L rwoo M 2" 2™ n-«» J V 2 3 ™ 2™ rwoo J V 2" 2 3n 

/or all x,y,t, s £ A and A,/x € T\ . Then f is a *— bihomomorphism. 

4 

Proof. Letting A = \x = 1 in (5.4) to get 

||/(a! -y,t) + f(x,t- s) - 2f(x,t) + f(y,t) + f(x,s)\\ < <p(x,y,t,a). (5.7) 

Reputing x = y = t = s = in (5.7) to obtain /(0,0) = 0. Putting x = y = s = in (5.7) to obtain /(0,i) = 
for all t € A. putting y = s = t = in (5.7) to get f(x, 0) — for all x <G A. In (5.7), put x — and s — t, we 
arrive at f(—y,t) — —f(y,t), for all ;/,t £ A Letting t = j/ = in (5.7), we conclude that f(x,—s) — —f(x,s) 
for all x,s £ A. Put y = and s = — i in (5.7) to obtain f(x,2t) = 2f(x,t) for all x,t £ A. Suppose that s = 
and y = — x in (5.7) we arrive at f(2x,t) = 2f(x,t) for all x,t E A. Thus we receive f(2x,2y) = 4f(x,y) for all 
x, y G A. By induction, we get f(2 n x,2 n y) = 4 n f(x,y) for all x, y £ A and n S Z .Now let Z = 1. From (5.4), we 
get 

\\E x>li f(x,y,t,s)\\ = lim -1 1 \E x ^f(2 n x, 2 n y, 2 n t, 2 n s) \ \ < lim ^(2 n x, 2 n y, 2 n t, 2 n s) = 0. 

n— »-oo 4 n.— »oo 4 

Thus E\^f(x : y, t, s) — for all x,y,i,sG A and A, ^i £ T* . So, according to Theorem 3.3, f is a bilinear map. By 

4 

(5.2), (5.5) and (5.6) we conclude that 

m S x(\\f([x,y,t],s)-[f(x,s),f(y,s)J(t,s)} \\,\\f(x,[u,t,s])-[f(x,y),f(x,t),f{x,a)] ||) = 

max(|| lim ^/(2"[x, „, i], 2"s) - lim ^ n [f(2 n x, 2 n s), /(2"y, 2 n s), /(2"i, 2 n s)}\\, 

n — *oo 4 n— >oo 4 

|| lim i/(2"a!,2»[ tf> «,«])- lim ~[f(2 n x, 2 n y), f(2 n x,2 n t), f(2 n x, 2V)]II) - 

n — >oo 4 n— >oo 4 

lim -^max(||/([2"x,2"y,2"t],2" S ) - [/(2"s, 2" a ), /(2"y, 2™s), /(2"i, 2" S )]II, 

n— >oo 4 

||/(2"x, [2"j/, 2"i, 2" S ]) - [/(2»x, 2 n y),f(2 n x, 2 n t), f(2 n x, 2V)]||) < 

lim -J-^(2 3 "x 3 ,2 3n 2 / 3 ,2 3n i 3 ,2 3n s 3 ) = 0. 

So /([«,y,*],s) = [f(x,s),f(y,s),f(t, s)] and /(x, [y,*,s]) = [f(x,y),f(x,t),f(x,s)]. 
Therefore f is a bihomomorphism. On the other hand, by (5.3), we have 

||/(a:,l,) - f(x*,y*)\\ = lim -^||/(2"x,2"y) - /((2"x)*, (2"y)*)|| < ^(2 n x,2 n y,2 n x,2 n y) = 0. 

n— >oo 4 4 

Hence f is *— bihomomorphism. The proof of other case is similar. □ 
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Theorem 5.2. Let 9,pi,p2,P3,P4 be real numbers such that 9 > 0, p\ + P2 + P3 + Pi He in (0,2) \pi + P2 + P3 + 
Pi lie in (2, oo)]. Let A and B be two ternary C* -algebras and f : Ax A — > B be a mapping satisfying 

\\f(x,y)-f(x*,y*)\\<e(\\x\r + r°\\y\r +p *), 

\\E^f(x, y ,t, S )\\<0(\\x\n\y\n\t\r\\ s \n, 

max(\\f([x, y, t],s) - [f(x, s), f(y, s),f(t, s)]\\,\\f(x, [y, t, s}) - [f(x, y)J(x, t), f(x, s)]\\ 

<6(\\x 3 \n\y 3 \n\t 3 \r\\ s 3 \n, 

lim ^f(2 n x,2 n y) = lim ~^f(2 3n x, 2 n y) = lim -^/(2"x, 2 3n y) 
[ lim 4 n /( — , ^) = lim 4 3 "/(^, ^) = lim 4 3 '7( — , -fL)] 

L n^oo JV 2" 2™ n->oo J V 2 3 ™ 2™ rwoo ^2" 2 3n ' 

/or aZ? x,y,t, s £ A and A, /i € Tj . TTien f is a *—bihomomorphism. 

4 

Proof. It follows from Theorem 5.1 by putting <p(x,y,t,s) = 9{\\x\\ Pl ||y|| P2 ||i|| P3 ||s|| P4 )- □ 
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Abstract. In this article we study the general complex-valued sin- 
gular integral operators over the real line regarding their convergence 
to the unit operator with rates in the L p norm, 1 < p < oo. The 
related established inequalities involve the higher order L p modulus 
of smoothness of the engaged function or its higher order deriva- 
tive. Also we study the complex-valued fractional general singular 
integral operators on the real line, regarding their convergence to 
the unit operator with rates in the uniform norm. The related es- 
tablished inequalities involve the higher order moduli of smoothness 
of the associated right and left Caputo fractional derivatives of the 
engaged function. We finish with applications to trigonometric sin- 
gular integral operators. The related simultaneous approximations 
are also studied extensively. 

1 Convergence of Complex General Singular In- 
tegral Operators Background 

We consider here complex valued Borel measurable functions / : R — > C such 
that / = /i + i/2. i '■= \f— T- Here f\,fi : R — > R arc implied to be real valued 
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Borel measurable functions. 

Let £ > and fie be a Borel probability measure on R. For r <G N and n <G Z + 
we put 

Here we study the convergence of smooth general singular integral operators 

9 r ,t(f;x):=J l^2 aj f(x+jt))d^(t),^>0. (2) 

Clearly by the definition of R.H.S.(2) we have 

e r , £ (/; x) = r>€ (/i; s) + *e r!e (/ 2 ; x). (3) 

We assume that & r ,$(fj\x) e R, Vs e R, j = 1, 2. 

I) Let /i , fi € C™ (R) , n <G Z + with the rth modulus of smoothness finite, 
w r {fi n \h) := sup IIAJ/i^C^IU.x < 00, (4) 

/i > 0, where 



|t|</i J 



Al/fW :=^(-l)^r /f '(.x+jt), (5) 

3=0 VJ/ 



.7 = 1,2. 

We need to introduce 



S k :=J2 a 3J k > fc = l,...,neN. 



The integrals 

/oo 
t k dfi^(t) 
-oo 

are assumed to be finite, k = 1, . . . , n. 
One notices easily that 

|e r ,«(/;x) - f(x)\ < \@ r ,dh;x) - h(x)\ + |0 r , c (/ 2 ;x) - / 2 (x)| (6) 
also 

||e r , £ (/;x) - /(x)^ x < ||e r , c (/ i; x) - a^IL x + ||e r , c (/ 2 ;x) - MIL x , 

'(7) 
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and 

||e r , £ (/;a : )-/(a;)|| piB <||e i . lC (/i; ! r)-/i(x)|| pit +||e r , { (/2;a : )-/2(a:)|| px) p>l. 

(8) 
Furthermore it holds 



f( k )(T\ - f( fe ) 



fw^rw+i/fw. 



W/ 



(9) 



for all k = 1, . . . , n. 



2 Main Results 

By using Theorem 9 of [1] we obtain 



Theorem 1. Let f : K -> C such that / = A + i/ 2 . Here j = 1,2. Let 

fj e C™ (K) , n e Z+. Suppose that 



|t| n (l + |) r d^(i)< 



,(n) 



Assume also that w r (/- , /i) < oo,V/i > 0. Then 



™ f {k) {x) 

r,e(/;a;) - /(#) - ^ — n — <5fc c *v 



fc=i 



fc! 



(10) 



< 



1*1 



|i| n (l + y) <*%(*) 



( Wr (/ 1 " ) ,0 + ^(/ 2 (n) ,0) 



When n = the sum in L.H.S.(IO) collapses. 
Proof. By Theorem 9 of [1] and (6), (7), (9) we get 



e r ,s(f;x)-f(x)-J2 



^/W(x) 



fc=i 



/,-! 



5fcCfe ,. 



@r,?(/i; a;) - /i(x) - ^ -^ — <^c fe;€ 



fe=i 



fc! 



e r , ? (/ 2 ;z)-/ 2 (z)-£^^ feCfe , € 



< 



er,£(/i;s)-/l(aO-£ 



fe=l 
n ,(fe) 



/rw 



fc=i 



fc! 



5fcCfe ,. 



©r,£(/2;x)-/ 2 (x)-2 



fc=l 



fc! 



^fcCfc; 
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< 



MA (n) ,0 



"r(/ 2 (n) ,0 



i*r 1 + 7 

oo \ S 



d/^(i) 

itr(i+|) r dM £ (t) 



1 



i*r(i+j) ^(t) 



( Wr (/ 1 ( " ) ,0 + ^(/i n) ,0), 



proving the claim. 

The n = case follows. 

Corollary 2 (to Theorem 1). Let f : 

Let fj eC(R). Suppose 



1 + 



R->C:/ = /i+t/ 2 . Here j = 1,2. 
dfi^(i) < oo. 



Assume also U) r (fj, h) < oo, V/i > 0. Then 
" f 00 / Itl 

ll©^(/) - /lloo < ' ■ ' ^ 

In [4] we proved 



J + f J ^ 5 (t) 



(w r (/l,0+Wr(/2,0)- (11) 



Theorem 3([4]). Let 5 G C™" 1 ^); SMc/l that 9 (n) exists, n,r G N. Further- 
more suppose that for each x G R t/ie function g^'(x + jt) G Li(R, /Xt) as a 
function of t, for all j = 0, 1, . . . , n — 1; .7 = 1, . . . , r. Suppose that there exist 
<Vjf 7 - > 0, j = 1, . . . , n;j = 1, . . . ,r, wii/i A~ G Li(R, £J|) smc/i i/iai /or eac/i 



i£l«ie /lat/e 



l5°' ) (^ + jOI<A 7? (t), 



(12) 



/or /j,? — almost all t € R, all j = 1, . . . , n; J = 1, 2, . . . , r. TTien 5"' (x+j£) defines 
a fif — integrable function with respect to t for each x G R, a// j = 1, . . . , n; 
j = 1, . . . , r, and 

(e^( ff; aO) (I) = e r ,J<Az), (13) 



/or a/Z a; € R, all j = 1, . . . ,n. 

We present the following simultaneous approximation result. 

Theorem 4. Let / : R -*■ C, swc/i t/iat / = /1 + i/ 2 . Here j = 1,2. Let 

~ P (M), n,p e Z+, and 
.Suppose 



/j G C^+^R), n,pG Z+, and w r (/j n+i) , /i) < oo,V/x > 0, /or j =0,1,..., p. 



i*r 1 



d/i £ (t) < 
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We consider the assumptions of Theorem 3 valid regarding f\ , fi for n = p. 
Then 



J\f( k +T)( x ) 



SkCk,, 



< 



(e r , ? (/;*)) (I) -/ (J) (z)-E 

fe=i 

iy^w] (^(/ 1 ( " +i) ,e)+^(/i" +i) ,o), (14) 



i*i" i 



for all j = 0, 1, . . . , p. When n — the sum in L.H.S.(14) collapses. 

Proof. Similar to Theorem 1 here, and based on Theorem 8 of [4]. ■ 

II) Here let f u f 2 e C n (R) with f[ n) ,f^ n) <= £ p (R), 1 < p < oo. We need 
the rth _L p -modulus of smoothness 



,(n) 



c(™)/ 



uv(/T ; ,/l) P := sup ||A£/4" ; (x)|| p , x , h > 0, with j = 1,2. 
Here we assume that u r (f~ , h) p < oo, /j > 0, j = 1, 2. 



(15) 



We present 
Theorem 5. Let f 



such that f — fi + if 2- Here j — 1,2. Let 



/,• e C n (R) with /) n; e i p (R) , n G N, p, g > 1 : i + i = 1. Assume that 



P 9 



1 



i 



rp+l 



and Cfc^ eK, fc = 1, 



n. Then 



\tr-'d^(t)< 



©r, £ (/;a:) -/(»)- ^ 



^ /«%) 



fc=i 



fc! 



<5fcCfc7 



/>.:/' 



< 



((n-l)!)(g(n-l) + l)e (7•p + l)*> 



1*1 



Proof. By Theorem 1 of [2] and (6), (8), (9) we get 



rp+1 



-l It 



np—1 



duAt) 



(16) 



e r ^(f;x)-f(x)-J2 



^ /(*)(») 



fc=i 



fc! 



<5fcCfc„ 



/>.;'' 



©r,c(/i;a;)-/i(x)-2 



fe=i 



fc! 



<5fcCfc„ 
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@rAf2-,x)-f2(x)-J2 



/**>(*) 



fc=l 



A;! 



SkCkA 



< 



n f(k)/ -, 



hck,, 



k=l 



p.x 



+ 



e r , i (f 2 ;x)-f 2 (x)-J2 



k=l 






SkCk,: 



< R.H.S(16), 

proving the claim. ■ 

Based on Proposition 3 of [2], similarly we give 

Proposition 6. Let f : R — > C such that / = /i + if 2 , where fi,f 2 € 
(C (R) n L p (R)) ;p,gr>l:i + i = l. Assume that 

Then 

\\&r,df)-f\\< IT (l + ^YdnAt) 



(«r(/l,0 P + Wr(/2,0 P )- (17) 



Based on Theorem 2 of [2] we get similarly 

Theorem 7. Let / : R -*■ C such that f = fi + if 2 . Here j = 1,2. Let 
/j e C" (R) with / (n) e ii (R) , n e N. Assume that 



and Cfc^ el, fc = 1, . . . , n. Then 



|£|™ dHf(t) < 00, 



Qr,c(/; a;) - /(») - 2^ — ^ — ^cfe,? 



fc=l 



A;! 



< 



(n- l)!(r + l) 



1*1 



r+l 



-1 ) l*!"- 1 d^(t) 



■e(wr(/l (n) ,0l+«r(/ 2 (n) ,0l) 



Based on Proposition 4 of [2], we give similarly 



(18) 
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Proposition 8. Let f 

(C(R)nii(R)). Assume 



Then 

\\®r,df) ~ f\\i < 



such that / = /i + if 2 , where /i,/ 2 € 

" ' -'■■ " , " l M/l,0l+«r(/2,0l)- (19) 



< / d ^( f ) 



Next we give simultaneous approximation results. 
Theorem 9. Let f : R -*■ C, smc/i t/iat / = / i + 1/2- #ere j = 1,2. Let 

/j e c^+^m), n e N,p e z+, w«tt /j" +i) e L P (R), i = o,i,...,p. lei 

p,g>l:l + i = l. Assume tfiai f^ ( (l + y)^ - 1 ) IC^^W < 00, 

and Cfc^ G R, k = 1, . . . , n. We consider the assumptions of Theorem 3 valid 
regarding f\, / 2 for n — p. Then 



(®rAf^)) 0) - f G \x) - E ^^ ^l-: 



k=\ 



/,-! 



< 



1 



((»-!)!) 



1 



(g(n-l) + l)« (rp + 1)" 

rp+1 



1 






i 



1 i*r _i d^(*) 



^, 



(20) 



for all j = 0,1,..., p. 

Proof. By Theorem 11 of [4], and as in the proof of Theorem 5 here. 



We give the related 



Proposition 10. Let f 



such that f = fi+ if 2 - Let f[ j \f^ ] G 



1 1 1 



(C(R)nZ p (R)),j = 0,l,..., /9 eZ+;p,g>l:± + 



= 1. Assume that 



£(i + M)'V>< 



We consider the assumptions of Theorem 3 valid regarding f\ , / 2 for n = p. 
Then 



(©^(/)) (I) -/ (I) 



< 



I + j ) d^(t) 



(Wr(/i a) ,0p + «r(/ 2 a) ,a), ( 21 ) 
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j = 0,1,..., p. 

Proof. By Proposition 12 of [4]. 

Next comes the related L\ result. 



Theorem 11. Let f 



such that / = /i + ifi, and j — 1,2. Let 



A, h e C n+P (R) , wit/i / ? (n+j) € ii (R) , n € N, j = 0, 1, . . . , p € Z+. yrsswme 



that 



l + y) H - 1 J |tr _1 d^(*) < oo, 



and Cfc ; £ € R, fc = 1, . . . , n. M^e consider the assumptions of Theorem 3 valid 
regarding f\ , /2 for n = p. Then 

f( k+ V(x) 



{Q r ,((f;x))0) - f®(x) - 2 ; ,, W 4c fc 



< 



(n-l)!(r + l) 



k=l 

i + H 



r+1 



1,3 



i itr-M^w 



£ (22) 



( Wr (/ 1 ( " +I) ,Oi+^(/ 2 ( " +7) ,Oi) 



/or oW j = 0,1,..., p. 

Proof. Based on Theorem 15 of [4]. ■ 

The last simultaneous approximation result follows 

Proposition 12. Let / : R -> C, such that f = fi + if 2 - Here f[ j \f ( / ] £ 
(C(R)nLi(R)), j = 0,l,...,/9eZ+. Assume 

I- ( 1 + jJ d ^ t )<^- 

We consider the assumptions of Theorem 3 valid regarding f\ , / 2 for n = p. 
Then 



(®r,df)) U) ~ f U) 



< 



1 



dp At) 



for all j = 0, l,...,p. 

Proof. Based on Proposition 16 of [4]. 

Ill) We need 

Definition 13. Let r G N, 7 > 0. We define 

- _/(-i) r " J 'Qr 7 , 



(23) 



j = 1, •■-,*•, 



i-E; =1 (-ir j Qr^j = o. 



(24) 
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Denote 

r 

4 = ^2a J j k ,k^ l,...,m- 1, 
where m = [7] , [•] is the ceiling of a number. 



(25) 



In the next let £ > 0, x,x € R, / 



Borel measurable, such that 



/1 



("») 



< 00, 



(m) 



< 00. 



/ = /1 + if 2. Suppose /1, / 2 e C m (K) , with 

Let /ttt probability Borel measure on K, V£ > 0. Consider the fractional 
integral 



(26) 



ih{x + jt) dji At) 



e rX (f;x) : =y l^2ajf(x + jt)\dnt(t) 

/CO / r \ /'CO / r 

-~ \j=0 J J -°° \j=0 

= ®r,s(/i;a;) +*6r,c(/2;a;)- 

We assume here that Q r ^ (fi,x) , @ r ,£ (f2,x) e t, Vi e R. 

Assume existence of Cfe^ := J_ t k d[iAt), k = 1, . . . , m — 1. Also suppose 

the existence of J^ |£| 7 d/j,^(t), k = 0, 1, . . . , r. 

Using Theorem 18 of [3], we obtain similarly, as in Theorem 1 here, the next 
result. 



Theorem 14. It holds 



e^(/,-)-/(-)-E 



/(*)(.) 



*;=! 



fc! 



< 



E 



SkCk,i 



|7+fe 



\tr K d^(t) 



k ^ (r-k)\T( 1 + k + l)e 
sup {max [u r (D2_fi,t) , w r (I>7x/i)0] } 



(27) 



.cfc- 



+ sup {max [w r (Dl_f 2 , £) , w r (-D 7 x / 2 , 0] } 



If to = 1 the sum disappears in L.H.S.(27). 

Definition 15 (for Theorem 14). Let j = 1,2. Above D 7 _fj is the right 
Caputo fractional derivative of order 7 > is given by 



D2 -fj(x) 



(-1)' 



L(to - 7) J x 



{t-x) m -<- l f\ m \0dd 



(28) 
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Vx < x e R fixed. 

Xq- 

Also D* Xo fj is the left Caputo fractional derivative of order 7 > is given 



We assume D], _f(x) = 0,Vx > x . 



by 



^/i (*) := f(^) £ (* - T^" 1 f^m, (29) 



Vx > x € K fixed, where T (z/) = J °° e _ *f _1 d£, 1/ > 0. 
We assume D2 Xo fj(x) = 0, for x < x . 



3 Convergence of Complex Trigonometric Sin- 
gular Integral Operators 

In this section we apply the general theory of this article to the complex- valued 
trigonometric smooth general singular integral operator T r ^(f, x) defined below. 
We make 

Remark 16. We need the following preliminary result. 

Let j,m E Z, to > 1 such that < j < 2m — 1. The integral 

. /sinx\ 2m f 2 £° ^ (^) 2 ™ &, if , is even 



aJ p^l dx = <T Jo v ~ ; ' J , (30) 

, V » / \0, if j is odd v y 

is an (absolutely) convergent integral (See also Note 17). 

According to [5], page 210, item 1033, we obtain 
case 1: j is even, j < 2to — 1 



00 
3 



sinx\ 2r " _ 7r(-l)^(2m)! ^ fc fc 2 ™-^- 1 



X- I ] dx = "l , ^ 1:::: T^y"(-l) fe 7 TTT7 TTT, (31) 

(1 \ x J 23+ 1 (2m-j-iy. z -^ y ' (m - k)l(m + k)\ v ' 



and 

case U: j is odd, j < 2m, — 1 



DC 



:(;■ 



^V™^ (-l)^(2m)! ™ lW _ fe fc 2 ^'-Mln(2fc)] 



rfx = 



7 -_l)lZ^V i (TO-fc)!(TO + fc)!' l ' 



\ x J ' 2J(2m-j-iy.^ ' {m-k)\{m + k)\ 

In particular, for j = the formula (31) becomes 



X 



sinr\ 2m «^, ju2m-l 

* dx = ^(-l) m TOV(-l)' £ 7 *— — . (33) 

v ; ^ v ' (m-k)\(m + k)\ 



10 
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We consider here complex valued Borel measurable functions / : R — > C 
such that / = /i + i/2, % := \/— 1. 

Let /3 € N and £ > 0. Here we study the convergence of smooth trigonometric 
singular integral operators 

TrMx) := ^/~ (f^ajfix+jt)) ^Ml^ dt , (34) 



where 



J=° 



n = / l=M)V S (fi 



00 \ * 

^"""-'^S'-' ViwV*)! - 

Clearly by the definition of R.H.S.(34) we have 

T r ,df;x) = T r ^(fi;x) + iT r ^(f 2 ;x). (36) 

We assume that T r ^(ff,x) € R, Va; e R, j = 1, 2. 

Let ["J denote the integer part of a real number and let 

c fc ,:=^/j*(^) 2 V = l,..,r, (37) 

Note 17. As in the proof of Theorem 6 from [2], inequality (54) there, for 
j3 > ^±i we have 

00 / • ,\2{3 



/o 
Hence 



t k [^) ,ll< x. (38) 



2/3 

'- = #«*""" /__«" IT) dt 



1 t fe+i-2/3 I ,k / sini 



0, fc = odd 



(35) J r ,^;,.'^ , fe = even 



< 00, (39) 

for any k such that (3 > M^. 

11 
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I) Let /i , / 2 G C™ (R) i w € Z + with the rth modulus of smoothness finite, 



i.e. w r (/i"\/i) < oo, ft > and let /? G N, /3 > 



n+l 



One notices easily that 

\T r ,^f;x)-f(x)\ < |T rt€ (/i;x) - /i(a;)| + |r r , c (/ 2 ;a;) - / 2 (a:)| (40) 

also 

||r r ,£(/;aO - mW^ x < \\T r ^h;x) - fox)^ x + ||T r , € (/ 2 ;x) - /^IL x , 

(41) 
and 

||r r , £ (/;s) - /(s)|| px < ||T riC (/ i; x) - h{x)\\ px +\\T r ^f 2 -x) - / 2 (z)IU ,p > 1. 

(42) 
By using Theorem 14 of [1] we obtain 



Theorem 18. Let f 



such that / = /i + i/b- Here j = 1,2. Let /j € 

(n) 



C™ (R) , n G Z+ and /3 > 1 + [^^^l • Assume also w r {ff\ ft) < oo,Vft > 
Then 

L ^ J /(2fc)(a;) 
T r,df'> X ) - f( X ) - 2^ / i,m ^2fcC 2 fc,g 



fe=l 



(2k)! 



^ 


1 


" 7T(-1)^ 


v' 3 r n fe fc2/ ^ 1 

l^k=l\ L ) (/3-fe)!(/J+fe)l 



,« (i + *)»■(?£* i ,/, 



2.; 



Wr (/ 1 ( " ) ,0+^(/ 2 (n) ,6)| [ . (43) 



When n = 0, 1 the sum in L.H.S.(43) collapses. 
Proof. By Theorem 14 of [1] and (40), (41), (9), similar to the proof of Theorem 
1. ■ 

The n = case follows. 

Corollary 19 (to Theorem 18). Let f : R -*■ C : / = /i + if 2 . Here j = 1,2. 

Let fj € C (R) and /3 > 1 + [^J ■ Assume also u r (fj,h) < oo, Vft > 0. Then 



||T r>€ (/) - /L < 



rfi+trm^t 



t(-W Ef =1 (-i) fe pzSSW 



(w r (/l,0+Wr(/2,0)- 

(44) 



In [4] we mentioned 

Theorem 20 ([4, Theorem 22 there]). Let g- G C n_1 (R), smc/i iftat g (n) existe, 
n,r G N. Furthermore suppose that for each x G R ifte function g^'(x + 



12 
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it) e ii 



il*/|) 



23 



dt \ as a function of t, for all j = 0, 1, . . . , n — 1; 



j = 1, . . . , r. Suppose that there exist A~f > 0, j — 1, . . . , n; j — 1, . . . , r, wzi/i 



h 3 e L ^ 



2/J 



t ) dt I swc/i i/iai for each x G R we have 

\9 0) (x + J t)\<x~m, 



(45) 



/or almost every iel, a// j = 1,. . . , n; j = 1, 2, . . . , r. Then g^> (x + jt) defines 
a Lebesgue integrable function with respect to t for each x e K, all j = 1, . . . , n; 
j = 1, . . . , r, and 

{T rA {f;x)) G) =T^(f G) ;x), (46) 



for all x £l, all j = 1, . . . ,n. 

We present the following simultaneous approximation result. 

Theorem 21. Lei / : K -> C, s«c/l that f = /i + i/ 2 - #ere j = 1, 2. Lei /,• G 

C"+" (R) , n,p G Z+, /? G N, /3 > 1 + [^±^±ij anrf w r (4" +j) ,/i) < oo,V/i > 0, 
/or j = 0, 1, . . . , p. We consider the assumptions of Theorem 20 valid regarding 
h,h f or n = p. Then 

n\ r\ L ^ J A 2k+J )(x) 



fe=i 



(2fc)! 



< 



tn [f n °°r(l + t) r (^) 2/3 dtj . 



(47) 



/or all j = 0, 1, . . . , p. When n — 0, 1 the sum in L.H.S. (47) collapses. 

Proof. Similar to Theorem 4 here, and based on Theorem 27 of [4]. ■ 

II) Here let f u f 2 G C n (R) with /}"', / 2 (n) G L p (M), 1 < p < oo. We assume 



p(n) 

We present 



that u r (f± n> ,h) p < oo, /i > 0, j = 1,2. 



Theorem 22. Lei / : K -> C such that / = /i + i/ 2 . Here j = 1, 2. Let £ G 

C" (K) with ,/j n) G L P (K), n G N, p,g > 1 : \ + \ = l,/3 G N,/3 > rrp1 +" p+1 . 
Then 

T r ,df;x) - f{x) - Y, ( 2 fc)! ^ 2fcC2fc '^ 
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< 



23 






\rp~\+l 

E 



t np 



-\+h 



sin i 



2, i 



(It 



— («r(/l (n) ,0 P + Wr(/i n) ,0 P ) 



(48) 



((n-l)!)(«(n-l) + l)5(rp + l) 

When n — 0, 1 i/ie sum in L.H.S.(48) collapses. 

Proof. By Theorem 6 of [2] and (40), (42), (9), similar to Theorem 5 here. 

Based on Proposition 8 of [2] , similarly we give 



Proposition 23. Let f 



such that / — /i + i/2 , where /1 , fi G 

|Ypl+l 



(C(R) n L p (R)) ; p,g > 1 : i + \ = 1,0 e N,/3 > n3p.Tl.c1. 



||r r , £ (/) - /|| p < 



1 



|>p] 



jr^r.ftfc; 



S/„ '" H 



sini 



2/i 



rf£ 



(Wr(/l,0p+Wr(/2,0p)' 

(49) 



Based on Theorem 7 of [2] we get similarly 

— ► C such that / = /1 + ifi- Here j = 1,2. Let 



Theorem 24. Let / 



fj e C n (R) with 6 n) e Li (R) , n e N, /3 e N, P > ^±=. Then 



L«/2J 



< 



T r ,i{f;x) - f(x) - Y^ (2fc)| ^ 2fcC2fc ^ 



r(«r(/l (n) ,0l+«r(/i n) ,0l) ^ 



(50) 



(n-l)!(r + l) f^^) 2 ^^ 



n-l+ft 



sini 



2/i 



r// 



When n — 0, 1 i/ie s«m in L.H.S.(50) collapses. 

Based on Proposition 9 of [2], we give similarly 

Proposition 25. Let f : R — > C such that / = /1 + i/2, where /i,/2 <E 
(C (R) D ii (R)) , /3eN,/3> ^±i. Then 



II^V,c(/)-/lli < 



M/l,0l+Wr(/2,0l) 



2/3 



fm** 



E 

h=0 



sini 



2;S 



(It 



(51) 



Next we give simultaneous approximation results. 



14 
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Theorem 26. Let f : R -* 

fj G C n+ "(R), n G N,p G Z+, with /j" +i) G L p (K) , ~j = 0, 1 

p, q > 1 : — I — = 1, /3 G N, /3 > rp I 2 " p — . W^e consider the assumptions of 
Theorem 20 valid regarding /i, /2 for n — p. Then 



such that f — fi + if 2- Here j — 1,2. Let 

, p. Let 



fe=i 



(2fc)! 



< 



1 



((»-l)0 



1 



(g(n - 1) + 1) « (rp+1)" 
1 



rfwr(/l (n+7) ,0 P +«r(/ 2 (n+7) ,Op 



JT^)**] £ 



E 



j.np— l-\-h 

\ t 



sint 



2.:i 



(it 



r, 



(52) 



for all j = 0, 1, . . . , p. When n = 0, 1 t/ie swm m L.H.S. (52) collapses. 

Proof. By Theorem 30 of [4], and as in the proof of Theorem 5 here. ■ 

We give the related 

Proposition 27. Let f : R -*■ C, such that f = fi + ifi- Let f[ j \.f ( / ] G 
(C (R) n L p (K)) , j = 0, 1, . . . , p G Z+; p, q > 1 : ± + \ = 1, /? G N, > I^±i. 
We consider the assumptions of Theorem 20 valid regarding f\ , fi for n = p. 
Then 



(Tr,df)) {1) - f {1) 



< 



EK/o^m 2 "* 



rm^ 



f (i) 



(j) 



(53) 



j = 0,1,..., p. 

Proof. By Proposition 31 of [4]. 

Next comes the related L\ result. 



Theorem 28. Let f : 



such that / = /i + ifi, and j = 1,2. Let 



e(n+j) 



h, h G C"+" (K) , wift /f +Jj G Li (R) , n G N, j = 0, 1, . . . ,p G Z+, /? G N, 
/3 > r+T 2 1+1 . We consider the assumptions of Theorem 20 valid regarding f\ , fi 
for n — p. Then 

(T rti (f-x))®-fW( X )-~J2 



k=i 



< 



,28 



(n-l)\(r + l)[J oo (^Y P dt 
■(^(/^.Oi+WrC/^.O 



(2fc)! 

-l 

E 



~0~2kClk,i 



r+1 '- 'sin* 



A=l 



n-l+/i 



1..T 



2;i 



(ft 



c (54) 
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for all j = 0, 1, . . . , p. When n — 0, 1 the sum in L.H.S. (54) collapses. 

Proof. Based on Theorem 34 of [4]. ■ 

The last simultaneous approximation result follows 
Proposition 29. Let f : R -*■ C, such thai f = f x + if 2 . Here f[ j \f^ j) € 



(C (R) n Li (R)) , j = 0,1,. .., P e Z+, 13 e N, /3 > 



r+l 



W^e consider the 



assumptions of Theorem 20 valid regarding /i , /2 /or n = p. Then 



(TrAf)) U) - f U) 



< 



1 
r°° /'sinn 2 / 3 



Jo \-r) dt \ Lft=o 



sint 



2,1 



ill 



(55) 



(wr(/i a) ,0l+Wr(/2 a) ,0l) 



for all j = 0,l,...,p. 

Proof. Based on Proposition 35 of [4]. 

Ill) In the next let £ > 0, a;, x G M, / : I 
f = h + if 2- Suppose h, h G C m (R) , with || /'| 
Consider the fractional integral 



Borel measurable, such that 



(m) 



< 00, 



(m) 



< 00. 



T r,df'> X ) 



1 
I 7 



^aj/(x + jt) 



vj=0 



1 
W 



i 

w 



^2a J f 2 (x + jt) 



sin 



M)V" dt 



2/3 



Es^nm 



(// 



(*/m 



2fl 



t J 



dt 



(56) 



= T r ^(fi;x) + iT r ^(f 2 ;x). 

We assume here that T r . ? (/i, x) , T ri £ (f 2 ,x) € R, Va; e R. 

Let /? e N, P > I± ^ ± i, 7 > 0, r e N. 

Using Theorem 23 of [3], we obtain similarly, as in Theorem 1 here, the next 
result. 



Theorem 30. It holds 



- 2 J f(2fc)M 



__ ^ f( 2fc )(.)_ 

r r ,« (/,•)-/(•)- XI (2fc)i ^ 2fcC2fc ^ 



< 



2/3 



" r! f o °°H+ fc (^) zp ^ 

^ o (r-fc)!r( 7 + fc + l) J-^) 2 ^ 
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C sup {max [u r (D2_fi, t) ,u>r(Dl x f u £)]} (57) 



.i-fci 



+ sup {max [u r (Dl_f 2 , $) , u r {DJ x f 2 , £)] } 



j'ti 



If m = 1, 2 the sum disappears in L.H.S.(57). 

4 Applications to Particular Complex Trigono- 
metric Singular Operators 

In this section we work on the approximation results given in the previous 
section, for some particular values of r, n, p and f3. 

Case P — 2. We have the following results 
Theorem 31. Let f : R -*■ C such that f = fi + if 2 . Here j = 1,2. Let 
/j e C^R). Assume w r (/j,/l) < oo,V/i > 0. T/ien 



3^ 



7T 



7T 



4 



HTuC/)-/!^^^ In2+- ( Wl (/U)+Wi(/2,0)- (58) 



Proof. By Theorem 18, with n = r = 1, /3 = 2. ■ 

Corollary 32. Let / : R -> C such that / = /i + if 2 , where /i,/ 2 € 
(C (R) n ii (R)) . T/ien 

l|Tu(/)-/Hi < («i(/i,0i+«i(/2,0i) (^ + l) • (59) 

Proof. By Proposition 25, with r = l,/3 = 2. ■ 

Corollary 33. Let / : R -*■ C such that / = /i + z/ 2 . Here j = 1,2. Let 
fj e C 1 (R) with /j e Li(K). Then 

||T u (/;aO - /(a;)||i < ^ (in 2 + J) £ (wi(/i,0i + «>i(fU)i) ■ (60) 

Proof. By Theorem 24, with r = n = l,/3 = 2. ■ 

Corollary 34. Let f : R -*■ C, swc/i t/iat / = /i + i/ 2 . #ere j = 1,2. Let 

/j e C 1+ P(R),p€ Z+ and wi(/j 1+j) , ti) < oo,V/i > 0, for ~j = 0,1,..., p. We 
consider the assumptions of Theorem 20 valid regarding f\ , f 2 for n — p. Then 

\(TiAf^)) {1) -/ (7) ML < f ( in2 + D (-i(/i (1+I) ^) +-i(/ 2 (i+I) ,o) , 

(61) 
/or a// j = 0, l,...,p. 

17 
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Proof. We are applying Theorem 21 here for n = r = 1, j3 = 2. ■ 

Corollary 35. Let f : K — ► C, such that f = f\ + if 2 , anrf j = 1,2. Let 
/i,/2 e C 1+P (M) and /6+ 1 ) G Li(R), j = 0, 1, . . . ,p G Z+. We consider the 
assumptions of Theorem 20 valid regarding f\, f 2 for n — p. Then 

||(T u (/; a; ))^-/P)( a; )|| 1 <g(ln2+^)( Wl (/} 1+7 \Oi+ W i(/ 2 (1+7 \Oi), 

" (62) 

for all j = 0, 1, . . . , p. 

Proof. We are applying Theorem 28 here for n = r = 1, j3 = 2. ■ 

Corollary 36. Let f : R -► C, suc/i tfietf / = A + if 2 . Let $ ] , / 2 0) € 
(C(M) n L 2 (R)) , j = 0, 1, . . . , p G Z + ; We consider the assumptions of Theorem 
20 valid regarding f\, f 2 for n — p. Then 

II (Tu(/)) (I) - /% < (^i(/i (I) ,C) 2 +u, 1 (f®,£) 2 ) \J\ + l^2- (63) 

for all j = 0, 1, ...p. 

Proof. By Proposition 27, with p = 2, r = 1, /3 = 2. ■ 

Corollary 37. Let f : R — > C s«c/i i/iat / = /1 + if 2, where /i,/ 2 G 

(C(R)n£ 2 (l)). T/ien 



||T U (/) - /|| 2 < (wi(/i,02 +Wi(/2,02) y ^ + ^ln2. (64) 

Proof. By Proposition 23, with p = 2, r = 1, /3 = 2. ■ 

Corollary 38. Lei / : R -> C, such that f = fi + if 2 . Here f[ j) , / 2 0) € 
(C(R) H Li (R)) , j = 0, 1, . . . , p G Z + ; We consider the assumptions of Theorem 
20 valid regarding f\ , / 2 for n — p. Then 



\\(T hi (f)) U) -f U) h< («i(/i W) ,0i+«i(/ 9 0) ,0i) (^ + 



1 , (65) 



/or oW j =0,1,... p. 

Proof. By Proposition 29, with r = 1,(3 = 2. ■ 

Corollary 39. Let / : R -► C, s«c/i t/iat / = /1 + i/ 2 . #ere f[ j \ f ( 2 3) G 
(C(R) n Li (R)) , j = 0, 1, . . . , p G Z + ; We consider the assumptions of Theorem 
20 valid regarding f\ , / 2 /or n — p. Then 

||(T 2 ,e(/)) 0) -/ W) ||i < (w 2 (/ 1 (, ' ) ,0i+W2(/ 2 (, ' ) ,0i) (^ + ^ ln2 ) . (66) 
/or oW j = 0,1,... p. 



18 
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Proof. By Proposition 29, with r = j3 = 2. 

Corollary 40. Consider the assumptions of Theorem 30 are fulfilled. Then 



F u (/, •) - / (OIL < — ttz — I £' 



15tt 



• [ sup < max 

KxeK. *■ 

- sup < max 



wi(^i-/i^),wi(^lx/i,f)]} (67) 

Wl(^l_/2,€),Wl(^.V2,e)]}). 



Proof. By Theorem 30, with /3 = 2,7=|,r = l. ■ 

Case /? = 3. We have the following results 
Corollary 41. Let / : E — > C such that / = /i + i/ 2 , where /i,/2 € 
(C(E)nii(E)). Tften 

/ 40 /3S\ 16 \ 

||T 2 , c (/)-/|| 1 <(^(/i,e)i+^(/2,C)i)( TI ^lnf^ r j+ TI j. (68) 

Proof. By Proposition 25, with r — 2,(3 — 3. ■ 

Corollary 42. Let / : E -*■ C such that / = fi + if 2 , where /i,/ 2 € 
(C(E)nLi(M)). Then 

lir,,,/)-/,,, < m/,,0, + .3(A, Q ,) f £ m f 2» ) + 15 + A _ *) . 



(69) 



Proof. By Proposition 25, with r = 3,/3 = 3. 



Corollary 43. Let f : R -*■ C such that / = /1 + «/ 2 . Here j = 1,2. Let 
/j e C 1 (E) with /j e L 2 (E) . Then 



||r u (/;aO-/(aO|| 2 < 



i in i7 + 6lh (wi(/U)2+wi(/ ^ )2) - (70) 



Proof. By Theorem 22, with p — 2,r = n = l,f3 = 3. ■ 

Corollary 44. Let f : E — > C sucft thai f = fi + if 2, where /i,/ 2 € 
(C(E)nL 2 (E)). T/ien 



||T2 >€ (/)-/|| 2 <(«2(/l,02+W2(/2,02) 



40, /3t5 



15 , 256 47 

In 1 . 

22tt 27 22 

(71) 
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Proof. By Proposition 23, with p = r = 2, j3 — 3. ■ 

Corollary 45. Let f : R -*■ C such that / = /i + if 2 . Here j = 1,2. Let 
fj e C 1 (R) with /j e Li(R). T/ien 



\\T^(f;x)-f(x)\\ 



< 



20 



In 



3 16 



IItt ~" V 4 / ' 22 
Proof. By Theorem 24, with r — n = 1, /3 = 3 



+ ^KM/i.0i+«i(/2,0i)- (72) 



Corollary 46. / : R -> 
with /" e Li(R). Tften 



such that / = /i+i/ 2 . Here j = 1, 2. Let /j e C" 2 (I 
5 , 256\ 2 



(73) 

Proof. By Theorem 24, with r = n = 2,,3 = 3. ■ 

Corollary 47. Let f : R -*■ C, swc/i i/ia< f = fi + ifi- Here j = 1, 2. Let /j e 

C 1+ ' , (R), p e Z+. issume a/so wi(/j 1+i) , ti) < oo,V7i > 0, /or j = 0, 1, . . . ,p. 
We consider the assumptions of Theorem 20 valid regarding /i , / 2 /or n = p. 
Then 



(T u (/;:r#)-/(%) 



< —— [2tt- 32 In 2 + 27 In 3] 

oo,x 22ir 



(74) 



o»i{fl 1+1) ,0+u>i(tf +1) ,ZJ)z, 



for all j — 0, 1, . . . , p. 

Proof. We are applying Theorem 21 here for n = r = 1, /3 = 3. I 

Corollary 48. Let f : R -*■ C, such that f = fi + if 2 - Here j = 1,2. Let 

/j e Cfl), p e Z+. ylsswme atso uj 3 (f { j :i \h) < oo, V/i > 0, for ~j = 0, 1, . . . , p. 
We consider the assumptions of Theorem 20 valid regarding /i,/ 2 for n = p. 
Then 



{T 1 ,M;x))®-f®{x) 



< — - [137r-901n2 + 901n3] (75) 

00,2; 1I7T 

•(^3(/ 1 (I) ,6+^(/ 2 (I) ,0), 



/or a// j =0,1,..., p. 

Proof. We are applying Theorem 21 here for n = 0, r = 3, f3 — 3. 



Corollary 49. Let / : R -*■ C, such that / = /i + i/ 2 . -ffere j = 1,2. Let 
/j <= C 1+ ^(R), wtfi /, (1+i) e L 2 (R), ~j = 0, 1, . . .p <= Z+. VKe consider t/ie 
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assumptions of Theorem 20 valid regarding f\, fi for n = p. Then 

IICr u (/;x))(?)-/(?)( af )|| a <(^ In ^ + |) (76) 

•e(-i(/ 1 (1+I) ,62 + - 1 (/< 1+J) ,e) 2 ), 

for all j = 0, 1, ...,p. 

Proof. By Theorem 26, with p — 2,r = n = l,P — 3. ■ 

Corollary 50. Let / : R — > C, swc/i that f = fi + ifi-, and j = 1,2. Let 

/l, /2 e C 2+p (K) , wt/i /j 2+i) e Li(R), i = 0,l,...peZ+. H^e consider the 
assumptions of Theorem 20 valid regarding f\ , fi for n — p. Then 

II (T 2 ,(/ :I ))< 3 > - fi)(.) + |f/0«) («)!, < (I + A inf ) 

•{ a (w(/f 2+J \fl. + w(/f f5) ,fl.), (77) 

/or a/I j = 0, l,...,p. 

Proof. By Theorem 28, with r — n = 2, (3 — 3. ■ 

Corollary 51. Let / : R -► C, suc/i t/ioi / = /i + if 2 . Let f[ 3) , f { 2 j) € 
(C(R) n L2 (R)) , j = 0, 1, . . . , p € Z + ; We consider the assumptions of Theorem 
20 valid regarding f\ , fi for n = p. Then 

11 m, 5 (/)) (3) - /<% < U(/i J, ,« 2 +w(#,o 



A 



40 , / 3i3 \ 15, 256 47 

In M In 1 . (78) 

IItt 4 22tt 27 22 v ' 



for all j =0,1,..., p. 

Proof. By Proposition 27, with p — r — 2, (3 = 3. 

Corollary 52. Let / : R -► C, smc/j tfiai / = fi + ifi- Here f[ j \fi j) € 



n L\ (R)) , j = 0, 1, . . . , p £ Z + ; M^e consider the assumptions of Theorem 
20 valid regarding f\ , fi for n = p. Then 



IItt I 4 



||(Tu(/)) (, ' ) -/^||i<( W i(/ 1 W) ,0i+«i(/ 2 a) ,0i) [1 + 

' (79) 
/or all j = 0, l,...,p. 
Proof. By Proposition 29, with r = l,/3 = 3. ■ 

Corollary 53. Consider the assumptions of Theorem 30 are fulfilled. Then 

21 



279 



ANASTASSIOU, MEZEI: COMPLEX SINGULAR INTEGRALS 



|T2, C (/,-)-/(-)L< I ^(-95 + 252v^-127>/3 



■f* ( sup {max w 2 (.DJ_/i,f) ,w 2 (l>l*/i,f)]} 
+ sup {max [ W2 (flj./a,*) ,w 2 (^1/2,^)]}) -(80) 



Proof. By Theorem 30, with /3 = 3,7=|,r = 2. ■ 

Case P — 4. We have the following results 
Corollary 54. Let / : R — > C such that / = /i + i/2 , where /1 , / 2 € 
(C (R) n £1 (R)) . ITien 

/ 630 2 104 / 15 \ 

l|Tu(/)~ /111 <(«i(A.0i+«i(/2,0i)(l +15^^381720-]. (81) 

Proof. By Proposition 25, with r = l,/3 = 4. ■ 

Corollary 55. Let / : R -> C such that / = /1 + i/ 2 . Here j = 1,2. Let 
/j e C 1 (R) with f- e L 2 (R) • Then 

||T u (/ ;a; )-/(a ; )|| 2 <U^ + ^ln(^)U(u; 1 (/{,02 + u;i(/^02). 

(82) 
Proof. By Theorem 22, with p = 2,r = n = l,/3 = 4. ■ 

Corollary 56. Let / : R — > C such that / = /1 + i/2, where /i,/2 £ 

(C(R)nLj(R)). Then 



630 , 2 29 / 15 256 



\\T2,df)-fh<(Mfu02+co 2 (h,02)]/ I ^^ WJ ^ + —. (83) 

Proof. By Proposition 23, with p = r = 2,/3 = 4. ■ 

Corollary 57. Let / : R -*■ C such that f = fi + if 2 - Here j = 1,2. Let 
fj G C 1 (R) with f- e Li(R). Then 

1,™ /, n ,/ mi / 105 , 2 29/15 945 , 4 1085 A 
|!T 5 ,,(/; a; )-/( a ;)|| 1 <^ l5i -ln 32W + i208 -ln 3 + 4832 j 

■€(w 8 (/i,0i+wb(/2,0i)- (84) 

Proof. By Theorem 24, with r = 5,n=l,/3 = 4. ■ 

Corollary 58. Let f : R -> C, s«c/i t/iat / = /1 + i/ 2 - #ere j = 1, 2. Let /,- € 
C^R), p e Z+ Assume a/so wi(/ (2+i) ,/i) < oo,Vh > 0, /or ~j = 0,1,... p. 
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We consider the assumptions of Theorem 20 valid regarding f\,fi for n = p. 
Then 



(Tu(/ ;a o) (I) -/^(*)-;^V 2+ %) 



< [2tt - 120 In 2 + 81 In 3] 



105 
604^ 

• 1 ^(-i(/ 1 (2+I) ,0+-i(/ 2 (2+I) ,?))e 2 , (85) 



for all j = 0, 1,..., p. 

Proof. We are applying Theorem 21 here for n = 2, r = 1, /? = 4. ■ 

Corollary 59. Let / : R -*• C, such that f = f l + if 2 . Here j = 1,2. Let 

/j e C 1+P (R), mt/i /j 1+i) e I 2 (K), j = 0, l,...p € Z+. VKe consider t/ie 
assumptions of Theorem 20 valid regarding /i, / 2 /or n = p. Then 

„ ffi ,(/:,)»P)-^) Wll3 ,(/§ + ^,«(^)) 

■^(u; 1 (/ 1 (1+7) ,02+u; 1 (/ 2 (1+7) ,02), (86) 

/or oW j =0,1,..., p. 

Proof. By Theorem 26, with p = 2,r = n = l,/3 = 4. ■ 

Corollary 60. Let f : ffi. — ► C, swc/i i/iai / = /i + i/ 2 , and j = 1,2. Let 

/1, /2 e C 3 ^ (K) , witfi /j 3+i) e Li(K), J = 0, 1, . . . p e Z+. FFe consider the 
assumptions of Theorem 20 valid regarding f\ , / 2 for n = p. Then 



(T8*(/;s))0-/0(*)-^/P +a )(s) 



/ 315 



3 9 / 4 2415 \ 



1 ~ l v 6047T ln 2 11 /4 + 19328 J 

■e(^(A 3+?) ,0i+^(A 3+1 \0i), (s?) 

for all j = 0, l,...,p. 

Proof. By Theorem 28, with r = n = 3, /3 = 4. ■ 

Corollary 61. Let / : R -► C, sue/} t/ioi / = A + if 2 . Let f[ j \fi j) € 
(C(R) n L2 (R)) , j = 0, 1, . . . , p € Z + ; We consider the assumptions of Theorem 
20 valid regarding f\ , / 2 for n — p. Then 



II (T 2 , ? (/#) - /( J )|| 2 < (w2(/i a) ,02 +W2(/ 2 a) ,0 

/or oW j = 0,1,..., p. 

Proof. By Proposition 27, with j> = r = 2, /3 = 4. 



630 , 2 29 / 15 256 
In 



151tt 3 27 /40 151 
(88) 
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Corollary 62. Let f : R -► C, such that f = f x + if 2 . Let f[ j) , f!f ] € 
(C(R) H L 2 (K)) , j = 0, 1, . . . , p € Z + ; We consider the assumptions of Theorem 
20 valid regarding f\ , f 2 for n — p. Then 



II (T U (/)) (I) - /% < («i if? ,0a +^{f§\ 2 ) y^ln 



630 , 2 104 /is 407 



151tt 3 81 /20 302' 
(89) 

/or a// j = 0, 1, ...,p. 

Proof. By Proposition 27, with p = 2,r = 1, /3 = 4. ■ 

Corollary 63. Lei / : K -► C, smc/i i/i<rf / = fi + if 2 - Here f[ j) , / 2 (j) € 
(C(K) n Li (K)) , j = 0, 1, . . . , p € Z + ; We consider the assumptions of Theorem 
20 valid regarding f\ , f 2 for n — p. Then 

\\(T h df)) {i) -f U) h< (wiC/i^.Oi+wi^.Oi) (* + J^ ln ^ 

(90) 
for all j = 0,l,...,p. 
Proof. By Proposition 29, with r = 1,(3 = 4. ■ 

Corollary 64. Consider the assumptions of Theorem 30 are fulfilled. Then 



|T 2i€ (/,-)-/(•) L < ^j^ (-10011 - 15848^2 + 21303 V3) C' 



sup {max [« 2 (£>J_/i,£) ,w 2 (Wx/i.^)] } (91) 
+ sup {max W2\pi_f2,£),U2[p*xf2,£) })• 

Proof. By Theorem 30, with /3 = 4,7=|,r = 2. ■ 

Note 65. All the approximation results of this article lead to interesting and 
useful convergence conclusions regarding our general and trigonometric opera- 
tors as approximators to the unit operator. 
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Abstract 

The method of additional conditions or MAC is applied to the bound- 
ary value problems of mathematical physics, where the classical solution 
does not exist or a nonphysical generalized solution is obtained. The cir- 
cular elastic plate under a transversal force at the center of the plate is 
considered. The MAC solution is obtained using MAC transformation for 
Laplace equation. 

KEY WORDS: Laplace and biharmonic equations, membrane, plate, MAC 
solution. 



1 Introduction 

Let us consider an isotropic elastic body. If one point of a body is given a small 
displacement which could present a displacement of one atom then the reaction 
at that point should be a force in general case and it is not a stress. That 
follows immediately from the balance of forces acting on the body. It seems 
that we have the small displacements and also small deformations in the whole 
body and the classical linear elasticity theory should be applied. But it is well 
known that an elastic body under applied force has a infinite displacement of 
the point of application of the force (1). So we obtain an unsolvable problem 
in the theory of linear elasticity. It could be possible to create a MAC solution 
of the given problem but it is not the goal of this paper. The method how to 
introduce the MAC solution could be understandable from what follows. 
Some classical boundary value problems from elasticity could be considered. 
Sometimes it is easy to obtain the general solution of the differential equations 
of the problems. But we could meet difficulties to satisfy the prescribed bound- 
ary conditions. We will see that the solutions of some problems do not exist. In 
this case it is possible to create a generalized solution, using a limit of existing so- 
lutions. These solutions can be easily verified in experiments. If the experiment 
shows, that the physical solution exists and differs from the obtained generalized 
solution then the MAC or the method of additional conditions can be applied. 
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This method allows to transform the obtained generalized solution to the phys- 
ically acceptable form. Examples of MAC solutions are solution in scheme of 
Dugdalc-Barrcnblat (5) in fracture mechanics. This scheme was applied to the 
linear elastic crack problem. The linear elastic solution has singularity near the 
tip of a crack. To avoid this singularity Dugdale and Barrenblat introduced 
additional yield stresses near the tip. The applied nonsingular condition gave 
the size of the zone, there the stresses are applied. This scheme was developed 
in (4), where the second additional condition of zero J-integral was introduced. 
This new condition gave the value of the applied additional stresses, which are 
6 times more then the given stresses at infinity. This stress concentration factor 
corresponds to the experiments of Griffith's and Inglis (4). The usual strength 
criteria, which are used in the elastic stress fields without singularities, can be 
used here. 

Sen-Venan method in elasticity could be considered as another example of MAC. 
Let us apply the method of additional conditions (MAC) to consider the dis- 
placements of an elastic plate under a transversal force. The equations and 
boundary conditions of the plates with some solved problems can be found in 
(2), (6), (7). Our goal is to present the MAC in this problem. 

2 Circular plate 

2.1 Nonexistent solution 

Consider the bending of a circular elastic plate. The differential equation of the 
problem is 

AAw^O, (1) 

where u is the transversal displacements of the points of a circular plate, A is 
the Laplace operator. We consider an axis symmetric case, then the equation 
(1) will take the form 

r dr \ dr \r dr \ dr J J J 

where the plate occupies the domain Q : < r < R. Suppose the following 
boundary conditions 

u(0) = u , (3) 

u(R) = 0. (4) 

|(0) = (5) 

/ s 1 d ( du\ , s 

M(R) = -D----(r--)(R)=0 (6) 

The condition (5) is natural and it is one of two values which are possible 
in classical case. The second possible value is infinity. The MAC theory could 
allow to consider any finite value of the condition (5). It will not be considered 
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in this paper. 

The condition (6) is taken just for simplicity to use the result of the work (5) 

and to show the MAC approach in case of elastic plate. 

The general solution of the equation (2) is 

u = d-\nr + C 2 -r 2 -\nr + C 3 + C 4 -r 2 , (7) 

where the arbitrary constants C\, C 2 , C3, C4 could be found using the boundary 
conditions (3)-(6). The derivative of the function (7) is 

t" = — +C 2 -r-(2-lnr + l)+2-C 4 -r. (8) 

or r 

We obtain at r = from (8): 

>) = »• (•) 

The constant C\ = because of the finiteness of that derivative in the experi- 
ments with the plate. If the condition (5) is not zero then the solution of the 
given problem does not exist. 
If we put the function (7) into the condition (3) then 

C 3 = «(0) = wo- (10) 

Then the condition (4) gives the following equation 

C 2 -R 2 -InR + uo + d-R 2 = 0. (11) 

If the force P is applied ar r — then the equilibrium equation allows to find 

Q w = drrR- (12) 

The expression for Q in the theory of elastic plate is 

where D is the bending stiffness of the plate. The equations (12) and (13) create 
C 2 = r -.Q(r) = ^.Q(R) = ^-^. (14) 



Then the equation(ll) gives the constant C, 



1 



Cl _-ft. h *-£- jr £ 7rh *-* (15) 



The solution (7) and its derivative (8) will take the form 

P 2 , (P-\nR 

8^7D- r ■ lnr + Ua+ {8^^- R 2 



P o ( P -YnR «o 1 1 

u \ r ) = o _ r. ' r ' Inr + Mo + - _ _, - ^o r r ■ ( 16 ) 
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dU (r)- P r f* lnr 1 1) 1 - f P ' lni? u o ^ _ 


(17) 


ar (rj ~8-7r-^ r ( " lnr ' ij ' " [s-n-D R 2 ) 


The bending moments are from (8): 




/<9 2 u v du\ 
\ dr 2 r dr J 


(18) 


A 9m d 2 u\ 
\r dr dr 2 J 


(19) 


Using (16), (18), and (19) we obtain 




M r = -2 • D ■ (C 2 ■ (1 + v) ■ (2 • lnr + 1) + C 2 + C 4 ■ (1 + i/)), 


(20) 


M t = -2 ■ D ■ (C 2 ■ (1 + i/) ■ (2 • lnr + 1) + i/ ■ C 2 + C 4 ■ (1 + i/)). 


(21) 



We can see in the experiment with the circular plate under the force P in 
the middle of a plate, that there arc only the finite bending moments and 
corresponding stresses. It means that the logarithmic terms in the expressions 
(20) and (21) must be avoided. Then it should be 

Therefore we obtain from (22) that 

P = 0. (23) 

The force P^O according to the stated problem. This contradicts to the value 
(23). We can conclude from the obtained contradiction that the solution of the 
stated problem does not exist. 

As we can see that the situation with the plate is similar to the situation with 
the membrane (3): the classical solution of the problem does not exist but the 
physical solution of the problem exists evidently. 

2.2 Generalized solution 

We can obtain the generalized solution of the problem using the similar way as 
in the membrane problem (3). It means that can suppose the distribution of 
the force P near the origin in the small circle. Then we can find the solution of 
the stated problem. And after that the radius of the small circle must tend to 
zero. This approach is presented in (6). 
Let us consider for instance consider the case of boundary condition 

^(i?) = (24) 

dr 

instead of the condition (6). Then the generalized solution of the problem 
according to (8) is: 
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The bending moments are (8): 

M r = -^-.((l + i/).ln--l), (26) 

4 • 7r r 

M t = -^--((1 + 1/) -In --i/). (27) 

4 • 7r r 

We can see that the expression for the displacement u according to (25) is 
well enough. But the expressions (26), (27) for the bending moments have 
singularities at the point of application of the force. They can not be used to 
determine the stresses near the origin. Another models have to be considered 
to determine the real stresses. We will use for that the MAC-solution of our 
problem. 

2.3 MAC-solution 

The method of Marcus (6) will help to obtain the MAC-solution for our plate 

problem. 

Consider the differential equation of the plate (1) in the form 

(28) 



(29) 
(30) 

(31) 

(32) 

(33) 
(34) 







d 2 
W + 


d 2 

dy 2 


.,d 2 u 

){ dx~ 2 + 


^) = 0. 
dy 2 ' 


The bending moments are 












M x = - 


-D 


d 2 u 


d 2 u. 






My = - 


-D 


d 2 u 

w + 


d 2 u. 
V -dx~ 2 ^ 


The 


sum of the 


expressions (29) 


, (30) gives 








M x +M y = 


-D 


■(! + ") 


d 2 u d 2 u 
dx 2 dy 2 


If we 


introduce 


a new notation 












,, M X + My 

M = v 
l + v 


= -£>• 


d 2 u d 2 u 
dx 2 dy 2 



the equations (28) and (32) can be written in the form: 

d 2 M d 2 M 



dx 2 dy 2 


= 0, 


d 2 u d 2 u 
dx 2 dy 2 


M 

~15 
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We consider the symmetric case and therefore the equations (33), (34) in polar 
coordinates will take the form 

1 d f dM\ 
r dr \ dr J 

1 8 ( du\ M 

r-d-r{ r -d-r)=-D- (36) 

The equation (35) is the classical membrane equation and its general MAC- 
solution according to (3) can be written in the form: 

M{r) = C\+C 2 -r, (37) 

where C\ and C 2 are arbitrary constants. 
Then the equation (36) yields 

This equation could be considered in two ways: to find the classical solution 
and to find the MAC solution. Let us consider the classical solution of (38). 
Consider the general solution of the equation (38) 

u(r) = C 3 -ln(r)+C i -^-(c 1 - r ^+C 2 - r pj, (39) 

where C3 and C4 are arbitrary constants. 

Using the boundary conditions (3)-(6) the solution (38) will be 

•<•■»-*• ( i -I-(b)' + !-(b)') m 

The bending moments M r ,M t could be obtained from Eqs. (18), (19) and the 
force Q - from the equilibrium equation (12). Using classical equation 

W = -f (41) 

at r = R we find the connection between applied force P and displacement uq: 

5-P-R 2 

wo = • (42 

72-tt-D K ' 

3 Conclusion 

The nonexistent, generalized and MAC solutions of the circular elastic plate 
were considered. Some problems of mathematical physics with nonexistent so- 
lutions can have the MAC-solutions. These MAC-solutions are corresponding 
and explaining the real physical situation of applied force. 
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Abstract. We prove the generalized Hyers-Ulam stability of the following 2-dimcnsional quadratic functional equation: 

f(x + y,z-w) + f(x -y,z + w) = 2f(x, z) + 2f(y, w). 
Moreover, we investigate the stability of bi-homomorphisms and bi-derivations on normed Lie triple systems. 



1. Introduction 

In 1940 S.Ulam [ ] proposed the general Ulam stability problem: 

Let G\ be a group and let Gi be a matric group with the matric d(., .). Given e > 0, does there 
exists a S > such that if a function h : G\ — > Gi satisfies inequality di h{xy) — h(x)h(y) ) < 6 for all 
x, y £ G\ then there is a homomorphism H : G\ — > G2 with d(h(x), H(x)) < e for all x € G\ ? 

D. H. Hyers [24] gave a partial affirmative answer to the question of Ulam in the context of Banach 
spaces. In 1950, a generalized version of Hyers' theorem for approximate additive mappings was given by 
T. Aoki [ ]. In 1978, Th. M. Rassias [ l] extended the theorem of Hyers by considering the unbounded 
cauchy difference inequality 

11/(0! + y) - f(x) f(y)\\ < 6(11*11* + \W) (e > 0, p € [0, 1)) 

In 1990, Th. M. Rassias during the 27th International Symposium on Functional Equations asked the 
question whether such a theorem can also be proved for p > 1. In 1991, Z. Gajda [5 ] following the 
same approach as in Th. M. Rassias [■' l] gave an affirmative solution to this question for p > 1. It 
was proved by Z. Gajda [22], as well as by Th. M. Rassias' and P. Semrl [3 I] that one can prove Th. 
M. Rassias' type theorem when p = 1. Th. M. Rassias Theorem for the stability for stability of the 
linear mappings between Banach spaces provided some influence for the development of the concept of 
generalized Hyers-Ulam stability a fact which rekindled interest in the subject of stability of functional 
equations. This concept is known today as generalized Hyers-Ulam stability or Hyers-Ulam-Rassias 
stability of functional equations; cf. [4, 33]. Several mathematicians following the spirit of the approach 
in the paper of Th. M. Rassias [■ ] for the unbounded Cauchy difference obtained various results. For 
example in 1982, J. M. Rassias [29] obtained an analogous stability theorem in which he replace the 
factor \\x\\p+ \\y\\P by ||x|| p .||y||« for p,q EM. with p + q ^ 1. In 1994, P. Gavruta [ ] provided a further 
generalization of Th. M. Rassias' theorem in which he replaced the bound e(||a;|| p + ||y|| p ) in (1.1) by 
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"Keywords: Normed Lie systems; bi-homomorphism; bi-derivation; Generalized Hyers— Ulam stability. 
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a general control function ip(x,y). In 1996, G. Isac and Th. M. Rassias [ ] applied the generalized 
Hyers-Ulam stability theory to prove fixed point theorems and obtained some new applications in 
nonlinear Analysis. During the last decades several stability problems of functional equations have 
been investigated by a number of mathematicians; cf. [4]- [32] and references therein. 

Ternary algebraic operations were considered in 19th century by several mathematicians such as 
Cayley [ ] how introduced the notion of cubic matrix which in turn was generalized by Kapranov [?] et. 
al. in 1990. there are some applications, although still hypothetical, in the fractional quantum Hall 
effect, the nonstandard statistics, supersymmetric theory, and Yang-Baxter equation, the comments on 
physical applications of ternary structures can be found in Refs. [1, 26, 35, 37]. 

A normed (Banach) Lie triple system is a normed (Banach) space (A; ||.||) with a trilinear mapping 
(x, y, z) i — ► [xyz] from Ax Ax A to A satisfying the following axioms 

[xyz] = -[yxz], 

[xyz] + [yzx] + [zxy] = 

[iw[xyz]] = [[uvxjyz] + [a; [uuy] z] + [xy[ui;z]], 

IIMIKIMIIMINI, 
for all u, v, x,y,z € A. 

Let A and B be normed Lie triple systems. A C-linear mapping H : A —* B is said to be a 
homomorphism if 

H([xyz}) = [H(x)H(y)H(z)} 

for all x, y, z 6 A. A C-linear mapping S : A — > B is called a derivation if 

S([xyz\) = [5{x)yz] + [xS(y)z] + [xy6(z)} 

for all x,y, z € A. 

Let A and B be normed Lie triple systems. A C-bilinear H : A x A — > B is said to be a bihomomor- 
phism if it satisfies 

H([xyz],w) = [H(x,w)H(y,w)H(z,w)}, 
H(x, [yzw]) = [H(x, y)H(x, z)H(x, w)} 

for all x, y, z,w € A. A C-bilinear S : A x A — > B is said to be a biderivation if it satisfies 

S([xyz),w) — [S(x,w)yz] + [xS(y, w)z] + [xyS(z, w)] , 
6(x,[yzw}) = [6(x,y)zw] + [yS(x,z)w] + [yzS(x, w)] 

for all x, y, z, w G A. 

In this paper, we have analyzed the Hyers-Ulam-Rassias stability of bi-homomorphism and bi- 
derivation associated with the following quadratic functional equation 

f{x + y,z~w) + f(x-y,z + w) = 2f(x, z) + 2f(y, w), (1.1) 

in Lie triple systems, which can be regarded as ternary structures. The reader is referred to [27, 28] for 
some other related results. 
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Throughout this paper, suppose that A is normcd Lie triple system with norm ||.||_4 and that B is a 
Banach Lie triple system with norm ||.||e. For given mapping / : A x A :— ► B and given subset E of C, 
we define D x ^ : A 4 — > B by 

D\^f{x, y, z, w) := /(Ax + Ay, fj,z - fiw) + /(Ax - Ay, /xz + fiw) - 2Xfif(x, z) - 2\fif(y, w) 

for all A, fi G T 1 = {z G C : |z| = 1} and all x, y,z,w G A 

2. Stability of bi— linear mappings 

Throughout this section X denotes a normed space and y is a Banach space. We aim to prove the 
generalized Hycrs-Ulam stability of 2-dimcnsional linear mappings. 

Lemma 2.1. Let V and W be C-linear spaces and /: Vx V-»1V be a bi-additive mapping, such that 
/(Ax, fiy) = A///(x, y) for all A, // G T 1 = {z G C : |z| = 1} and all x, y,z,w G V, then f is C-bilinear. 

Proof. Since / is a bi-additive, we get /(|x, |y) = \f{x,y) for all x,y G A". Obviously, /(Ox, Oy) = 
0/(x, y), now let fix,fJ>2 G C(/ii ^ 0, /x 2 7^ 0), and let Mi and M 2 are two natural numbers, respectively, 
greater than |/xi| and {/J®]. By an easily geometric argument, one can conclude that there exist numbers 
Aii,Ai2,A 2 i,A 2 2 GT 1 such that 2^- = An + Ai 2 and 2|| = A21 + A 22 . Therefore 

-/ \ t f Ml o ^ M2 o ^ 2 ^ Ml M2 ao Vi o A*2 s 

/( M ix^ 2 y) = f(^-2. Wi X, -j-X-jfiV) = -Y-^^-W^W^ 

Mi Mo 
= ^-^/((An + A 12 )x,(A 2 i + A 22 )y) 

Mi M 2 

= ~^~( Al1 + A i2)--^-(A 2 i + A 22 )/(x,y) = mfj,2f(x,y) 

for all x, j/ G V. Thus the mapping /:VxV^Wisa C-bilinear. □ 

Lemma 2.2. Let V and W &e C-linear spaces and f : VxV — > W be a mapping satisfies D\„f(x, y, z, w) - 

for all A, /i G T 1 = {z G C : |z| = 1} and all x, y,z,w G V, £/ien / is C-bilinear. 

Proof. Letting A = /i = 1, Theorem 2.1 in [?], / is bi-additive. Putting y = w = in D\^(x, y, z, w) = 0, 
we get /(Ax, fxz) — \fif{x, y) for all A, /i G T 1 and all x, y, z,w £ X . So by Lemma 2.1, the mapping / 
is C-bilinear. □ 

Theorem 2.3. Let f : X x X — > ^ ioi£/i /(0, 0) = oe a mapping for which there exist a function 
<p : X 4 — v [0, oo), shc/j i/iai 

||-Da,/*/0e, y, z, w)\\ y < </?(x, y, z, w), (2.1) 



<p(x, y, z, w)--=\Y, 4 "'V(2^, 2"y, 2"z, 2 n w) < oo (2.2) 

for all A, /i G T 1 and x,y,z,W G A", i/ien, i/iere exzsf a unique bi-linear mapping T : X — ► ^ suc/i i/iai 

3 1 

ll/(z,2/) - ^(ar, j/) ||y < -tf(x.x,y,-y) + -f(x,-x,y,y) + <f(0,x,0,y) (2.3) 

/or all x,y *E X . 
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Proof. Assume that A = /i = 1. Put w = z and y = — x in (2.1) to obtain 

11/(23, 2*:) - 2f(x, z) - 2f(-x, z)\\ y ^ <p(x, -x, z, z) (2.4) 

for all x, z G A. Letting x = z — in (2.1), we get 

11/(2/, -w) + /(-I/, w) - 2/(y, w)b < p(0, y, 0, w) (2.5) 

for all j/,iy G A. Replacing y by x and iu by z in (2.5) 

\\f(x,-z) + f(-x,z)-2f(x,z)\\y^<p(0,x,0,z) (2.6) 

for all x,z €. X. Putting x = y and w = —z in (2.1), we get 

11/(23, 2z) - 2/(x, z) - 2/(x, -z)\\y < <^(x, x, z, -«) (2.7) 

for all x, z G A". By inequalities (2.4) and (2.7), we get 

||2/(x, —z) — 2/(— x, z)||y ^ y(x, x, z, — z) + </?(x, —x, z, z) (2-8) 

for all x, z G A. By (2.6) and (2.7), we have 

||/(2x, 2«) - 4/(x, z) - /(x, -z) + /(-x, ») || y < </>(x, x, z, -z) + p(0, x, 0, z) (2.9) 

for all x, z G A. By two inequalities (2.8) and (2.9), we get 

3 1 

||/(2x, 2y) - 4/(x, z) < ~<p(x, x, z, -z) + -^(x, -x, z, z) + <^(0, x, 0, z) 

for all x, z G A. Setting z = y in the above inequality and put ip(x, y) :— §</?(x, x, y, —y)+^cp(x, — x, y, y)+ 
<p(Q,x,Q,y) to get 

||/(2x,2y)-4/(x,y)b^(x,y), (2.10) 

or 

for all x, y G A". Replacing x by2 J x and y by 2- J y and dividing A? in the above inequality, we obtain 
that 

|^ I /(2^"+ 1 x,2-''+ 1 y) - 1/(2^,2^)^ < -L^s^y) 
for all x, y G A and all j — 0, 1, . . .. One can use induction to show that 

ra-l 

, ,_ .. ._ .,. - f C2 m x. 2 m iA < i 



I 1 1 

-/(2"x,2"y) - — /(2™x,2 m y) ^-^ AT^x^y) 



(2.11) 



for all nonnegative integers n > m and all x,y G A. It follows from the convergence of the series 
(2.2) and (2.11) that the sequence < ^/(2™x,2 n y) > is a Cauchy sequence for all x,y E X. Due to the 
completeness of y, this sequence is convergent. Define T : X x A — > ^ by 



Tfoy)^ lim -/(2"x,2"y) 

n— »oo 4 
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for all x,y € X. By (2.1) and (2.2), we have 

\\T(x + y,z — w) + T(x - y,z + w) — 2T(x, z) — 2T(y, w)\\y 



liin 

n — >oo 



~f(2 n (x + y),2 n (z - «,)) + ~/(2™(z - y),2 n (z + w)) 



-p(2 n x,2"z)-^f(2"y,2"w) 
< lim ±<p(2 n x,2 n y,2 n z,2 n w) = 

n — >oo 4 

for all x, y, z,w E X. Then T satisfies (1.1), so by Lemma 2.2, the mapping T : X x X — > y is C-bilinear. 
Setting m — and taking n — ► oo in (2.11), one can obtain the inequality (2.3). 

Now, let X" : X x X — > y be another bi-linear mapping satisfy (2.3). Then we have 

\\T(x,y)-r(x,y)\\ = ^\\T(2 n x,2 n y)-r(2 n x,Ty)\\ y 

< h\T(2 n x, Ty) - f(2 n x, Ty)\\ y + ~\\f(2 n x, 2 n y) - T'(2 n x, 2 n y)\\ y 



€ 



2 /3_ 



(^(2"x, 2"*, 2"y, -2 n y) + \<p{2 n x, -2 n x, 2 n y, 2 n y) + 0(0, 2 n x, 0, 2 n y)) 



1 1 OO ^ OO 

asn^ oo. Hence T = T' . 

The next result is a dual to the previous theorem in some sense. 



□ 



Theorem 2.4. Let f : X x X — > y with /(0, 0) = be a mapping for which there exist a function 

ip : X^ — > [0, oo), such that 

\\D\^f(x,y,z,w)\\ < ip(x,y,z,w), 



1 OO 

<p{x, y, z, w):=-J2 4 n <fi(2~ n x, 2- n y, 2~ n z, 2~ n w) < oo 



(2.12) 



for all Aj/ieT 1 and x,y, z,w G X . Then there exists a unique bi-linear mapping T : X — > y such that 

3 1 

\\f( x ,y) -T(x,y)\\ < ^p{x.x,y, -y) + -ip(x,-x,y,y) + <p{0,x,0,y) 

for all x,y G X . 

Proof. It follows from(2.10) that 

f(x, y) - 4f(-x, -y) < ip(-x, -y) 



for all a;, y G A? . So 



4 m f(— L)_4«f(-iL A) 

■^ ^ Om ' Om ' J \ On ' On ' 



^ om 2 71 



> 2™ ' 2 r ' 



n-l 

< E | 4i /( 



2? ' 2J ' 



ra-1 






2-? 2-? 



y 4 

for all nonnegative integers m and n with n > m and all x, y G A". It follows from convergency of two 
series (2.12) and (2.13) that the sequence {4™/(^-, ^r)} is a Cauchy sequence for all x,y £ X. Since y 
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is complete, the sequence {4 ra /(^-, ^)} is convergence for all x, y £ X. So we can define the mapping 
T : X x X -» y by 

T(x,y):= lim4»/(^,^) 

n — >oo Z Z 

for all x,y £ X. Moreover, letting m — and passing the limit n — > oo in (2.13), we get desired 
inequality. The rest of the proof is similar to the proof of Theorem 2.3. □ 

3. Stability of bi-homomorphisms in normed Lie triple systems 

In this section, we prove the stability of bi-homomorphisms in normed Lie triple systems associated 
with the bi-linear functional equation. 

Theorem 3.1. Let 9 and p < 2 be positive real numbers, and let f : A x A — > B with /(0, 0) = be a 
mapping such that 

\\D^f(x,y,z,w)\\ B ^9(\\x\\ A + \\y\\ A + \\z\\ A + \\w\\ A ), (3.1) 

\\f([x,y,z],w) - [f(x,w)f(y,w)f(z,w)]\\ B 
+11/(2, [y, z,w]) - [f(x,y)f(x,z)f(x,w)]\\ B (3.2) 

^e{\\x\\ A +\\y\\ A + \\z\\ A + \\w\\ p A ) 

for all A, n £ T 1 and x, y, z,w £ A. Then there exist a unique bi-homomorphism H : A x A — > B such 
that 



\\f(x,y) - H(x,y)\\ B ^ ^-^(WxW^ + WyW^) (3.3) 



for all x, y £ A. 



Proof. First let us assume ||0|| p = for p < 0. Put ip(x,y,z,w) = 0(||x||^ + \\y\\^ + \\ z \\a + IMI5i) 
in Theorem 2.3, to get a unique C-bilinear mapping H given by H(x,y) := linin^oo -^ f(2 n x,2 n y) 
satisfying (3.3). It follows from (3.1) that 

\\H([x,y,z],w) ~ [H(x,w)H(y,w)H(z,w)]\\ B 
+ \\H(x, [y,z,w]) - [H(x,y)H(x,z)H(x,w)]\\ B 

= lim ^(\\f([2 n x,2 n y,2 n z],2 n w) - [f(2 n x,2 n w),f(2 n y,2 n w)J(2 n z,2 n w)}\\ B 
+ \\f(2 n x, [2 n y, 2 n z, 2 n w}) - [f(2 n x, 2 n y)f(2 n x, 2 n z)f(2 n x, 2 n w)]\\ B ) 

< Jim — 9(\\x\\ A + \\y\\ A + \\z\\ A + \\w\\ p A ) = 

for all x, y, z,w £ A. So 

H([x,y,z],w) = [H(x,w),H(y,w),H(z,w)] 
and 

H(x,[y,z,w]) = [H(x,y),H(x,z),H(x,w)} 

for all x, y,z,w £ A. □ 

296 



SHOKRI ET AL: NORMED LIE TRIPLE SYSTEMS 



approximate bi-homomorphisms and bi-derivations in... 7 

Theorem 3.2. Let 9 and p > 2 a positive real number, and let f : A x A — ► B be a mapping satisfying 

(3.1) and (3.2). Then there exists a unique bi-homomorphism H : A x A —> B such that 

\\f( x ,y)-H(x,y)\\ B ^^- l (\\x\\ p A + \\y\\ A ). 

Proof. Put <p(x, y, z, w) = 9(\\x\\ A + \\y\\ A + \\z\\ A + \\w\\ A ) in Theorem 2.4 and note that inequality 

(3.2) implies that /(0, 0) = 0. One can define H : A x A -> B 

H(x,y):= li m4 "/(^,^) 

n — >oo Z Z 

for all x, y G A. Then desired inequality for H and / is obtained. The rest of the proof is similar to the 
proof of Theorem 2.4. □ 

Theorem 3.3. Let 9 and p ^ \ be positive real numbers, and f : Ax A — > B, with /(0,0) = 0, be a 
mapping such that 

\\D^f(x,y,z,w)\\ m ^9(\\x\\ A MU4 P A^H\ P A)> 

\\f([x, y, z],w) - [f(x, to), /(y, w),f(z, w)]\\ B 
+ \\f(x,[y,z,w])-[f(x,y)J(x,z)J(x,w)}\\ B (3.4) 

^o(\\x\\ A .\\ y \\A-\\4 A -\\M\ A ) 

for all A, /i G T 1 and all x, y, z,w G A. Then there exists a bi-homomorphism H : Ax A — > B such that 



( 20 II ||2p || ,|2p . 1 

\\f(x,y)-H(x,y)\\ B = \ ^ , f P , , f P n t $ > (3 ' 5) 

I 2 4 "-4ll X HB -112/118 ' P > 2 



Proof. In case p < |, we first assume ||0|| p = for p < 0. Put (p(x,y, z,w) = 6l(||:z;||^.||2/|j^.||z||^.||u'||^) 
in Theorem 2.3, to get a unique C-bilinear mapping H given by H(x,y) := lim n _,oo -^f(2 n x,2 n y) 
satisfying (3.5). Eq. (3.4) implies that 

\\H([x,y,z],w) - [H(x,w)H(y,w)H(z,w)]\\ B 
+ \\H(x,[y,z,w}) - [H(x,y)H(x,z)H(x,w)]\\ B 

= lim ~(||/([2"z, 2 n y, 2 n z},2 n w) - [f{2 n x, 2 n w),f(2 n y, 2 n w),f(2 n z, 2 n w)]\\ B 

n— »oo 4 

+ ||/(2"x, [2»y, 2"z, 2 n w}) - [f(2 n x, 2 n y)f(2 n x, 2 n z)f(2 n x, 2 n w)]\\ B ) 

nAnp 

for all x, y, 2, u> € -4. So 



^ £m ^(|M|VNI^.||*.|HI^) = o 



i?([x,y,z],w) = [i7(x,w),iJ(j/,w),i/(z,w)] 
and 

H(x,[y,z,w]) = [F(a;,j/),J?(ar,x),J?(*,u;)] 
for all x, y, z, w G .4. 

The rest of proof is similar to the proof of Theorems 3.1 and 2.3. 

In the case p > |, put ip(x,y, z,w) — 0(\\x\\ A .\\y\\ A .\\z\\ A .\\w\\ A ) in Theorem 2.4, to get unique C- 
bilinear mapping H given by H(x,y) := linin^oo 4™/(^-, ^) satisfies inequality in (3.5). The rest of 
proof is similar to the proof of Theorems 3.2 and 2.4 □ 
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4. Stability of bi- derivations in normed Lie triple systems 

In this section we prove the Hyers-Ulam-Rassias stability of bi-derivation of (1.1). 

Theorem 4.1. Let 6 and p ^ \ be positive real numbers, and let f : A X A — > B with /(0, 0) = be a 
mapping such that 

\\D^f(x,y,z,w)\\ B ^9(\\x\\ p A MU4UM\ P A ), 



(4.1) 



(4.2) 



\\f([x,y,z],w) - [f(x,w),y,z] - [x,f(y,w),z] - [x,y, f(z,w)]\\ B 
+ \\f{x,[y,z,w]) - [f(x,y),z,w] - [y,f(x,z),w][y,z, f(x,w)}\\ B 

^0(\\xf A .\\y\\ P A-\\4 P A-\\M\ P A) 
for all x, y,z,w € A. If f satisfies 

lim ±f(2 n x,2 n y) = lim ^f(2 n x,2 3n y) = lim ±f(2 3n x,2 n y) 

for all x, y, G A. Then there exists a unique bi-derivation 8 : A x A —* B such that 

{ 29 f|| T ||2P || 7/ || 2 ^ • n< I 

ll/(Z,2/J -0^,W||e ^ S 2 fl C|l-rll 2 P lli,ll 2 ?"> • t. -. ! ' 

^ 2 4 P-4UI ;r IU *II»M ' ' P > 2 

/or aH i,!/€ A 

Proof. For the case p < \ by putting ip(x 7 y,z,w) = 0(||a;||^4-||2/||^-||z|^4-||H|!4) m Theorem 2.3, it 
follows that there exists C-bilinear mapping 5 given by 5(x, y) := liniyj^oo -^f(2 n x, 2 n y) which satisfies 
inequality (4.2). 

It follows from (4.1) that 

\\S([x,y,z],w) - [8(x,w),y,z] - [x,5(y,w),z] - [x,y,S(z,w)]\\ B 
+ ¥{x,[y,z,w}) - [S(x,y),z,w] - [y,8(x,z),w][y,z,6(x,w)}\\ B 

= Jim (J i-/(2 3 "[x, y, z],2 3n w) - [^f(2 n x, 2 n w),y 
x,^f(2 n x,2 n w),z] - [x,y,^f(2 n z,2 n w) 



1 

43^ 



f(2* n x,2* n [y,z,w}) 



r 1 



/(2^,2^),z, W 



S/,^/(2 n s,2"z),u;] - [y,z,^f(2 n x,2 n w)]\\ B ) 
}™L (I i / ([ 2 " x ' 2 ^' 2 " ]' 23 " W ) - i^ 2 "*' 2 3n «,), 2 n J/, 2 ™*] 



43n 



[2™a;,/(2™y,2 3 ™u;),2™z 



4 :! ' 



[2"x,2" 2/ ,/(2"z,2^ W )] 



i ^/(2 3 ^, [2^,2^,2'^]) - l[/(2 3 \2"j/),2" Z ,2" W ] 
^[2™?,, /(2 3 "x,2"z),2"H - ^[2"y,2"z,/(2 3 "x,2" W )] 



^ 



lhn o ( i ^(2^||x||^.2^|| 2/ ||^.2^||z||^.2 3 ^|| W ||^) 
- ^(2^x\\ A .2^y\\ A .2^z\\ A 2^w\\ A ) 

nao6np 

1™^^(MaM A M A -\\w\\ A ) = 
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approximate bi-homomorphisms and bi-derivations in... 9 

for all x, y,z,w G A. Therefore 

8([xyz],w) = [6(x,w)yz] + [xS(y,w)z] + [xyS(z,w)}, 

S(x,[yzw}) = [6(x,y)zw] + [yS(x,z)w] + [yzS(x,w)] 

for all x, y,z,w G A. 

For the case p > ^, similar to the first case by putting <p(x,y, z,w) = 0(\\x\\ A .\\y\\ A .\\z\\ A .\\w\\ A ) in 
Theorem 2.4 and by the same argument in Theorem 3.2 one can get a unique C-bilinear mapping 5 
given by S(x, y) := lim, woo A n f(^, £-) which satisfies inequality (4.2). □ 

Theorem 4.2. Let 9 and p ^ 2 be positive real numbers, and let f : A x A — > B with /(0, 0) = be a 
mapping such that 

\\D x ^f(x,y,z,w)\\ B ^9(\\x\\ A + \\y\\ A + \\z\\ A + \\w\\ A ), 

\\f{[x,y,z],w) - [f(x,w),y,z] - [x,f(y,w),z] - [x, y, f(z,w)]\\ B 
+||/(«j [v,z,w]) - [f(x,y),z,w] - [y, f(x, z),w][y, z, f(x,w)]\\ B (4.3) 

<0(\\x\\ A + \\y\\ A + \\z\\ A + \\w\\ A ) 
for all x, y,z,w G A. If f satisfies 

lim ]-f(2 n x,2 n y) = lim ]-f(2 n x, 2 3 "y) = lim ±f(2 3n x,2 n y) 

n — >oo 4 7i — *oo 4 ^i — >oo 4 

/or aZ? a;, y, G A. Then there exists a unique bi-derivation 6 : A x A — ► S swc/i f/iai 

f 5fl riuiiP _i_ iu.iip 



/or aZZ x, y G A. 

Proof. If p < 2, we first assume that ||0|| p = for p < 0. Put if(x, y, z, w) — 9{\\x\\ p A + \\y\\^ + \\z\\ A 



w 



A ) in Theorem 2.3, to get a unique C-bilinear mapping S given by S(x, y) :— limn-^ -^f(2 n x, 2 n y) 
satisfies desired inequality. The rest of the proof is similar to the proof of Theorem 4.1. 

If p > 2, putting tp{x,y,z,w) — 9{\\x\\ A + \\y\\ A + \\z\\ A + ||w||^) in Theorem 2.4, to get a unique 
C-bilinear mapping S given by 5(x,y) := lim,^,^ 4"/(^ r , ^) satisfies desired inequality. The rest of 
the proof is similar to the proof of Theorem 4.1. □ 
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Abstract. In [7] the authors proved many inequalities concerning 
the q-digamma function of the form f 2 (xy) < (>) f(x) f(y) and 
f(x + y) < (>) f(x) + f(y). In the present paper we reproof some 
of the above results by simpler method using different technique 
as well as we present many other new results. 
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1. Introduction 

Let c be a complex number, the q- shifted factorial are defined by 
(1.1) {c;q) =\, {c,q) n =f[(\-cq k ), n = l,2,... 



(1.2) {c;q) oo =\im(c;q) n =fl(l-cq k ). 



k=o 



For x complex we denote 

l-q> 



(1-3) \A q =i 

\-q 

The q-Jakson integrals from to c are defined by [5,6] 

(1.4) \f(x)d q x = (\-q)cY j f{cq n )q\ 

o "=0 

and 

(1.5) \f{x)d q x = {\-q)Y j f(q n )q\ 

n=— oo 

provided the sum converges absolutely . 

The q-analogue of the Gamma function is defined by Jakson [6] as follows 

(1.6) T q (x) = M^(\-q) l - x , **0-l,-2, , 

and it is satisfying the following 

(1.7) ' ' T(x + \) = [x\ q T q (x), r,(l) = l, 

and tends to F(x) as q^>l. 
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The q-integral representation of the Gamma function is (see [2,4]) as follows 

oo 

(1.8) T q (x) = K q (x)\t x - 1 e- q t d q t, 



where 
and 



1 



q {(\-q)t;q\ ' 



KM) 



a-gr x (-(i-^U-a-^r 1 ;^ 

l + d-^)" 1 (-a-q)q';ql(-a-qr l q 1 -';ql ■ 



r'(jc) 

The q-analogue of the psi function ^(x) = is defined as the logarithmic 

r(x) 

derivative of the q -gamma function, that is w (x) = — . 

TAx) 



From (1.6), we obtain for x>0 

¥ q (*) = - logO ~q) + log qY, ~ 

n=0 1 



9 

00 ~TC + X 



00 ~ n;t 



(1.9) 

(1.10) 

For x > 0, we put 

and 



9 



log(l-g) + loggY- 

„=ii-<r 

1 - a i 1 - 1 



a(x) = ] ^-t 



log(tf) 



R 



<?o 



log(tf) 



M, 



where E 



'log(x) A 



is the integer part of 



>g(tf) 
From (1.9) one can deduce that 



q 

log(*) 
log(tf) 



(l.H) 






n q 
«=i 1 - 9 



2. results 
We start with the following Lemma 

Lemma 2.1. Lef x, v > 0, < a < 1, ?/zen 

(2.1) a x +a y >a x+y , 
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and the function f(x) - a" +a y - a x+y is non-increasing. 
Proof. On keeping y fixed, we have 

f'(x) = loga(a x -a x+y )<0. 
Therefore / is non-increasing. Since lim/(x) = a y > 0, then /(x) > 0. 

A short proof is giving for the following Lemma 

Lemma 2.2[7]. For < q < \ and < x < 1, we have i// q (x) < 0. 
Proof. From (1.9), 

x nx 

H 



i//(x) = - log(l - q) + log #Y 

n=\ 1 <7 

<-\og{\-q) + \ogqf j q nx 



= -log(l-g) + logg 



«=1 

q" 



\-q> 



<-log(l-q) + logq-V-= log q \ <0, 

1-tf (1-^r) « 

A-q 



as o ? <(1-^) 1 -* for Q<q<\. 



The following results extend the scope of Lemma 2.2 to < q < 1 . 

Lemma 2.3. For < g < 1 . < x < 1, we have y/ q (x) < 0. 
Proof. We have 



oo „nx 



y/(x) = - log(l - q) + log g^ 



9 



„=i 1 - <? 

oo 

-log(l-o) + logo^- 

(7=1 1 " 



' <7" 



«=i 1 - <7 

= -l0g(l-0) + l0g^rf- -dx 

= -log(l-,) + }-^ 

= -log(l-a) + log(l-^)=0. 

The following result is proved in three different methods 

Theorem 2.4[7]. For all < q < 1 and < x, y < 1, 
(2.2) ^(x + y)<^(x) + ^(y). 

Proof. 

Method 1. By Lemma 2.1, q n(x+y) -q x -q y is non-decreasing in both xand y. 
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=o a n(x+y) _ nx _ ny 

yr q (x + y)-y/ q (x)-yr q (y) = \ogQ.-q) + \ogqY d - 



1 n 

n =\ l-q 

00 n 2n — On" 



=\og{\-q)-\ogqY J q" "log^Z 



n=\ <-q 

n=\ n=\ l ~ q 



= log(l - q) --^—\ogq-\^- 
\-q J 1 



q z \ogq 



dz 



= \og(\-q)--^—\ogq+\—^- 
l-q J 1-w 



' logg>0. 



\-q 

Method 2. This method is restricted to x > 0, < y < qo. 
Write 

f(x) = i//(x + y)-i//(x)-i//(y). 
On keeping y fixed, we have 

f\x) = ¥ \x + y)- ¥ \x) 

= \og 2 q±-^(q^-q*)<0. 

n =\L~q 

Therefore / is non-increasing . 

As lim/(jt) = - y/(y) > 0, then f(x) > 0. 

x->co 

Method 3. We have 

¥ ^{x+y)< ¥ ^{x) + ¥q l) {y), 
Let a,c be chosen such that < a < x, y <c < y + a and 

(a - x)y/ q l) (y)>ay/' q (c) - ^ ? (a) , 
then we have 

a a a 

\ ¥q l) (x + y)dx<\ yf\x)dx+\ yf\y)dx 

X XX 

that is 

y/ q (a + y)-i// q (x+y)<y/ q (a)-ii/ q (x) + (a-x)y/ q l) (y) 
or 

V q (x+ y) >y/ q (x) + y/(y) + y/ q (a + y) - y/ q (y) - y/ q (a) + (x - a)y/ { q \y). 
Since, by the mean value theorem 

y/ q {a+y)-y/ q {y) = ay/' q {c), for some y<c<a + y, 

then 

y/ q (x+y)>i// q (x) + i//(y) + ai//' q (c)-i// q (a) + (x-a)// q (y) 

>i//(x) + y/(y). 
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^ ¥ q (y) + ¥ q (x) - ¥ q (a) + (x - a) i// y (y) 



^¥ q (y) + ¥ q (x). 



An easy proof is given for the following theorem 

Theorem 2.5[7]. Let q e (0,1). Let k>\ be an integer. 

(1) Ifkis even, then 

(2.3) V / (k) (x + y)> ¥ (k) (x) + ¥ (k) (y). 

(2) Ifk is odd, then 

(2.4) y/ (k \x + y)<y/ (k) {x) + y/ ik) {y). 

Proof. Making use of (1.11), we have via Lemma 2.1, when k is even 

y/ (k) {x + y)-y/ (k) {x)-y/ (k) {y) 

00 n k l \ 

1„„&+1 X ' ll I n(x+y) nx ny W r\ 

= lo § ?2-i — iM i -i ;-°- 

n=l 1 ~~ Q 

If /c is odd, the above inequality reverses . 



The following results are all new : 



Theorem 2.6. Let k>\ be an integer, s > 1, 7 + 7 = 1, then 
(i) If k odd, 

(2.5) Kl^^^wFl^w)'' 

(ii) /f £ even (2.5) reverses. 
In particular, for odd k 

f/je above inequality reverses ifk is even. Ifk is odd, then 

(¥l k) (x+y)f< ¥ «\x) ¥ ?\y). 



Proof. 



< ) &+i)=ipg t+1 *Zn ! 



«l — +— 

*<7 u ' 



iog t+1 ^E 






n A q 



k ny 

n t q l 



"= l (l-q"i°(l-q n } 



<\og k+1 q 



Zn q sri n 

\-n n ^1 



„=\±-q 



( °° n*^,"^ ^ 



n q 



\n=\ 



305 



SULAIMAN: q-DIGAMMA FUNCTIONS 



. k „/u \ 



t+i „ v « <? 






log t+, ^I 



° vi k n n y ^ 



fc+i „\-« 4 






On putting s = ? = | , we obtain 



klff^rwfi^). 



If k is odd, ^ ] (x) is decreasing and hence 



{ ¥ {x + j)) 2 < ^ (^)) 2 < <> (x)<> ( y) . 



Theorem 2.7. Lef k>\ be an odd integer. Then 



(2.6) 



V 



(k) 



{xy)*(yl k \x-}" (??&)". 



In particular for x, y > 1, 



(2.7) 
Proof. 



( ¥ «\xy)f< ¥ «\x) ¥ ( q k \y). 



¥ 



(k) 



(*y) = log* +1 <£" 

»=1 1 



00 & nxy 



m <? 



«=1 i-<7 



<l0! 



it. I J ' 



% M qY.— 

±f l-a" 



2 n k n nx ' 

log^qY^— 

ttl-q" 



k k \*Tk k) (yt- 



lo 



00 M*/7" J 



.« A 



g <?2.7 
«=1 i 



In particular, If x, y>l, then ¥q k) {x s )< ¥q k) {x), and the same for y and hence we 
have 

V ( q k) (xy)<(^(x)f s (^\yf'. 
On putting 5 = t = 2, we obtain 

( ¥ «\xy)f< ¥q k \x) ¥ «\y). 



Theorem 2.8. Let a, b>0. Define 

Y q {\ + ax)Y q (\ + by) 
B{l + ax,l + by) = ^-— 

r ? (2 + ax + Z?v) 

Then the function B is non-increasing 



Proof. Define 



f(x) = B q (\ + ax,\ + by) 



Ta + ax)T(\ + by) 



F q (2 + ax + by) 
log/(x) = logr ? (l + ox) + logr 9 (l + &y)-lo g r 9 (2 + ax + &y) 
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On keeping y fixed and differentiating with respect to x, we have 
f\x) _ aT'{\ + ax) aT'(2 + ax + by) 

f(x) Y{\ + ax) Y{2 + ax + +by) 
= a y/ q (1 + ax) - a x ¥ q (2 + ax + by) 

oo n 

= a\ogq2_ i - -{q -q y y ')<0. 

n =\ 1 ~~ q 

Theorem2.9. Let s > 1, 1 + j = 1. Then 

' S t 

(2.8) V q (xy) + \og(\-q) > (^(x s ) + \og(l-q)f s (^(y') + \og(l-q)}". 



Proof. We have 



W q (xy) = -log(l-q) + logqY J ^- 



S t 



= -l0g(l-^r) + l0g^ 



nx* 



q' 



^(i- q »r(i- q r 



>-\og(\-q)+\ogq 



x „ nx 



i 






x ny 



y 

til-?" 



= - log(l - q) 



log^X 



oo nx 

H 



log^X 



9 



„=i 1 - q 



n =\ 1 - q 
which implies 

¥ 9 (xy) + log(l-<7) > (^(x s ) + \og(l-q)) Us (^(y') + \og(l-q)) 1 " 
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Some Product Summability Of An Infinite Series 

W. T. Sulaiman 



Abstract. New results concerning product summability 
of an infinite series are given. Some special cases are 
also deduced. 



1. Introduction 

Let Z<2„ be a given infinite series with partial sums s n . Let u" denote the nth 
Cesaro mean of order a>-\ of the sequence (s n ) . The series ^ a n is summable 
\C,a\, , k>\, if 

CD iyi^-dT^ {Fiett[i]). 

n=\ 

For a = \, | C, a\ reduces to |Cd| summability. 

Let \p n ) be a sequence of positive real constants such that P n = p + ... + p n — >• co 
As n— >co (p_j = p_j = o). The (N, p) transform (j> n of (s n ) generated by (p n ) is 
defined by 



(2) 








*. 


1 " 
"n v=0 


The 


sequence ■ 


-to- 


- sequence 


transformation 










n 


1 

r n v=0 



defines the sequence (O n ) of [N, p n ) transform of (s n ) generated by (p n ). The 
series V a„ is summable \R, p„\, , k>\, if 

CO 

(3) Z^" 1 !*--*-!!^ 00 - 

n=\ 

In the special case when p n - 1 for all n (resp. k=l) , |i?, /? n | summability reduces 
to |C,l| (resp. \R,p n \) summability. 
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The series ^a n is said to be summable \{N,p j^N,q}, when the (N, p) transform 
of the (N, q) transform of \s n ) is a sequence of bounded variation (see Das [2]) . 

We give the following new definition : 
Let (T n ) defines the sequence of the \N,q n ) transform of the \N,p n ) transform of 

(s n ) generated by the sequences (q n ) and (p n ) respectively. The series ^ a n is 

said to be summable \(R,q n )(R, p n \, k>\, if 

(4) fyi^-T^I <co. 

K=l 

We may assume through the paper that Q n - q + ... + q n — > oo, as n — > oo, 

2. New Results 

We state and prove the following 
Theorem 1. Let k > 1, \X n ) be a sequence of constants. Define 

n f. n 

r=v -* r r=v 

Let 

(5) p v Q v =0(P v ), 

oo k-\ k (( \k-\\ 

(6) ^!L_1^ =0 (M 

n=v+\ \l n \l n -\ 



V 



Ql 



Then sufficient conditions for the implication 

(7) Z a „ is summable \R, p\ => ^a n A n is summable \{R,q n )[R,p n 

are 

(8) \A n \F v =0{Q v ), 

(9) P v \A v \f v =0(1), 

(10) Pv \A v \ = 0(Q v ), 

(11) P n \\\ = 0(p H ), 

(12) p v |A;t v |F v = o(/> v e v ), 

and 

(13) P v \AA v \= 0{ Pv Q v ). 

Proof. Let (S n ) be the sequence of partial sums of ^\a n X n . Let v n ,V n be the 
[N,p n ), yN,q n )[N, p n ) transforms of the sequences {s„),(S n ) respectively. We 



310 



SULAIMAN: PRODUCT SUMMABILITY 



write t n =v n -v B _, , T n =V n -y„_, . Therefore 

Pn 



(14) 
and 



P P 

1 n 1 n-1 v=l 



1^,. 



1 " 1 r 

V » = 7T Z<? r — Z/>A 

k?„ r=0 * r v=0 

k:„ v=0 r=v r r 

1 " 
= — Z^v 5 v/v 
2„ v=0 



- 1 n v n v n-1 

In 



Q„Q„-l r=0 



I>a/, 



Pn^nfn 

e»-i 



#„ 



Z^^Z^v 



pa 



Z a vA 



2„2„-l r=0 v=0 ° n 2„-l v=0 

\£ n \£n-l v=0 r=v i„\l n -\ v=0 



?» 



A,. 



-Z P v-l«v"-^Z^/ r 



Pn?» 



ti«tjn-l v=l 

f n-1 / v 



«„ 



2 2 , 



v-l r=v 

\ ( 

A, 



^2 

n*-~ n- 



Z P v-l«v 



A.. 



v=l V r=l 



y 



A.. 



1 v=l l v-l 

A / n N 



V 



p»^ 



nc 



( n-1 / v 



-Z^.^ + ZGv-lAv 



Vv=l 



4,.P„/„ 



P 



Z P v-l«, 



G 2 



z 

v v=1 v 



Vv=l 



A., 



j P n -\ j 



t v X v F v +P v _ x t v XJ v +^tMvF^ 

Pv 



J) 



Pn<ln 



PnQn- 



z 

V v=l V 



PjnKfn 



PvKK 



Pv 



-km v 



J J 



Pn 



-t n K, 



Yt . 

A^ "J 



./=! 



In order to complete the proof, it sufficient to show that 

CO , 

Y,n k ~%\ <», J =1,2,3,4,5,6,7. 

n=l 

Applying Holder's inequality, 
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zy-'W^E" 4 " 1 



n=2 



n=2 



<in 



*£n*£n—\ v— 



E'A F v 



^E V" z4rkvl Ul ^ 

^-^ f\k f\ t-^ k-l l l I ' v 

n=2 U n U n -\ v=\ H v 



fn-l - 

v=i Q„-\ 



k-l 



1 



^ n k -y n 



V ) Lu k-l I v| I v| v /_, „ t „ 

v=i y v b=v+i k:„ k?„_i 

.£-1 - I* 



= o(i)E 



« K„ 2 | = 2, 



m+l 
* ^^ k-l 

n 



v \t„ 



In 



Qt 



- = o(i). 



QnQn- 



E^A/v 



1 v=l 



«' ■C >P r v" L 1*1 o I',* V <?v 



m+l „*-!,,* n-1 D* 

<Y il^il_y Jl_\ t \ k \A\ k f k y 



n=2 Q n 2„-l v=l q v 



v=l 2„-l 



>,, i«,. vl «'"'«.' 



o(i)S^rl'.|'KI'/,'E oV) 

v=i y v «=v+i k:« k:„-i 



=o(i)Zv-| fv ,r^K,iv, 



e 



=o(i)Xv^Kr=o(i). 



m-1 



m+l ~ n-1 p 

-1 </n "^ r " 



n=2 »=2 Liniin-1 v=l /v 

m+l _* n-1 T)k (n-1 „ \ 

»=i k:„ k:„-i v=i f v Hv V v=1 ^n-i y 

m p* , , m+l vt^~^ n^- 

= °(i)Z-^M"K|' f ,'E^ 

v=l J\ 9 v «=v+l 5^„ k?n-l 



* Z7* 



= o(i)Yy-> v rK,fF/ 



PvGv* 



0(1). 



E^I^I^Z^I^^A/nl 



0(-)Zn k -%\MP n k f n k =0(l). , 



m+l 

* r> k-l 



Zn k -%s\=Zn 



n=2 



PnVn 



P n Qn-l t 



YuP.KK 
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1 



= o(i)Erf|'vlW'-i-£ 



rf i 4 - 1 *.* 



<7 V , «=v+l 2„ Qn-l 



k 

i. iL I'h i" ^v _q(i) 



\ ' — I v I I v I f-\ k 

v=i y v 



m+l m+1 

n=2 n=1 


PA 


n-l p 
»-l Pv 


* 




m+l rt k n k "- 1 P k 

<Tn'- 1 P »*» V ^ \t 1*1^1* 

«=2 ^„ y„_! v =i p v q 


y Hv 

y v=i Li„-i y 


v=l Pv <7 V «="+! ^n Qn-l 


m 

= 0(l)Sv'- 1 ^| t 

v=l 


wr p " - 


=o(i). 


"' P !a'" 


Finally 


m m 


P 
-=-f /I 




/i=l n=l 


Pn 




m 

= o(i)S 

n=l 


k-\ 1 1 fc 


Kr^=o(i). 
p„ 





This completes the proof of the theorem . 



Theorem 2 . Let 
(16) 



I ^- = o 



p* p 

n=v+l -* v , -* „_i 



(vPv)' 



k-\ \ 



(17) P v =0(p v fi v ), 

(18) Q n =0{nq n ). 

Then necessary conditions for the implication (8) to be satisfied are 



X =0 



^ gvgv-l /Q 



, K = o 



f v ™>Q\ 



P f 

vJ 1 



A/l„ = O 



V'a *0 



v / 



(l+^l)^, 



v y 



Proof . For k > 1 define 

A* = |(<3 ; j: Z a ; " summa ble \R,p\j, 

B* ={{bj}. ^bjAjis summable \(R,q n )(R, p„\f. 
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From (15), we have 

(19) T n =± 



' 9„Fy , Pnln ^ 



Q Q , PQ 



a„X 



1 J 



With t n and T n as defined by (14) and (19), the spaces A* and B* are BK-spaces 
with norms defined by 



Ilk 



(20) 



Fll, = Po| 



Zt-1L I* 



(21) 



respectively. By the hypothesis of the theorem, 



4= W'+I^W 



(22) 



Irlli <c0 



c < co . 



The inclusion map j : A* — > S defined by i(a) = a is continuous since A and 

B are BK-spaces. By the closed graph theorem, there exist a constant K>0 such 
that 

(23) 14^^14. 

Let e n denote the nth coordinate vector. From (14) and (19), with (a n ) defined 
by 
a n = e n ~ e n +\ ' n = V ' Q n ~ otherwise, we have 



and 



0, 

Pv_ 

p 



PnPv 

P P 

r n r n-l 



n<v 



n = v 



n > v 



4v F v , PA, 



GvGv-, ^vGv- 



(r 

A 



A. 



i J 



\\ 






A.. 



■w y 



ft < V 



ft = V 



ft > V. 
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From (20) and (21), we have 



f \ 



(24) 



,k-\ 



v p w 



Z^" 1 



( \ k 

PnPv 

P P 

\ r n r n-\ J 



(25) 



IFII2 = < 



<7v F v , Pv<?v 



Gvfiv-i p v2 



A. 



v-i y 



Z^- 1 



A. 



qJ\_ + _PnVn_ - 



Applying (23), we obtain 
(26) V*" 1 



f i? A 

4v F v , Pvtfv 



2 2, ^2 



A, 



1 / 



Z» A 



A, 



ff 17 ^ ^ 

4„^v , P„4n 1^ 



vv 



2 2, P Q 



■1/ y 



= 0(1) 



V 



,n 



v^y 



5>' 



PnPv 

P P 

\ r n r n-l J 



As the R.H.S of (26), by (16), is 



0(1) 



0(1) 



f \ 

Pv 



f „ A 



t oo k-\ k 

P, y « P»_ 

* v n=v+l -"„ r n-\ 



K^J 



'P? 



k-\ 



K P *J 



'P? 



k\ 



K P ,J 



o 



f f ^\ 
Py_ 

K P ,J 



and the fact that each term of the L.H.S of (26) is O 






, we obtain 



,/t-i 



#v F v . Pv<7v 



.GvGv-1 ^vGv-1 

which implies by (17) 



' /<_ \*^ 



UJ =0 



.*-! 



v^y 



4v 



Gvfiv-i 



(l + FjUJ^O 



V 4 



that is 



UJ = 



' 2,- 1 2 1 . /O 

(i+^k n 



Also, we have, by (26), 



?„Pv/v 



(27) £' 



2 2 



A.. 



1 y 



«» F v + l , Pn1n 



2 2 , ^2 



AA. 



1 y 



O 



^ _ A 



*A 



, vG v y , 
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The above , via the linear independence of X v and AA V , implies 



n 1 

Hfil + Kjtn^ 



Ai,r = o 



jt— i 



r P? 



k\ 



' a n ^ 



O 



As, by (18), via the mean value theorem, 



f V^ 

Pv 



vKj 



(by (17)) 



1 



f 1 A 



\C V n=v+\ 

we get 



= Z A ^ =o(i) x 



sC-n 



HI 



V^n-l J 



n=v+l 2„ Q„-\ 



oo O k ~ l n °° In 

0(1) £ %4^= °(!) E**" 1 ~ ?5 — 






v 



/a 



K P *J 



which implies 



A/l„ = O 



yl + F v+1 P vJ 



Also, by (26), 

z 



i-1 QnPvJv 1 



GO 

Pv/v \K\ X," 

n=v+l 

k 1 



O 



f „ \ 



k\ 



v v',; , 



' «. 



2 2 



O 



i / 



f „ \ 



k\ 



y p v j 



p k J* \K 



which implies 



q: 



o 



f p? 



k\ 



K P ,J 



K = O 



V-. /tQi > 



p /• 

v J 1 



v / 



3. Applications 



(28) 



Corollary 3. Let k>\. Define 

/, = £-. 

Let 

(29) G v = 0(v), 

(30) / v =0( 9v ). 

Then sufficient conditions for the implication 



F v = t,f r 
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(3D 
are 

(32) 

(33) 
(34) 
(35) 
(36) 



^a„ is summable |/?,^ n | ^> ^\a n X n is summable \{R,q n \C,\\ 



\K\<Q»* 
\K\fv =o(i), 
\K\K =o(e v ), 
\AX v \F v = o{q v ), 

|AXJ = (<?„). 



Proof. Follows from theorem 1 by putting p n =1 for all n. 



Corollary 4. Let k>\. Define 



(37) 



1 



r=v -* r r=v 



Let 

(38) vp v =0{P v ), 

(39) PJ v =0{v). 

Then sufficient conditions for the implication 

(40) ^ a n is summable |C,l| => ~^\a n X n is summable |(C,l)(/?, /?„)) 
are 

(41) \K\<n, 

(42) vp v \A v \=0{P v ), 

(43) |^ V |F V =0(v), 

(44) \AX v \F v =0{l), 

(45) \AA\ = 0(1). 



Proof. This follows from theorem 1, by putting q n = 1 for all n, noticing that (3) 
is obviously satisfied as 



(46) 



00 1 CO f 1 1 

y = y — - 

n=v+1 n(n-l) „ =v+ iU-l n 



1 



Corollary 5. Let f v , F v be as defined in (28) . Let (18) be satisfied and 
(47) n=0{Q n ). 

Then necessary conditions for the implication (31) are 



X. .= O 



Q V Q^ ' 



.(! + *> 



, K = ° 



/y-i/* e ^ 



v J 



v/ v 



/ 



AX = O 



V 



(i+^K 1 



Proof. Follows from theorem 4 by putting p„ =1 for all n, noticing that (16) is 
satisfied, the same as (46) . 
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Corollary 6. Let f v , F v be as defined in (36) . Let (16) be satisfied and 
(48) P v =0{vp v ). 

Then necessary conditions for the implication (40) are 



X =0 



f v 2 



Pv 



V 1 + ^y 



K =0 



P f 

V^ V 



A/l„ = O 



Proof. Follows from theorem 4 by putting q n = 1 for all n . 
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